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The work presented in this thesis is our contribution to the ongoing effort in
understanding magnetic quantum oscillations, or the de Haas-van Alphen effect, in
Kondo insulators. The Kondo insulators are a class of heavy-fermion systems that
behave at lower temperatures as electrical insulators due to electron correlation
and hybridization. The heavy-fermion systems make a vast area of research within
the condensed matter physics. We begin this chapter with a basic introduction
to the heavy-fermion systems, and to the Kondo insulators which are of primary
interest to us here in this thesis. Then, we introduce the de Haas-van Alphen

(dHvA) effect, which refers to the oscillations of magnetization as a function of
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magnetic field. Historically, the dHvA effect has been considered to be a hallmark
of metals. But recent findings of magnetic quantum oscillations in SmBy, a Kondo
insulator, poses a challenge to this conventional view. We briefly discuss the curious
case of SmBy, which motivated us to investigate the problem of dHvA oscillations
in Kondo insulators. We conclude this chapter with an outline of the problems

studied and the results obtained in this thesis.

1.1 Heavy Fermion Systems

The heavy-fermion (HF) systems are a family of rare-earth and actinide compounds
with incompletely filled 4f or 5f shells [1, 2, 3]. The electronic properties of the
HF materials are governed primarily by the strongly correlated and localized f
electrons, and their hybridization with the conduction (say, d or s) electrons. The
characteristic heavy fermion behaviour, which broadly defines this family, was first
noted in 1975 by Andres, Graebner and Ott in CeAly [4]. They observed that in
the specific heat measurement, the coefficient, v, of the term linear in temperature
possesses an anomalously large value of 1620mJ /mole K? for CeAl;, together with a
T? behaviour of resistivity (p ~ pg+ AT?, A = 35u2cm/K?), at low temperatures.
See Fig. 1.1(a)-(b) taken from this paper [4]. While the T? behaviour of low
temperature resistivity implies that it is metallic, the hugeness of v compared to
its values in common metals suggests that the electrons in this material seem to
be unusually ‘heavy’ This opened up an exciting area of research that goes by the
name of heavy-fermion systems.

To appreciate the largeness of v in HF materials, let us recall the specific heat,
C, of normal metals at low temperatures, given by the following simple formula

that is standardly used to discuss the experimental data.
C =~T + aT? (1.1)

Here, the term linear in temperature, 7', is the contribution of electrons to spe-
cific heat (derived by Sommerfeld for free Fermi gas), and the T contribution

comes from the acoustic modes of lattice vibrations (Debye’s law). According to
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Figure 1.1: The heavy fermion nature of CeAls. (a) Specific heat vs. temperature (T),
with huge 7 at low temperatures. (b) Electrical resistivity (p) as a function of T2 is very

linear. Figures (a) and (b) are taken from Ref. [4].

Sommerfeld’s theory of free electron gas [5, 0]

272
T = ?k%D(GF) (1.2)

where kg is the Boltzmann constant and D(ep) is the density of states at Fermi

energy, €r. For free electrons, D(ep) = 36—’;, with number density, n, and ep =

1
h%k%/2m, where m is the free electron mass. In a real material, let the “effective”
mass of electron be m*, then using these, one arrives at the linear relation between
~v and m*.

2

y=——k% ocm* (1.3)
2 €

Typical values of v for metallic elements are: v, = 0.695 mJ/mole K?, ~ = 2.08
mJ/mole K? and yy; = 7.02 mJ/mole K? [6, 1]. In comparison to these, the value of
7 observed in CeAls, as mentioned above, is about 10% times larger [See Fig. 1.1(a)].
In view of the linear relation between ~ and m*, the most immediate implication
of the the largeness of v is that the effective mass of electrons in CeAl; and other
such materials is very large (about 50 to 1000 times) compared to the free electron
mass. This heavy fermionic behaviour consistently shows up not only as large

~ of the specific heat, but also through enhancement of the Pauli susceptibility,
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the coefficient of T2 term of the low-T resistivity, highly temperature dependent
amplitude of dHVA oscillations at low temperatures, etc.

The HF materials show a variety of interesting phenomena. For example, the
discovery of superconductivity in CeCu,Si, by Steglich et al. [7] intensified the
interest in HF systems because of the coexistence of magnetism and superconduc-
tivity. Interestingly, in CeCu,Si, the f-electrons are responsible both for local
moments formation at high-T" as well as superconductivity below critical temper-
ature, T,.. Other HF systems like UBe,4 shows superconductivity with non-Fermi
liquid behaviour [8], and UPt, has antiferromagnetic (AFM) order below T [9].
The HF materials are too numerous to list here with all their properties. One can
look up in the dedicated Handbooks for a detailed survey of this field [2]. We,
instead, direct our attention towards a particular class of heavy-fermion systems

called the Kondo insulators.

1.1.1 Kondo insulators: SmBg, et cetera

The Kondo insulators (KI) are those HF materials which at sufficiently low temper-
atures behave as small-gap insulators exhibiting quantum paramagnetism. How-
ever, at higher temperatures, they behave as metals. In 1969, Menth et al. ob-
served a change from metallic to insulating behaviour in samarium hexaboride,
SmBg, when temperature is lowered [10]. It is the earliest known case of a Kondo
insulator. Many more Kondo insulating materials have been discovered over the
years, for instance, YbB,,, Ce;Bi,Pt;, CeNiSn, and so on [2]. Of these, SmBg has
received much attention recently, and caused a stir in the condensed matter com-
munity by showing magnetic quantum oscillations at low temperatures, despite
being an insulator [11, 12].

The SmBy forms the CsCl cubic structure, with lattice constant a = 4.3
Angstrom, in which Sm atoms sit at the corners and Bg octahedra at the body
centre, as shown in Fig. 1.2-(a). In this compound, samarium is in a mixed va-
lence state of Sm*T (4f¢) and Sm3" (4f°). For temperatures above 50 K, it is a
Curie-Weiss metal. However, at lower temperatures, it opens up a gap and behaves
like a paramagnetic insulator [2, 13, 14, 15]. The activated behaviour of electrical

resistance with temperature, as shown in Fig. 1.2(b), gives an activation gap of



1.1. Heavy Fermion Systems 5

about 40 K for SmBy [12].
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Figure 1.2: (a) Crystal structure of SmBg, where the samarium ions are sitting at the
corners. This figure is taken from Ref. [16]. (b) Resistivity vs. temperature of SmBg
shows exponential rise in resistivity at low temperatures. This figure is taken from

Ref. [10].

The Kondo insulating behaviour in these materials is caused by a combination
of hybridization (between the conduction and f electrons) and strong correlation
(of the f electrons), for suitably commensurate electron fillings. In case of SmB,
for instance, the relevant hybridization process is: 4f% = 4f55d. The effective
Kondo exchange, that results from hybridization and strong correlation, causes the
formation of singlet between the conduction and localized electron spins, and opens
a charge gap leading to insulating behaviour, at low temperatures. Recall that the
metals (such as Au, Ag or Cu) with a dilute concentration of magnetic impurities
(say, Fe or Mn) show an increase in the resistivity at low temperatures [17, 18,
19].  Jun Kondo famously solved this resistivity minimum problem by invoking
‘Kondo’ exchange as a scattering channel for the conduction electrons that gives
a logT correction to the resistivity [20]. In contrast, the Kondo insulators are
highly ‘concentrated’ or ‘dense’ Kondo impurity systems, where the metallic state

completely gives way to an insulating state at low enough temperatures.
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1.1.2 Models of Kondo insulators

The microscopic setting of a Kondo insulator can be described as having a band of
conduction electrons, the localized and correlated f-electrons (or impurity spins),
and their mutual coupling. Like in the Mott-Hubbard insulators, the electron
filling is also an important parameter in the realization of a KI. For the basic case
of a single conduction band filled with one electron per site (of some lattice), it
would need exactly one localized f-electron (or spin-1/2 impurity) on every site, for
this system to behave as Kondo insulator. This is commonly known as the “half-
filled” case!. The microscopic physical models that are used to discuss Kondo
insulators are the Kondo lattice model [21] and the periodic Anderson model, both

at half-filling.

1.1.2.1 Kondo lattice model at half-filling

When the conduction and f electrons are weakly hybridized, the f electrons essen-
tially behave as localized spin-1/2’s interacting locally with the conduction electron
spins via Kondo exchange. The minimal model that describes this physical setting
is the Kondo lattice model (KLM). The Hamiltonian of the KLM can be written

as follows:

HKLM = Z Z e(k) éL,sék,s + % Z S - T, (1.4)

k s=11

Here, the first term is the kinetic energy of conduction electrons, with e(k) as
the dispersion of the conduction band. For instance, on square lattice, e(k) =
—2t(cos kya + cos kya) with nearest-neighbour hopping, ¢. The ¢k 4 (éLs) are the
annihilation (creation) operators of the conduction electrons. The second term,
with J > 0, is the Kondo exchange interaction between the localized spin-1/2
moment described by the Pauli operators, 7, and the conduction electron spin,
S;, on every lattice site r. In more general cases, 7..’s could be taken as larger than
1/2, or even classical moments. But we in this thesis will always consider 7, as

quantum spin-1/2.

'To completely fill a single conduction band, we need two electrons per site. Hence, a filling

of one conduction electron per site is called the half-filled case.
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(JD).
JD(GF)

Figure 1.3: Doniach’s phase diagram of the Kondo lattice model. For Tx > Trix iy, i-e.
for stronger Kondo couplings, the Kondo singlet phase is realized. When Tx < Trr kv,

a magnetic order is expected to appear. Here, Ti; denotes the line of phase transition.

As we will see in the following chapter, it is the Kondo coupling, .J, that drives
the formation of charge gap and Kondo singlet phase, when sufficiently strong.
However, for weaker J’s, the KLM realizes an indirect exchange interaction between
the magnetic moments, which is mediated by the conduction electrons. It is known

as Ruderman-Kittel-Kasuya-Yosida or RKKY interaction [22, 23].

A 1
Hrkky = ZZJRKKYOI‘_I‘,DTI"TI" (1-5)

The competition between Kondo and RKKY interactions can be illustrated us-
ing Doniach’s well-known phase diagram, shown in Fig. 1.3. It is obtained by
comparing the two energy scales present in the system: the Kondo temperature,
Ty ~ We JP and the magnetic ordering temperature, Tyxyxy ~ J2D, where W
is the bandwidth and D is the density of states at Fermi surface. For strong Kondo
couplings, we get Kondo singlet phase, but for weak Kondo couplings, we expect

to get a magnetically ordered phase.

1.1.2.2 Symmetric periodic Anderson model

The periodic Anderson model (PAM) is the lattice version of the celebrated single
impurity Anderson model [24]. Tt is more microscopic than KLM, because it treats

the localized f electrons not merely as spin-1/2’s, but as full dynamic electrons
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which hybridize with the conduction electrons. The Hamiltonian of PAM can be
written as:

ﬁPAM = Z €(k>éf(7sék7s + €f Z ﬁf,s + Uf Zﬁfﬁﬁ£¢ -V Z [éi’sfr,s + h.c.
r,s r r,s

k,S )

(1.6)

where éLs(ékﬁ) are the creation (annihilation) operators of the conduction electrons
with momentum k and spin s =7, |, and likewise, fjs( fr,s) are operators for the f
electrons at site r. Moreover, ﬁ{’s = fjs fm is the number operator of an f electron.
The €(k) is the dispersion of the conduction band, e€f and Uy are respectively the
local energy and Coulomb repulsion of the f electrons, and V' is the hybridization
between the conduction and f electrons. The PAM, with all these key ingredients
necessary to discuss heavy fermion physics, is indeed the basic model of the HF
systems.

To see its utility for Kondo insulators, consider the PAM without Uy, which can
be diagonalized by Fourier transforming fr,s to fk,s and then mixing fkﬁ with ¢y 5.
The resulting band dispersions of this non-interacting PAM are given as follows:

A (k) = %[e(k) et /el — e + 4V (1.7)

They are shown in Fig. 1.4. In order for the non-interacting PAM to describe
an insulator, it is clear that the band with lower energy, A_(k), must be fully
occupied, while the higher energy band should be empty. It implies that the
number of electrons per site should be n, = 2, which is the half-filled case?. Thus,
the non-interacting PAM has an insulating ground state at half-filling. But this is
just a band insulator, without Kondo singlet formation. For the Kondo singlet, we
need to turn on Uy, which makes the PAM a difficult many-body problem. But Uy
does not alter the electron filling. Thus, the half-filled PAM with U > 0 describes
a Kondo insulator.

Now the question is how to realize and maintain half-filling, while doing the
calculations. It so happens that a neat and simple way of exactly guaranteeing

half-filling is to consider the PAM on a bipartite lattice with e; = —Uy/2. One can

20n every site there are two orbitals, ¢ (conduction) and f (localized). Therefore, the maxi-

mum number of electrons per site could be 4. Hence, n, = 2 is the case of half-filling.
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Figure 1.4: The band structure of PAM for Uy = 0, plotted in one dimension for illus-
tration. Left panel: Dispersions, Ay (k), without hybridization, V' = 0. The conduction
band (orange) is dispersive and the localized band (black) is completely flat. Right panel:
A non-zero V opens a gap. If the chemical potential (black dashed line) lies inside a
band (near the top of the lower band or the bottom of the upper band), then the system

is a heavy-fermion metal, otherwise (purple dashed line) it is an insulator.

show that this special case of PAM is symmetric under particle-hole transformation,
which guarantees the half-filling. For instance, on a hypercubic lattice with nearest-

neighbour hopping, this so-called “symmetric” periodic Anderson model can be

written as:
Ao ==t 3 hutrise =V Y (fes +hac)
rd s=m,] r os=1,l
1
I f !
+ Uy Z {nmnm —3 (nm + nmﬂ (1.8)

where § is summed over the nearest neighbours of r. The symmetric periodic
Anderson model (SPAM) has been variously studied to understand the basic prop-
erties of Kondo insulators [19, 25, 3]. Here, we will study it to understand magnetic

quantum oscillations in Kondo insulators.

1.2 The de Haas-van Alphen Oscillations

The de Haas-van Alphen (dHvA) effect refers to the oscillations of magnetization,
M, with respect to magnetic field, B. It was discovered in 1930 by Wander Jo-
hannes de Haas and P. M. van Alphen in a single crystal of Bi at liquid hydrogen
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temperatures [5, 26]. The dHvA oscillations are periodic in 1/B, and are under-

stood to occur due to Landau quantization of electronic orbits in magnetic field.
Hence, they are also called quantum oscillations, or more specifically, magnetic
quantum oscillations. Historically, the dHvA effect is considered to be a hallmark

of the metallic response.

o H LB IN. AXIS.
A H/ B IN. AXIS.
| T=14.2K
-20' !
O
105 M/H /
—-1.5 - X ‘/
—-1.0 . -
0 5 o H 15 20x10*6

Figure 1.5: The oscillations of magnetization with magnetic field, as found by de Haas

and van Alphen, in Bi at temperature, T' = 14.2K. This figure is taken from Ref. [26].

Classically, an electron traverses in the orbits caused by the Lorentz force.
Quantum mechanics quantizes these orbits in the plane perpendicular to magnetic
field. The area of these orbits in real space decreases upon increasing B, which
implies that the corresponding area in the momentum space would increase with
B. Therefore, when an orbit crosses the extremal cross-sectional area of the Fermi
surface in a metal, it shows a peak in the density of state, D. The peak in D
appears periodically as B increases. Therefore, all the physical quantities that
depend on D show an oscillatory behaviour with respect to B. For instance, like
M, the resistivity also exhibits such oscillations, which is known as Shubnikov-
de Haas effect. Interestingly, the oscillation frequency, f, can be related to the
extremal area, I, (perpendicular to magnetic field) on the Fermi surface through
the following relation due to Onsager [27].

h
=—F 1.9
f=5- (1.9)
Here, h = h/2m is the Planck’s constant, and e is magnitude of the charge of
electron. Notably, the proportionality constant between f and F in Eq. (1.9)

depends only on two fundamental quantities.
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1.2.1 Landau quantization and dHvA effect in metals

To understand the microscopic basis of the dHvVA effect, let us consider the Landau
quantization for free electrons in a cubical box of sides L,, L,, L., in the presence
of a uniform magnetic field, B (say, along z-axis). The Hamiltonian of a free

electron of mass m and charge —e travelling in a magnetic field can be written as:

5 (PteA)
H=—"——>- 1.10
5 (1.10)
where, p = —thV is canonical momentum operator. Since the magnetic field
B = BZ, therefore, we can choose the vector potential to be A = —Byz, which

satisfies the relation B = V x A. It is called the Landau gauge. So, in the Landau
gauge, Eq. (1.10) reads as:

-1 0 PRt o
H=—(—-ih— —eBy) — —( — + — ). 1.11
2m ( Zh@x ‘ y) 2m (8y2 * (922> (1.11)

Note that the momentum operators p, and p, are conserved in the above Hamil-

tonian. That is, [p,, H| = 0 and [p,, H] = 0. So, we can write the wavefunction

as:

U@y, 2) = x(y)e!t=rth=2) (1.12)

and then the Schrodinger equation H Y = E reads as:

2k 1 R 92y
E——"% — —mw?(y — yo)? — X 1.13
oy 5" (¥ — o)™ | x + 2m 01 (1.13)

where w, = eB/m is the cyclotron frequency. Here, we see that the electron’s
motion is free along z direction, while in the xy-plane, it behaves as a harmonic
. _ hks . . .
oscillator along y centred at yo = ;2. Equation (1.13) is a standard problem in
quantum mechanics, whose energy eigenvalues, given by the wavenumber, k., and

an integer n > 0, can be written as follows:

%) he, (1.14)

h2k?
2m

En,kz = + <n +

This is the Landau quantization of a free electron in uniform magnetic field.
Equation (1.14) is quite remarkable. We can see that the energy h*k?/2m

coming from the motion along z direction remains the same even after turning
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on B, because the Lorentz force does not act along the magnetic field direction
(z-axis). However, the energy of the motion in the plane perpendicular to B is
quantized in the steps of Aw.. That is, the cyclotron motion in the x-y plane gets
quantized according to the following (semiclassical) condition:

2

1
o (24 13) = <n—|—§>hwc (1.15)

We note that the energy in Eq. (1.14) does not depend on quantum number k,,

2

which can take any value of k, = i

(N is integer). So, each level is highly
degenerate. The set of all eigenstates [of Eq. (1.13)] for a given n (and arbitrary
k.) is referred to as the n'® Landau level. Since 0 < yo < L, we get the following

condition on N:

hk,
0< <L,
MW,
eB )
= O<N<—L,L,=—
h Y D,

where & = BL,L, is magnetic flux passing through the sample and ®;, = h/e
is the quantum flux. Hence, the total number of eigenstates per Landau level is

20 /dg, where the factor of 2 is due to spin degeneracy for electrons.

Origin of quantum oscillations: Semiclassical approach

We use the semiclassical approach to understand the origin of quantum oscillations
in metals [6, 5, 28]. An electron moving in magnetic field has momentum, p =
hk —eA, where the first term is its kinetic momentum and the second is due to the
magnetic field. Assuming that the orbit is closed, the Bohr-Sommerfeld condition

quantizes the orbital motion of electron in the magnetic field as:

fp.dr: (n + 0)2nh (1.16)

where n is a non-negative integer and 6, the phase correction, is 1/2 for parabolic
dispersion and 0 for graphene-like linear dispersion. The semiclassical equation of

motion of an electron in magnetic field can be written as follows:

h% = —e@ x B (1.17)
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By integrating it with respect to ¢, we get hk = —er x B plus a constant, which

does not contribute to the final result. We use this and Stoke’s theorem to find

fp-dr = %hk-dr—e%A-dr:—e%pr-dr—e%V><A-d0'

= eB-}I{rXdr—ej{B-da:e(Z(I))—eCD:e(I)
= ¢ = (n+6)2nh/e (1.18)

where do is the area element in real space. Here, we have also used the fact that
$r x dr = 2 x the area enclosed by the close orbit. From the above result for @,
we get the following quantization rule for the area, .S, of the cyclotron orbit in real

space.

2mh

(1.19)

Since the line element Ar in the plane normal to magnetic field B is related to
the line element Ak in k-space as |Ar| = (h/eB)|Ak|. Therefore, the area, S,,
in real space corresponds to the area, F),, in k-space as: S, = (h/eB)*F,. From

Eq. (1.19) for S, we get the following expression for F,,.

F, = (n+9)27T;B. (1.20)

Note that, for # = 1/2, Eq. (1.20) is same as Eq. (1.15) for the free electron.

Most low-temperature electronic properties of metals depend upon the density
of states at the Fermi energy. For a non-zero B, the free electron states reorganize
into Landau levels whose degeneracy grows with B. Therefore, as B increases
or decreases, the Landau levels repeatedly cross the Fermi level leading to an
oscillatory behaviour of various physical quantities. The period of this oscillation
is determined by the crossing of successive Landau levels (~ semiclassical quantized
orbits in k-space) across those cross-sections on the Fermi surface that enclose an
extremal area perpendicular to magnetic field. Let such an extremal area be F,
and the n'" closed orbit attain this area for the field strength, B,. Then, the
periodicity criteria, F,, = F, 1 = F, and the quantization condition of Eq. (1.20),
together give
1 1

n+1 Bn

2re

(1.21)

the period of oscillation = ‘
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This explains, for instance, why dHvA oscillations are periodic in 1/B. Finally,

the frequency, f, of such quantum oscillations is given by the following relation:

-1
_ g (1.22)

-~ 27e

1 1

Bn+1 Bn

-

This celebrated equation provides the basis for directly measuring the Fermi sur-

faces in metals by doing quantum oscillation measurements.

1.2.2 Curious case of SmBy: dHVA effect in insulators?

In the previous subsection, we learnt about the dHvA effect, which has always
been considered to be a characteristic of metals, and was never expected to occur
in insulators. But this conventional view changed recently, when SmBg, a Kondo

insulator, showed magnetic quantum oscillations at low temperatures [11, 12].

A 33— : : : : : B 20
— SmB6 —
E_ :,31.6»
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2 =32° o
- o © 12}
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° e
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Figure 1.6: Quantum oscillations in SmBg from Ref. [11]. (A) Magnetic torque vs.
inverse magnetic field. (B) Fourier transform of the oscillation data showing frequencies
that are claimed to correspond to the two-dimensional Fermi surface of the conducting

surface states.

Some years ago, SmBy had been theoretically predicted to be a topological
Kondo insulator having conducting surface states with an insulating bulk [29, 30].
It motivated experiments that eventually found dHvA oscillations in SmB;. The
experiments by Li. et al. [11] claimed to have seen the two-dimensional Fermi sur-
face of the conducting surface states through quantum oscillation measurements.
Figure 1.6 shows some data from Ref. [11]. However, in contrast to this, no quan-

tum oscillations have been observed in the resistivity measurements on surface [31].
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In separate experiments, Tan et al. also observed magnetic quantum oscillations
in SmBy [12]. But they claim these oscillations to come from a three-dimensional
“Fermi surface”. In fact, the high oscillation frequencies in their data are claimed
to correspond to the half of the bulk Brillouin zone. Figure 1.7 shows some data
from Ref. [12]. This is very puzzling, because the conducting surface states can
not account for it, and the bulk is insulating! As there are no free electrons in
the bulk, there is no Fermi surface (as we conventionally understand it). So what

surface, and of which quasiparticles, these oscillations are actually measuring?

12T < B < 40T
T=035K
0 =87 |

0 400 800 1200 1600 2000
gl T 18T <B<40T

0 ‘ ‘ ‘
2000 4000 6000 8000

24T < B < 40T]

15 20 25 30 35 40 10000 12000 14000 16000

B (T) Frequency (T)
(a) (b)

Figure 1.7: (a) Magnetic quantum oscillations in SmBg. (b) Fourier transform. Notably,
the oscillation frequencies 2 10,000 T are claimed to correspond approximately to the

half of the bulk Brillouin zone. These figures are taken from Ref. [12].

These findings pose a difficult question of principle on the occurrence of dHvA
oscillations, not only in SmBg, but more generally in any insulator (correlated or
otherwise). This has led some to propose exotic neutral quasiparticles giving rise
to unconventional Fermi surface in Kondo insulators [32, 33, 34], while others have

tried to find answers within more conventional framework [35, 36, 37, 38]. Very
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recently, even disorder has been proposed as a possible cause of bulk quantum
oscillations in insulators [39, 40]. It is clearly a hotly debated and actively pursued
problem of great interest. Interestingly, another Kondo insulator, YbB,,, has also
been reported recently to show magnetic quantum oscillations [41]. Thus, SmB

is not a lonely case anymore, and this list may grow further.

1.3 Brief Outline of the Thesis

Motivated by the situation presented by SmBg, we too investigated the problem of
dHvA oscillations in Kondo insulators, and made some novel contributions to its
understanding [42]. Given that the quantum oscillation measurements on SmBg
observe a bulk Fermi surface (which the surface states obviously can not account
for), we believe that it must be so due to some intrinsic property of the Kondo
insulating bulk, regardless of its being topological or not. With this point of view,
we look afresh at the properties of the (non-topological) Kondo insulators by do-
ing calculations on the standard half-filled Kondo lattice and symmetric periodic
Anderson models. From these calculations, we discover a novel quasiparticle band
inversion that we show to have a direct bearing on the occurrence of dHvA os-
cillations in Kondo insulators. In fact, the quantum oscillations we get from our
calculations on square and simple cubic lattices correspond precisely to the half
of the bulk Brillouin zone. Notably, In our computation of dHvA oscillations, we
properly take into account the Kondo interaction, which is uncommon. In this
thesis, we present our theory of magnetic quantum oscillations in Kondo insula-
tors. Below we give an overview of the work presented in different chapters of this

thesis.

1.3.1 Studies on the half-filled Kondo lattice model

In Chapter 2, we investigate the orbital response to uniform magnetic field in the
ground state of the KLM (Kondo lattice model) of localized spin-1/2’s coupled to
the spins of the conduction electrons via an antiferromagnetic exchange coupling,
J > 0, at half-filling on square and simple cubic lattices. The conduction electron

hopping is taken to be nearest-neighbour only, with an amplitude ¢. It ensures
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particle-hole symmetry of the KLM on bipartite lattices, which in turn guarantees
half-filling. We formulate a novel self-consistent theory of the effective charge and
spin dynamics of the half-filled KLM by employing a canonical representation of
electrons, as invented by Brijesh Kumar [43]. This representation describes the
electron operators in terms of the spinless fermion and Pauli operators. It has

been used quite fruitfully in studying the problems of correlated electrons.

1.3.1.1 Inversion and dHvVA oscillations

The ground state properties of the KLM in the absence of magnetic field are cor-
rectly described by our self-consistent theory. For instance, the charge gap in this
theory is always non-zero for any value of ¢/.J, which is how it should be for an
insulating state. Moreover, for small ¢/.J (i.e., strong Kondo coupling), the effec-
tive spin dynamics correctly produces the spin-gapped Kondo singlet phase. Upon
increasing t/.J, the spin gap is found to continuously vanish, due to which the
Kondo singlet phase undergoes a continuous transition to the Néel antiferromag-
netic (AFM) phase.

Besides producing the commonly known features, our theory also reveals a novel
feature of the Kondo insulators, which is that the charge quasiparticle dispersion
undergoes inversion, as ¢t (for a fixed J) increases beyond the inversion point,
t;. A simple consequence of the quasiparticle band inversion is that for strong
Kondo couplings, the charge gap comes from the I' point in the Brillouin zone,
while it shifts to the half-Brillouin zone boundary for sufficiently weak Kondo
couplings. But a remarkable consequence of this inversion is the realization of
dHvA oscillations in the Kondo insulating state [42].

In uniform magnetic field, B, coupled via Peierls phase to electron hopping,
the effective charge and spin dynamics in our theory become two Hofstadter-like
problems of spinless fermions and hard-core bosons, respectively. By numerically
diagonalizing them, we calculate magnetization, M, as a function of B in the
ground state. The contribution of spin dynamics to M vs. B turns out to be in-
significant and not of much consequence. Hence, we focus on the charge dynamics.
But even the charge dynamics does not show any quantum oscillations for strong

Kondo couplings. However, after the inversion (¢ > ¢;) has taken place, we begin
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to see magnetic quantum oscillations from the charge dynamics. In fact, these
oscillations become more and more pronounced as the Kondo coupling goes from
moderate to weak. We do further analysis to clearly establish that the quasipar-
ticle band inversion is the key to dHvA oscillations in Kondo insulators. This is
why, in our calculations, the absence or appearance of dHvA oscillations depends
on t/J, because t/.J controls the inversion.

By Fourier transforming the magnetization data, we find the dominant fre-
quency of dHvVA oscillations to correspond to the half of the bulk Brillouin zone.
This is like what the experiments suggest. More precisely, these oscillations here
measure the surface of the effective chemical potential of the charge quasiparticles,
which plays the same role as the Fermi surface in metals.

As noted above, the dHvA oscillations grow stronger as t/.J increases into the
Néel phase. On a careful reflection, it reveals to us a possibility of dHvA oscillations
occurring in the weak-coupling spin-density wave (SDW) insulators. To support
this insight, we do the same calculation also for the half-filled Hubbard model. In
Chapter 5, we do this again in the standard formulation of the SDW problem.

1.3.1.2 Investigations on Hubbard-Kondo lattice model

The KLM is a minimal physical model of the HF systems, where the local moments
are coupled to the ‘non-interacting’ conduction electrons. But there are materials
like Nd, ,Ce, CuO, [44], and some Ce-based HF compounds [45], where the inter-
action between the conduction electrons plays an important role in determining
the properties of the system. Therefore, in Chapter 3, we investigate the half-
filled KLM but with an additional Hubbard repulsion, U > 0, for the conduction
electrons. We call it the Hubbard-Kondo lattice model (H-KLM).

By employing the theory developed for KLM in Chapter 2, we study the effect
of U on the properties of H-KLM at half-filling. We generate a quantum phase dia-
gram, that has Kondo singlet to Néel AFM phases separated by a critical line. This
is in good qualitative agreement with VCA (variational cluster approximation) [46]
and QMC (quantum monte carlo) [47] calculations. We find and understand that
the main effect of repulsion, U, in H-KLM is to enhance the Kondo coupling,
J. Like KLM, the H-KLM also exhibits inversion, and hence dHvA oscillations
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with the same frequency. Upon increasing U, these oscillations get suppressed.
Here, too, the appearance of quantum oscillations is intimately connected with

the inversion.

1.3.2 Studies on symmetric periodic Anderson model

In Chapter 4, we investigate SPAM (symmetric periodic Anderson model) as a
model of Kondo insulators, which is more microscopic than KLM. We study SPAM
on square and simple cubic lattices using the theory of Kondo insulators that we
developed for KLM. It works fine, and produces consistent results. For instance,
here too, we get inversion and dHvA oscillations. We also study quantum phase
transition from Kondo singlet to Néel phase in the Us-V plane [for ¢t = 1; see
Eq. (1.8) for notations|. Here, U; helps the Néel order, because upon increasing
Uy, the effective Kondo exchange (~ V?/U;) weakens. The hybridization, V,
supports the Kondo singlet.

Interestingly, by decreasing V' for a fixed Uy, here we get two inversion transi-
tions, one each for the two kinds of quasiparticle dispersions (one narrow and one
broad). In the presence of magnetic field, we get dHvVA oscillations, only when
the quasiparticle bands have appropriately inverted. The oscillation frequency
measures the same extremal area, as for KLM, on the effective chemical-potential
surface of the charge quasiparticles. Thus, our theory of Kondo insulators produces

consistent results for KLM and SPAM.

1.3.3 Quantum oscillations in spin-density wave insulators

Guided by the insight we had in Chapter 2 on weak-coupling insulators, in Chap-
ter b, we investigate dHvA oscillations in the Néel SDW state of the half-filled
Hubbard model. Here, we do standard spin-density wave mean-field theory di-
rectly in terms of the electron operators on square and simple cubic lattices, and
obtain the anticipated quantum oscillations. We also do a similar calculation for
the half-filled KLM. These simple calculations suggest that the dHvA oscillations

can possibly occur in many different kinds of insulators (correlated or otherwise).
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Typically realized in rare-earth compounds, the Kondo insulators are dense ar-
rays of local moments interacting with the conduction electrons at half-filling [3, 2,
48]. They exhibit insulating behaviour at low temperatures due to singlet forma-
tion between the local moments and the conduction electrons. Recent observations
of de Haas-van Alphen oscillations in SmBy has greatly renewed the interest in
Kondo insulators [11, 12]. Very recently, the dHvA effect has also been reported

to occur in another Kondo insulator, YbB,, [41].

21
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The de Haas-van Alphen (dHvA) effect refers to the quantum oscillations of
magnetization as a function of the (inverse) magnetic field. It is considered a
hallmark of the metallic response, and a direct probe of the Fermi surface (FS) [5,
28, 27]. The dHvA oscillations are a manifestation of the Landau quantization
of electronic states in uniform magnetic field. An insulator is not expected to
show dHvA oscillations. But the case of SmBy presents a counterexample to this
conventional view, and poses a question of principle on the occurrence of dHvA
oscillations in the insulators. This question has been given some attention recently,
with some studies getting the hitherto unexpected dHvA oscillations in mostly the
band-theoretic models of insulators [35, 36, 37, 32, 49, 38]. But the situation in
a Kondo insulator (KI) is more precarious, where the electrons are correlated and
localized, and one is not quite sure which quasiparticles, if any, exhibit dHvA
oscillations, and what surface, Fermi or otherwise, is being measured. It is a hotly

debated current problem.

Topologically protected conducting surface states in a topological Kondo insu-
lator with an insulating bulk could in principle give quantum oscillations [50, 49].
But certain high frequency quantum oscillations in SmB imply the F'S to corre-
spond to the half of its bulk Brillouin zone (BZ) [12]. This can not be accounted
for by the surface states, and calls for an understanding of the dHvA oscillations
within the bulk insulating behaviour of the KI’s. Another scenario treats the
Kondo insulating state on bipartite lattice (SmBgy has a simple cubic structure) at
half-filling as a scalar Majorana Fermi sea spread over half of the bulk BZ [32].
While it may look agreeable on the size of the observed FS, it has gapless quasi-
particles, and this gapless Majorana sea can not describe an insulator *. A recent
experiment also rules this out [51].

Motivated by the curious case of SmBy, in this chapter, we do a theory of
the basic Kondo lattice model using a canonical representation of electrons [43]
that appropriately describes the Kondo insulating ground state, and gives the
magnetic quantum oscillations corresponding to half Brillouin zone as a general

bulk property for the Kondo coupling ranging from intermediate to weak.

! The Fermi sea of non-interacting electrons on bipartite lattice, which is a conducting state,

consists of four such independent gapless Majorana Fermi seas.
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2.1 Kondo Lattice Model

To understand the dHvA oscillations in Kondo insulators, we study the orbital
response to uniform magnetic field in the ground state of the Kondo lattice model
(KLM) of localized spin-1/2 moments coupled via antiferromagnetic exchange,
J > 0, to the conduction electrons at half-filling with nearest-neighbour hopping,
t > 0, on square and simple cubic lattices. The Hamiltonian, H , of this problem

reads as follows:
~ e r+d6 J
S 3 DA FANNED I
rd s r

Here, r runs over the lattice sites, § is summed over the nearest neighbours of
r, and s =1,] is the spin label. The &, (¢f,), are the annihilation (creation)
operators of the conduction electrons, whose spin operators are denoted as S,.
The Pauli operators, 7 = (77, 7¢,77), denote the local moments. The uniform
external magnetic field, BZ, is coupled here to the electronic motion via Peierls
phase in terms of the vector potential, A = —Byz.

To control the number of conduction electrons, in general, one would also add
to Eq. (2.1) the chemical potential term, —u . ¢l ¢y 5 But our immediate inter-
est is in the Kondo insulating state which is realized at half-filling, and on bipartite
lattices, the half-filling of conduction electrons is exactly realized for ;4 = 0. There-
fore, we do not include this term in Hamiltonian, H, of Eq. (2.1).

A canonical representation of electrons, invented by Kumar [43], in terms of
spinless fermions and Pauli operators has been found to be very fruitful in de-
scribing the strongly correlated electron problems [52, 53]. Recently, this rep-
resentation has also been used by others to study quantum quenching [54] and
finite-temperature dynamics [55] in one-dimensional Hubbard model. Similar rep-
resentations have also been constructed independently by a few others, but the
two that bear closer resemblance with the Kumar’s representation are given in
Refs. [56, 57]. However, the way in which it was constructed and put into creative
use by Kumar is particularly elegant and novel. Hence, we employ the Kumar’s

representation to investigate the KLM at half-filling. Interestingly, it reveals for

us some beautiful physics of Kondo insulators. Before going into the details of our
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Figure 2.1: A pictorial depiction of the Kondo lattice model on square lattice (with red
filled-circles representing .A-sublattice, and black ones, the B-sublattice). The conduc-
tion electrons hop between the nearest-neighbour sites, and are coupled to the localized

moments (empty squares) at each site via an exchange interaction (dotted links).

(a) Bipartite Simple Cubic (b) Brillouin Zone

a = a(d +79) by =I(3+§ — 2)
ay = a(z + z) by="7(2 —y+2)
az=a(y +2) by =7(-2+y+32)

Figure 2.2: (a) The bipartite simple cubic lattice with primitive vectors, @y, d2, and ds.
Here, a is the nearest-neighbour distance. (b) The corresponding Brillouin zone (which is
the half-Brillouin zone of the simple cubic lattice), and reciprocal lattice vectors, l;l, 52,
and 53. The orange-coloured octagonal region is the k£, = 0 plane inside the Brillouin

zone.

calculations and findings, let us briefly describe this representation.
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2.2 Kumar’s Representation of Electrons

According to Ref. [43], we can write the conduction electron operators, éIT and éi "

at site r, in terms of the spinless fermion and Pauli operators as follows:

éIT = ur0y (2.2a)

R 1, .- R ;
CL, = §(Zwa,r_¢a7r0'r) (22b)

+ . n A A .7 A ~
where o2 and o are the Pauli operators, and ¢, , = ai + G, and ith,, = al — a,
are the Majorana fermion operators. These Majorana operators, given in terms

of the spinless fermion creation (annihilation) operators, al (a,), are Hermitian.

r
They mutually anticommute, {qgayr, &a,r} =0, and &2” = Air =1.

This representation is based on a one-to-one mapping between the local Hilbert
space of the physical electron and that of the spinless fermion and Pauli operators
combined. The mapping given by the following table leads to the representation

given in Eqgs. (2.2).

®|1-) I+
o) [ 10) | 1) (2.3)
RIIEY

Here, {|o),|1) = al|o)} and {|-),|+)} are the basis states of spinless fermion and
Pauli operators, respectively, at site r. The local Hilbert space of the physical elec-
trons is spanned by the states, {|0),] |) = ¢,,]0),] 1) = ¢,,10),| T}) = éITéL|O>}.
This table is to be read as: |0) = |o) ® |—), | }) = |1) ® |=), and so on. The
representation is canonical as it satisfies the necessary anticommutation algebra
for the electron operators. It is also invertible, as the mapping is one-to-one. In
the inverse picture, the spinless fermion physically describes a Gutzwiller type
correlated electron [43].

On bipartite lattices, we can use two slightly different forms of this represen-
tation on the two sublattices, which gives an elegant form to the hopping. Say,
on A sublattice, we use Eq. (2.2), but on B sublattice, we use the form as given

below [43],

il = iyeo) (2.4a)
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. 1.
ey = 50— ithe03) (2.4D)

Here, by is the spinless fermion operator on B sublattice.

In this representation, the electronic spin operator is written as: S, = %ﬁwa'r
on A sublattice and S, = %ﬁbmar on B sublattice, where n, , = didr and 7y = IA)II;r
Moreover, the number operator for total number of T and | electrons on a site

rc A(B) is: 1+ O’f(l — /ﬁ/a(b),r)~

2.3 Properties in the Absence of Magnetic Field

To set up our scheme of calculation, we first discuss the KLM without magnetic

field. Tt is given by the following Hamiltonian, which is Eq. (2.1) for B =0,
N o J
H=—t Z Z CLSCH&S + 5 Z Sy T, (2.5)
rd s r

In the representation given by Eqgs. (2.2) and (2.4), the KLM reads as:

~

it o o
H = —E Z Z [¢a,r¢b,r+6 + 77/}b7r+5¢a,r (Ur . o-r+5)i|

reA 4§

L7
4

Z ﬁa,r(a'r . Tr) + Z ﬁb,r(a'r . Tr)] (26)

reA reB

The form of Eq. (2.6) clearly suggests that, if J > ¢, then o, and 7 would locally
form a singlet, |s) = (|[4)] 4) — |=)| 1))/Vv2, on each lattice site. Here, the
thick arrows refer to the states of the local spin-1/2 moment. The ‘spin’ part of
the ground state in this limit is the direct product, [], ®|s),, of the local Kondo
singlets, while the residual charge dynamics is given by the following Hamiltonian

of the spinless fermions:

iy = 5SS b — o [ e+ 3 ] (2.7

reA ¢ reA reB

It has a charge gap, A. = /(3J/4)% + (zt/2)? — zt/2 *. Here, z is the nearest

neighbour coordination. This singlet state also has a spin gap, A, = J, and keeps

2The term corresponding to ¢ in Hy is the so-called scalar Majorana Fermi sea of Ref. [32].

But here it occurs with an additional term due to J that opens the charge gap.
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the local occupancy at one electron per site. We will see that, for B # 0, this
idealized model of strong-coupling KI will not show quantum oscillations. Hence,
we improve it by correcting the local singlets for the exchange interaction caused
by hopping, and also correcting in return the charge dynamics self-consistently.
To this end, we decouple the Pauli operators from the spinless fermions in

Eq. (2.6), and write an approximate version of the KLM: H =~ H, + H, + e1L,

where
-t A A s Jpo N N
Hc - _5 Z Z [wa,r¢b,r+5 + plwb,r+5¢a,r] + T Z Ng,r + Z Ny, r (288“)
recA 6 reA reB
I J
Hs == Z Z Oy Ory§ + I Zar * Ty, (28b>
r,0 r

and e; = —(zt{p1 + Jnpy)/4. Here, L is the total number of lattice sites, and the

mean-field parameters are defined as follows:

po = %Z(ar-m (2.92)
1

Pr= o7 - (Or - Orys) (2.9b)
1 R R
n = E<Z Ng,r + Z nb,r> (29C)
reA reB
21 PO
g = Z Z Z<¢a,rwb,r+5> (29d)
rcA §

Here, n is the density of spinless fermions. These mean-field parameters, pg, p1, ¢

and n, are determined self-consistently by solving H.and H, 3.

2.3.1 Effective charge dynamics

The charge part of the self-consistent dynamics is given by the effective Hamilto-

nian H, of Eq. (2.8a). We rewrite the Majorana operator terms as

WaxPowss = (afbeys + h.c.) + (@bl 5 + h.c)

i&a,r&b,r—i—é = _(CAZI.Z)I-_HS + hC) + (CALI,ZA?I_,'_‘; + hC)

3The H, resembles the Kondo necklace model [58]. Here, it describes the magnetic properties

of the Kondo insulator.
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which leads to the following bilinear form of H. in terms of the spinless fermions:

~ t . X
= -3 ) — o0 (et
He = —5 ;; [(1 + p1)(@fbeys + hoc) + (1 — py)(albl, 5 + h_c,)]

Zﬁa,r + Zﬁb,r] (21())

reA relB

Jho

M

We diagonalize H, by successively applying Fourier and Bogoliubov transforma-

tions. The Fourier transformation of G, and b, is given by the relations

q 2 ikr ~ 7 2 ikr 7
arzwzgk:e ax and brzwzge b,

where the wave-vector k is summed over the half-Brillouin zone, because a, and
by live on separate sublattices. The operators ay and by are two canonical spinless
fermions in the reciprocal space. Applying this transformation to H. leads to the

following form:

N t o AT 7
= =520 [0+ e Guilhic+ he) + (1= po)(aldly + he)]
K
J . .
+% Z (na,k + nb,k) ) (211>
k
where 7, = >_5 €9, Under the Bogoliubov transformation given by *
R 1 R , . . . R
ax = 7 [cos O 714 (k) — sin by 7} (=k) — cos by 71— (k) — sin Oy ni(—k)]
- 1
b = 7 [cos O 715 (k) + sin by Al (—k) + cos Oy 7 (k) — sin by f]i(—k)]
for
—t(1 — p1)[l/2
tan 20, =
an 2ty |: Ek
the H, of Eq. (2.11) becomes diagonal in terms of the new fermion operators,
7 (k).

In the diagonal form, the H, reads as

A= IpoLf8+ 3 S B[l 6, () — ] (2.12)

k v=+

4The ~, is a real function of k on square and simple cubic lattices. But on other bipartite
lattices, it could be complex. For instance, on honeycomb lattice, it is complex. For such cases,
we can write 1 = || X%, and do a gauge transformation, ax — axe™X*, before doing the

Bogoliubov rotation.
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where k € the half-BZ, and

1
Ek:l: =Fx+ §t(1 + p1)|’)/k| >0 (213)

with Eyx = \/(Jpo/4)2 + [t(1 — p1)|n|/2]? are the charge quasiparticle dispersions.
The ground state of H, is given by the vacuum of the 74 (k) quasiparticles, and
the ground state energy per site is given by the following equation:
J
€g,c ﬂ - = Z > B (2.14)
k v=%

The self-consistent equations for n and ¢, in the ground state of H,, are

_ 1 Jp() 1 pl h/k‘
S _IPNT S and 2.15
"= UL — B an Z (2.15)

2.3.2 Effective spin dynamics

We study the effective spin Hamiltonian, H, of Eq. (2.8b), using the bond-operator

representation [59] for o, and 7, according to which

€.) = i€agtigty, (2.16a)

ot h
T, = _(§I‘£ro¢ + hC) - iea,@vﬂgt}’y- (216b)

r

Here, o, 8,7 = x,y, z denote the three components of Pauli operators, and §, and
tre are the so-called bond-operators corresponding to the local singlet and triplet
states at site r. These bond-operators are taken to be bosonic. For every pair of

o, and Ty, they are defined as follows:

|s) = 7<r+>|u> =) 1) == 5[0) (2.17a)
t,) = 7<|—>|u> )] 1)) = £1]0) (2.17h)
t,) = %<r—>w>+\+>m>> £i10) (2.17¢)
£2) = —— (1)) ) + =) 1) = £t [0) (2.17d)

Sl

The completeness of the local spin Hilbert space on every site, r, puts the following

local constraint on the bond-operators:

st + Ztm = (2.18)
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We make three standard simplifying approximations [59, 60] to discuss the ba-
sic physics of H, using bond-operator representation. Firstly, we treat s, as mean
singlet amplitude, s, which is physically relevant for the present model. Secondly,
we ignore the terms bilinear in triplet operators in Eqgs. (2.16). It amounts to
neglecting the interaction between the triplet excitations. With these two approx-
imations, we can write oy, ~ 5(tf, +1.,) and 7o ~ —5(tf, +t,,). Thirdly, we
treat the local constraint given in Eq. (2.18) only on average using Lagrange mul-
tiplier, A. Under these approximations, the effective spin Hamiltonian, f[s, takes

the following form

i o~ ZZ[ o) (g + Frraa)
+%Z[ +Zt* tm]—AZ[s +Zt t ] (2.19)

It presents the minimal dynamics of triplet fluctuations with respect to mean
Kondo singlet background. The corresponding Hamiltonian in k-space is obtained
by doing the Fourier transformation, ¢,, = \/% Yk ety ., where k lies in the full
Brillouin zone. The resulting mean-field Hamiltonian reads as:

| 1 . 4 a A s 1 o
A= {|p+ 515@“3274 (o + i raly) + SHC% (o e+ T ratia) |

Ne’

+L [/\52 - g)\ + Jn(s* — 1/4)] (2.20)

where L is the total number of sites, A — (Jn/4 — \) is the effective chemical
potential, and 1 = >4 e’®% Tt can be diagonalized by applying the following

Bogoliubov transformation
tha = t1eq, COSh Op + fT_ka sinh 6y (2.21)

Here, fka are the new bosonic operators describing triplon quasiparticles, and

1,022
tanh 26, = —— 2005 T (2.22)
(A + 5t¢8%n)

The H, in the diagonal form reads as:

H, ~ LI\s* —5\/2 — Jn(s* — 1/4)] + Z Z £k [ELaika + %} (2.23)

k a=zy,z
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where the bosonic operators ,, defined in Eq. (4.29) describe the triplon excita-
tions with respect to the mean Kondo singlet given by §, ex = \/A(A + t{5%7x) is
the triplon dispersion, and k € the full BZ. The ground state energy per site of H,

is given as:
3
e = [AS* = 5X/2 = (s — 1/4)] + 72 D e (2.24)
Kk

and the corresponding self-consistent parameters [defined in Eq. (2.9)] for the spin

part are given as: py = 1 — 452 and p; = 45*(Jn — \)/zt(, where

5) 3 2\ + t(5°
@2 = D3RRI g (2.25a)
2 4L n €k
3\t
PR AU e (2.25b)
AL £k
k
1.0 == =
0.8 "-\.“
06k -=- W(square) v ]
N (simple cubic)
0.4} oemmmmmm—— ===
d"‘ od
0.2¢ s = == (square)
’/ Z (simple cubic)
0.0 =t ' '
-0.5¢ "\\ ]
‘\
-1.0F TemealIoToooe—— ]
=== p; (square)
-1.5¢} pi(simple cubic) .
-2.0f e
.’
-2.5¢F /.’ = == pg (square)
-" ° impl bi
-3.0 . ) Po (simple cubic)
0 2 4 6 8
zt/J

Figure 2.3: Mean-field parameters of the effective charge and spin dynamics as a function
of t/J on square and simple cubic lattices. The black dots indicate the critical hopping,
t., below which the insulating ground state is a Kondo singlet, and above which, it is

antiferromagnetically ordered [see Fig. 2.4 for the spin and charge gaps].
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2.3.3 Insulating ground state: Kondo singlet vs. Néel or-

der

We compute the parameters, n, (, pp and p;, by self-consistently solving the
Egs. (2.15) and (2.25) for different value of ¢/J. In our calculations, we take
J=1

Kondo singlet phase

At t = 0, the exact values of these mean-field parameters are: pg = —3, p; = 0,
n =1, and ¢ = 0, which simply means that the local Kondo singlets are perfectly
formed. For ¢t > 0, we get =3 < pg S pp < 0,and 0 < ¢ < 0.5 <n <1 from
the self-consistent calculation, as shown in Fig. 2.3. From our calculations, we
correctly find the H. to have a non-zero charge gap, A, for all values of ¢, which
makes it an insulator. For smaller values of ¢, the H, also has a gap, Ag, to the
spin excitations. See Fig. 2.4 for the charge and spin gaps on square lattice. This
singlet phase with a non-zero spin gap is called the Kondo singlet (KS) phase.
However, as t increases, A, decreases and eventually vanishes at the critical
point, t = t.. Equation (2.29) shows the values of t. for square and simple cubic
lattices. The closing of the spin gap at f. marks a quantum phase transition from
the quantum paramagnetic KS phase to a magnetically ordered phase. The wave-
vector Q at which the gap vanishes, that is eq = 0, determines the nature of
magnetic order. In our calculation, we find the KS phase is slightly overestimated
as compared to the other methods [61, 62, 63]. See Table 2.1 for a comparison of

the values of ¢. obtained from different methods.?

Antiferromagnetically ordered phase

The gaplessness, eq = 0, fixes the Lagrange multiplier to A = z¢{(5?. It also makes
the k = Q terms in Egs. (2.25) singular, which causes Bose condensation of triplons
that leads to magnetic ordering with ordering wave-vector Q [64]. Corresponding

to the singularity at Q, we introduce triplon condensate density, n. := %(fgatAQa)

SVMC= variational monte carlo, BO-MFT= bond operator mean-field theory [C. Jurecka and
W. Brenig, Phys. Rev. B. 64.092406 (2001)]
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KLM square lattice(t.) | simple cubic lattice(t,.)
Our theory 0.89 0.62
QM 0.69 —
VCALS 0.49 —~
Series—expansion[&] 0.70 0.50
VM 0.71 —~
BO-MFTH7 0.67 0.55

Table 2.1: For the Kondo lattice model (KLM), the critical value of hopping, t., (for
magnetic phase transition from Kondo singlet to Néel antiferromagnetic phase) obtained

from different methods are compared from our theory.

Hence, in this gapless ordered phase, the mean-field equations for the spin part

read as follows:

A o= zt(5, (2.26a)
2\ + (52
£ = 2, 3N ARSI g (2.26b)
2 4L £k
k£Q
1 3N 2\ + (52
e = — | A- : 2.2
n th( Jn + i I;Q o (2.26¢)

Together with Egs. (2.15) for the charge part, the self-consistent solution of Egs. (2.26),
determines the properties of the phase with zero spin gap.

From our calculations, we find the triplon dispersion to become gapless for
t > t. at Q = (m,m) on square lattice and Q = (m, 7, 7) on simple cubic lattice.
See Fig. 2.5 for triplon dispersion. Hence, we get Néel antiferromagnetic order in

the insulating ground state of the half-filled KLM for ¢ > t¢..

2.3.4 Inversion of the charge quasiparticle dispersion

A special feature of the Kondo insulating state, that we discover here, is the “in-
version” of charge quasiparticle dispersion, which has a direct bearing on quantum
oscillations (as we will see later). Note that the dispersions Ey, and Ey_, of the

charge quasiparticles given in Eq. (2.13) always touch each other at |y | =0, at a
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Figure 2.4: The charge (A.) and spin (A;) gaps vs. t/J for square lattice at half-filling
of KLM obtained in ground state of Eq. (4.16) and (4.34).
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Figure 2.5: Triplon dispersion, e, of H,. It is gapped (Kondo singlet) for t < ¢. and
gapless (Néel antiferromagnetic) for ¢ > t.. See Eq. (2.29) for ¢..

value of J|pg|/4, which is the chemical potential of the spinless fermions in H,. See
Eq. (2.10) for the number operator terms. For small t/J, Fi_ () is lowest (highest)
at k = 0, and highest (lowest) at || = 0. But for ¢ greater than a particular
value t; (we term it as the inversion point), the k = 0 becomes a point of local
maxima of Fy_, whose lowest value (the charge gap, A.) now lies not at k = 0,°

but on a contour whose equation is given as:

il = Tlpol (1 = o) /{42 (L + 1) v/ ]} (2.27)

See Fig. 2.6 for the evolution of Ey_ with ¢. Thus, for ¢t > t;, Ex_ undergoes

inversion, while Ej, is always maximum at k = 0 7. We further find that, for

6 A shift in the band minimum at a similar value of ¢ as our ¢; has also been noted in Ref. [65].
"We see no such inversion to occur for the triplon dispersion, ey.
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(a)

Figure 2.6: Behaviour of charge quasiparticle dispersions, Eyx., of H, for different ¢’s.
The Dispersion, Fyx_ undergoes inversion for t > t; however Fy, remains uninverted.

See Eq. (2.29) for t; and tr.

t >t > t;, the k = 0 becomes the global maxima of Ejy_, which leads to a second

branch of the chemical-potential surface (CPS) given by

el = Jlpol (1 = [p1])/{4t]pal} (2.28)

in addition to |y| = 0 [see Figs. 2.7 and 2.10(c-d)]. This is akin to Lifshitz
transition [66], but in a Kondo insulator! We will see that, for dHvA oscillations,
the CPS in KI plays the role of Fermi surface in metals. Sufficiently above ¢, the
Ex_ nearly fully inverts and looks similar to Ey,. This inversion of Ey_, shown
in Fig. 2.6 for square lattice, is generic to Kondo insulators, at least on bipartite

lattices. Having obtained this novel and other expected features of the KI's using
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Figure 2.7: The chemical-potential surface (CPS), Ex_ = J|po|/4, for t > tr, where t,
is the point of Lifshitz-like transition, below which |yk| = 0 is the CPS, and above ¢z,
the CPS has a second t dependent branch that approaches |yx| = 0 with increasing t.
We find the dHvA oscillations to measure CPS. See Eq. (2.29) for t; and .

H.+ H,, we now study this minimal approximate model in uniform magnetic field.

ti 27 te
square lattice | 0.38 0.52 0.89 (2.29)
simple cubic lattice | 0.33 0.48 0.62

2.4 Magnetic Quantum Oscillations

We now rewrite the KLM of Eq. (2.1) for B # 0, in a manner similar to Eq. (2.6),
by keeping only those terms that couple to n, (, po and p;. In this way, we
derive the following magnetic field dependent minimal models of charge and spin

dynamics of a Kondo insulator:

H(EB} = _5 Z Z COs <27TO{ Ty - 5) [wa,rgbb,r-ﬁ-é + pl¢b,r+5¢a,r:|
reA 4§
J
Y ST S n] (2.300
reA reB

. t “ Jn
HIBl — ZC g cos (27Ta r, I - 5) Or Opis+ Zn E Oy Tr (2.30b)
r,0 r
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These are Hofstadter [67] type models, but for Majorana fermions and hard-core
bosons. Here, a = eBa?/h is the magnetic flux in units of h/e, a is the lattice
constant (nearest-neighbour distance), integer r, is the y-coordinate of r, and
6= d/]0|. We put zero-field values of pg, p1, 7 and ¢ in Egs. (2.30), and compute
magnetization, M, as a function of @ = p/q for integer p = 1,2, ... ¢ with ¢ upto 709
on square lattice, and 401 on simple cubic lattice.® The numerical diagonalization
of ﬁc[B] and the procedure to calculate the corresponding M is described in detail

in Appendix A.

0.5 0.000
£
" A ~0.001; il
~0.002} R
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M, iy © 1 M, -0.003} ?‘/..'
02 ol : Y "7
AR AR \i 0004 N . e
R Ae N / L £\ i
0.1} }-‘;::/\' _5.\“):/ ‘\‘\-_“ —0.005F . — /""“.
0 : e : -0.006 st : : :
00 01 02 03 04 05 00 01 02 03 04 05
(04 o

Figure 2.8: The magnetization M, and M, as a function of a from I:IC and f[s of
Egs. (2.30) in (a) and (b) for different value of t. We clearly see no oscillations (apart
from sinusoidal behaviour) in My, and its amplitude is approximately 100 times smaller

than M..

As the contribution to M from AP happens to be quite (about 100 times)
small compared to FL[;B], see Fig. 2.8, and we get dHvVA oscillations only through
charge dynamics, here we discuss the results of our calculations for P only.
While we see no dHvA oscillations for strong Kondo coupling (small ¢/.J), it is very
heartening to see clear magnetic quantum oscillations for sufficiently large values
of t. Since we know that FEj_ undergoes inversion with increasing ¢, we believe
that this inversion has something to do with the appearance of dHvA oscillations
in the Kondo insulating ground state. To get a clear insight into this, we resolve
the total M into the contributions, M, and M_, coming respectively from FEj,

and Fy_ bands of quasiparticle states.

8Unlike the basic Hofstadter model, in our H£B] (that has hopping and pairing), the Landau
bands are somewhat dispersive with respect to k., even for large q. Hence, in our calculations,

we have also taken upto 288 k,-points.
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Figure 2.9: The dHvVA oscillations from Eq. (2.30a) in the Kondo insulating ground state
on square lattice. (a) Magnetization vs. «, where My are the contributions from the
two charge quasiparticle bands, and M = My + M_. (b) M/a vs. 1/a. (c) Fourier
transform of M /«, with an inset showing the dominant frequency of oscillation, fy, and
its amplitude vs. t/J. The fy = 0.5 is t independent, and it corresponds to the area of
the half-BZ enclosed by the |vyk| = 0 contour [see Fig. 2.7].

In Fig. 2.9(a), we show the evolution of magnetization behaviour with ¢ on
square lattice. For ¢t < t;, we see no oscillations of M with respect to «a, except
an overall sinusoidal variation of negligible magnitude. This is because the non-
trivial oscillatory contribution to M from Ey_ states (M_) cancels that (M) from
Ey .. Tt is like two opposite cyclotron orbits from two oppositely curved dispersions
cancelling each other. This cancellation gets weaker as Ey_ starts inverting. But
only when ¢ is sufficiently bigger than ¢, with Fjy_ nearly fully inverted (that is,
having the same sense of curvature as Fy ), we begin to clearly see the oscillations
of M as a function of B in the ground state of a5, This analysis neatly reveals
the intimate connection between inversion and magnetic quantum oscillations in

Kondo insulators.

The amplitude of these oscillations is weak in the Kondo singlet phase for

t < t., but becomes pronounced when ¢ increases into the Néel phase, as shown in
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Fourier Transform

Figure 2.10: (a) M/a vs. 1/« in the Kondo insulating ground state on simple cubic
lattice. (b) Fourier transform of M /a. The dominant frequency, fo = 0.185, is same as
the area enclosed by the blue orbit in (c¢). It is a ¢t independent extremal orbit on the
|7x| = 0 CPS. (d) The second branch of CPS. It tends to the first one with increasing ¢.
The dotted octagons in (¢)-(d) denote the boundary of the half-BZ on k, = 0 plane.

Fig. 2.9(b) by plotting M /a vs. 1/a for different ¢’s. Since M/« oscillates with
non-zero baseline, therefore to clearly see the non-trivial oscillation frequencies, we
subtract the flat background of M /«a before performing the Fourier transform. In
Appendix C, we have illustrated the procedure to calculate the Fourier transform
of any waveform. The Fourier transform of M /o for 4 < 1/a < 20 is presented in
Fig. 2.9(c), where interestingly the dominant Fourier peaks for different t’s occur
at the same frequency, fo = 0.5, while their amplitudes grow with . Empirically,

the amplitude of the fy peak is found to grow as (t — t,)? with ¢, ~ 0.57 2 t.

The well-known semiclassical relation, F' = (27/a)%f, between the area F of
an extremal orbit perpendicular to magnetic field on a constant energy surface in
k-space and the frequency f (in units of h/ea?) of dHvA oscillations [27], implies
that the fy = 0.5 corresponds to the area of the half-BZ, which unmistakably
points to the |yx| = 0 in Fig. 2.7 as its origin. From this, we infer that these dHvA
oscillations measure the CPS of its charge quasiparticles. We think of the CPS as

a generalization of the FS to the cases with gapped fermion quasiparticles. In the
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gapless Fermi systems, say metals, the CPS would be same as the Fermi surface.

Similarly, we also get magnetic quantum oscillations on simple cubic lattice,
as shown in Fig. 2.10(a). Its Fourier transform in Fig. 2.10(b) gives the dominant
frequency at fo = 0.185, which is independent of ¢/J, and corresponds precisely
to the area enclosed by the blue-coloured orbit shown in Fig. 2.10(c¢). It is an
extremal orbit on the |yx| = 0 branch of the CPS on k, = 0 plane. See Fig. 2.2(b)
for simple cubic BZ. It is very clear that the dHvA oscillations measure the CPS,

in corroboration of what we found on square lattice.

Our study of the half-filled Kondo lattice model unambiguously finds magnetic
quantum oscillations corresponding to the half Brillouin zone as a generic bulk
phenomenon of Kondo insulators. Moreover, it clearly establishes the role of in-
version in realizing these oscillations from moderate to weak Kondo couplings. In
experiments, the hopping ¢ can be tuned by applying pressure. Therefore, this
finding could in principle be seen in pressure dependent measurements of dHvA

oscillations.

We end this section by noting that the effective charge dynamics of the KLM
given by H, has an unmistakable likeness to the Hubbard model in Kumar’s repre-
sentation [43], with J acting like the Hubbard interaction, U. It suggests that such
quantum oscillations, as we found in the Kondo insulating state, should also occur
in the insulating state of the Hubbard model for moderate to weaker strengths
of U. We also note that the oscillation amplitude grows in strength as ¢/J in-
creases. These observations point to a clear possibility of the dHvA oscillations
occurring in the weak coupling antiferromagnetic insulators, viz., the spin-density
wave (SDW) insulators. In the following section, we make calculations on the
half-filled Hubbard model to immediately validate our observation. A study of the
dHvVA oscillations in SDW insulators is presented separately in Chapter 5 of this

thesis.
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2.5 Implications for the Half-filled Hubbard Model

The Hubbard model with nearest-neighbour hopping and a chemical potential of
Uj/2

Hy ==ty & rags+ U D i, — Bl D (g + ) (2.31)

r,0,s r
guarantees half-filling on any bipartite lattice. In the canonical representation of

Kumar, this half-filled Hubbard model reads as [43]

ﬁH = _%t Z Z [@Ea,rng,r—ké + 7Zjb,lr‘-‘rlsgga,r (UT ’ O-H“S)] - % [Z ﬁa’r + Z ﬁb’r] ’

recA ¢ reA reB
(2.32)

Under the same decoupling scheme as employed for the KLM, the Hubbard model

takes an approximate form: H g~ eyl + H He+ H H,s, With

gH,C = _%t Z Z [T/A)a,rggb,r—&-d + pl%&b,r+5q§a7r:| - % [Z ﬁam + Z ﬁbJ«] (2.33&)

red 4§ rc A reB
N tC
Hyo= 7 Zaar Orts (2.33D)
where e; = —(zt(p1)/4, and the decoupling parameters p; and ¢ are defined in

the same way as in Egs. (2.9b) and (2.9d). Here, the effective spin part, }AIH,S,
is simply the Heisenberg model, which correctly gives the Néel antiferromagnetic
ground state for the half-filled Hubbard model on bipartite lattice. Comparing
H . of Eq. (2.33a) with H, of Eq. (2.8a) clearly suggests that the effective charge
dynamics of the half-filled Hubbard and Kondo lattice models are essentially the
same, with J and U playing similar roles. That is, their insulating behaviour is
governed by the same mechanism.’

This explicit likeness between these two models prompts us to revisit the Hub-

bard model to see if inversion and magnetic quantum oscillations also arise there.

Below we will show that this is indeed the case.

9Here, we have focused on the ground state properties only. But it would be interesting to
also investigate the paramagnetic phase (metal-insulator transition) of Hubbard model at finite

temperatures by doing the same self-consistent calculations.
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Figure 2.11: The charge quasiparticle dispersions of the Hubbard model. Here, too, we

see inversion phenomenon similar to what we saw in the Kondo lattice model.

2.5.1 Inversion

Diagonalization of the effective charge Hamiltonian, H H,c, for the Hubbard model
is done exactly in the same way as for the H. of the KLM. The resulting dispersion
for the charge quasiparticles of the Hubbard model is

1
Ek:l: = Ek + 5'[}(1 + pl)l’)/k| >0 (234)

with Ey = \/(%)2 + [t(1 = p1)|l/2]%. To discuss its implications, we assign to p;
(determined by the effective spin dynamics, Hy ) a numerical value of —1.338 (as
known from the quantum monte carlo method [68]) on square lattice, and —1.194
(as known from the spin-wave theory [69]) on simple cubic lattice.

The evolution of the charge quasiparticle dispersion with ¢/U is presented in

Fig. 2.11. For small ¢ (in units of the local repulsion U), the Mott insulating
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ground state at half-filling on bipartite lattices is described here by the gapped,
oppositely curved dispersions, Fy.. Here, Fy, undergoes inversion as t increases.
On square (simple cubic) lattice, the inversion of Ey, starts at t; = 0.016 (0.007),
and the Lifshitz-like transition (crossing of the chemical potential, U/2) happens
at ty ~ 2t;.

Fourier Transform

0 i 1 l ' l' 1 -
00 02 04 06 08 1.0

f

Figure 2.12: The dHvA oscillations in the insulating Néel ground state of the Hubbard

model (with U = 1) at half-filling on (a) square and (c) simple cubic lattices. Their
Fourier amplitudes (divided by ¢ for better visibility at smaller ¢’s) are plotted in (b)
and (d). The dominant frequency, fy, in the two cases here is same as that for the

corresponding KI’s.

2.5.2 dHvVA oscillations

We study the orbital response of electrons in the Hubbard model to magnetic field
coupled to electron hopping as: —t Zr,é,s i i A'dréLS Cri5 10 the presence
of magnetic field, the effective charge Hamiltonian, H e, suitably modifies to an
Hofstadter like model as derived in Sec. 2.4, using which we compute M vs B in the
insulating Néel ground state of the Hubbard model. For the same o = p/q as taken

for the KLM, the data in Fig. 2.12 for the Hubbard model shows clear oscillations
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for t 2 0.5, with fo = 0.5 and 0.185 coming from the |yx| = 0 chemical potential
surface on square and simple cubic lattices. Note that the strong U Mott insulating
phase does not show magnetic quantum oscillations. This calculation predicts the
dHvA oscillations to occur in spin-density wave (SDW) insulators, because the Néel
insulating state of the half-filled Hubbard model for such large values of ¢ describes
the SDW insulators. Motivated by this, we further investigate the occurrence of

dHvVA oscillations in weakly correlated SDW insulators in Chapter 5.

2.6 Conclusion

In this chapter, to understand the quantum oscillations of magnetization in Kondo
insulators, we have studied the spin-1/2 Kondo lattice model at half-filling on
square and simple cubic lattices. The key finding of our study is that the dHvA
oscillations corresponding to half Brillouin zone in Kondo insulators occur as a
bulk phenomenon, which manifests itself through the inversion of a Hofstadter-
quantized dispersion of the gapped charge quasiparticles whose chemical-potential
surface these oscillations measure. We have found this through a minimal effec-
tive dynamics, in a certain canonical representation of electrons, that appropriately
describes the Kondo insulating ground state, and reveals the inversion and Lifshitz-
like transition for charge quasiparticles. This approach also gives the same oscilla-
tions in the Néel insulating ground state of the half-filled Hubbard model, with an
amplitude that grows with hopping. It clearly suggests that the spin-density wave

insulators would also exhibit quantum oscillations of magnetization.
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While the Kondo lattice model of localized moments coupled to “non-interacting”
conduction electrons (as discussed in the previous chapter) provides the minimal
physical description of the heavy-fermion systems, there are materials (such as
Nd,_ Ce, CuO, [44], CaCuzRu,0,,, and certain Ce-based compounds [45]) in which
the “interaction” between the conduction electrons is known to play an important
role. This led to the studies of an extended KLM that includes onsite repulsion,
U, between the conduction electrons, in addition to the hopping, ¢, and the Kondo
interaction, J. We call it the Hubbard-Kondo lattice model (H-KLM) [70, 71].

In this chapter, we apply the theory of Kondo insulators, as developed for KLM
in the previous chapter, to H-KLM at half-filling. The basic motivation for this
study is to understand the influence of U on the Kondo insulating ground state,

and how it affects the dHvA oscillations. In the absence of magnetic field, there

45
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have been done a few studies on H-KLM by methods such as QMC (quantum
monte carlo), generalized bond-operator mean-field theory, DMRG (density ma-
trix renormalization group) [47, 70]. Our theory, in concert with VCA (variational
cluster approximation) calculations [46], not only produces results that are in qual-
itative agreement with what is known, but also reveals inversion (as in KLM) and
provides a neat understanding of the role U plays relative to J. Furthermore,
we study dHvVA oscillations in the insulating ground state of H-KLM, which was
never done before. Our calculations give clear magnetic quantum oscillations for
H-KLM. We find these oscillations to become weaker, and eventually disappear,
by increasing U or .J or both.

ky

<> <> <> <> ne M

— 00— —0
& & & o ’~

r Ik,
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5 % s < g

_Q/t\f. ﬁU ® I'=(0,00 X =(m0)

(a) (b)

Figure 3.1: (a) A depiction of the Hubbard-Kondo lattice model on square lattice. Here,
red solid circles represent A-sublattice, and the black ones denote B-sublattice. The
conduction electrons hop between nearest-neighbour sites with an amplitude, ¢, and
the antiferromagnetic exchange interaction, J, couples the conduction electron with the
local moment present at each site. In addition, the onsite repulsion, U, acts between the
conduction electrons. (b) Brillouin zone (BZ) of the square lattice. Here, the dashed
black line (enclosing the faded blue region) indicates magnetic BZ or the half-BZ, and
the solid black line represents full BZ. Also shown are the special points I', X, M and

A along various symmetry directions.
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3.1 Hubbard-Kondo Lattice Model

The model that we study here is the KLM of Eq. (2.5) with an additional onsite

Coulomb repulsion, U > 0, between the conduction electrons. It is given by the

following Hamiltonian (in the same notation as used in the previous chapter),
H=—t) b5t g NS T AU gty — % > (3.1)

r,8,8 r r r,s

Here, in the last term, the chemical potential of the conduction electrons is set to

U /2, which on bipartite lattices exactly fixes the conduction electron filling to half.

That is, the average number of electrons per site is equal to 1. In the canonical

representation described in Sec. 2.2, the H-KLM given by Eq. (3.1) on bipartite

lattice reads as:

Lt o o
H=— 5 Z Z [¢a,r¢b,r+5 + 1/Jb,r+5¢a,r (Ur . a.r+5>i|

rcA §
Z ﬁa,r(o'r . Tr) + Z ﬁb,r(o'r . Tr)] - % [Z fla7r + Z ﬁb,r] (32)
recA relB rcA re3

Following the procedure worked out in Sec. 2.3, we derive the effective spin
and charge dynamics of the half-filled H-KLM. Under this procedure, Eq. (3.2)
becomes: H ~ H, + H, + e1 L, where e; = —(ztCp1 + Jnpo) /4,

N
4

.t Jn
Hs = f;ar'awr&-f—?n;ﬂr'ﬁ, and (33&)
) it - - Jpo U 3 7
H, = —5 Z Z [%,rﬁbb,rﬂs + plwb,r+6¢a,r:| + (T - 5) Z Na,r Z nb,r]
A o rec A reB
(3.3b)

Here, the parameters, n, ¢, po and p;, are defined exactly in the same way as for
the KLM in Egs. (2.9) of Chapter 2. Since py (the local Kondo singlet correlation)
is always negative, we note that the Hubbard repulsion, U, adds to the Kondo
interaction, J, in the charge dynamics given by Eq. (3.3b). Thus, a non-zero U
clearly strengthens the Kondo coupling.

By comparing Eq. (2.8a) with Eq. (3.3b), we can immediately derive the
charge quasiparticle dispersions for H-KLM by replacing J in Exy of Eq. (2.13) by
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<J — i—g) Thus, the charge dynamics of H-KLM is essentially like that of KLLM,
in which U just adds on to J. The effective spin dynamics of H-KLM is governed
in fact by the same H, as for KLM, with no explicit dependence on U. However,
it doesn’t mean that U has no influence on its magnetic nature. In fact, implicitly
through 7 and ¢, the spin dynamics given by Eq. (3.3a) does depend on U.

The equations that determine these parameters for the charge part are:

1 1 (Jpy U 1 t(1 = p1) x— Il
Lol )y L - PR 4
"o L( 4 2) — B and ¢ 2L = By (3:4)

and those for the spin part are: py = 1 — 452, and p; = 45%(Jin — \)/zt(, where

_ 5 3 2/\ + tCEZYk

2 _ 2 9 N LTSk

s > L2 - , and (3.5a)
. _ 3)\tc Yk

A= Jn— 1 - (3.5b)

These parameters are determined by solving the above equations iteratively in the
ground state of Eq. (3.3). Figures 3.2 and 3.3 show their values obtained from the
self-consistent calculation on square lattice. In the calculations here, we specify J

and U in units of t. That is, we have put ¢ = 1.

1.0 0.0
ﬁ 08 p] -0.5’
-1.0}
0.6}
-15}
4
OAp e -2.0}
C 0.2} £0 _25;
0.0 : : " -3.0 - DN
0.01  0.10 1 10 100 0.01  0.10 1 10 100
J J
(a) (b)

Figure 3.2: The self-consistent parameters as a function of J for different values of U on
square lattice. (a) The n and ( for the charge part. (b) The parameters py and p; for
the spin part. In extreme limit of J, all these parameters saturate to a specific value for

any U.
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Figure 3.3: The mean-field parameters, A and 52, of the bond-operator theory of H s

plotted as a function of J for different values of U on square lattice.

3.2 Ground State Properties

In Fig. 3.2, we see that for any value of U, when J is large enough, the mean-
field parameters saturates at, n = 1, ¢ = 0, pp = —3 and p; = 0. In this
limit, the Kondo exchange dominates, forming perfect local singlets between the
electron spin and the local moment with spin gap, A, = J. In this case, the
charge dynamics is governed by the strong coupling model (similar to KLM): Hy. =
Y e D5 VarPorrs = (3 +5) (e o+ e for), with charge gap, A, =
V(3J/4+U/2)2 + (zt/2)? — zt/2. In this extreme J limit, the ground state of H-

KLM is a Kondo singlet insulator for any U. As we lower the value of J, the
values of the self-consistent parameters renormalize strongly and depend on U, the

physical consequences of which are discussed in the following sections.

3.2.1 Quantum phase diagram

We know that in KLM (the U = 0 case of H-KLM), by decreasing J below a
critical value, J., a continuous phase transition occurs from the Kondo singlet
to Néel ordered phase in the insulating ground state on square and simple cubic

lattices.! Therefore, it is natural to ask how a non-zero U affects this quantum

!Note that, on one-dimensional lattice, there is no antiferromagnetic order, but only the

Kondo singlet phase.
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phase transition. To this end, we obtain the quantum phase diagram in the J-U

plane by tracking the quasiparticle gaps of the effective spin and charge dynamics.

25 2.0
2.0f- 15k
1.5}

£k €k 1.0}
1.0}

0.5} 0.5
0.0 0.0

0.0 @0 (@m (00 (0,0

Figure 3.4: The triplon dispersion, ¢y, for U = 0 and 2 on square lattice, plotted along
the symmetric directions in the Brillouin zone (see Fig. 3.1). We find that for J > .J, it
is always gapped. But when J < J., we find the gap closes at (m, ) for all U’s.

0.10
0.05

Figure 3.5: Square lattice. (a) Spin gap, As vs. J at U = 0,2,4,6. It clearly shows that
J. decreases with an increase in U. This means, U helps J in forming the Kondo singlet.

(b) Charge gap, A, is always non-zero, and increases with U.

Look at the triplon dispersion, €y, plotted in Fig. 3.4 for two different U’s on
square lattice. It is found to be gapped for J > J., and gapless at Q = (m,7)
[on simple cubic lattice, Q = (m, m, m)| for J < J., where J. is the point at which
Ay (spin gap) vanishes. See Figs. 3.5a and 3.6a for A vs. J for different U’s
on square and simple cubic lattices. From this figure, it is quite clear that .J.

decreases with increasing U. While the spin gap closes below J., the charge gap,



3.2. Ground State Properties 51

S :
> ‘-,\\‘.\ —U=0
1 yE\ \ —U=2
0.50 3 ‘\‘\ ‘\ —U=4
AS A(: 5 “\ ~ /\ —
0.10 - W\ ]
0.05 W S e
N
0.01 oL e —— -
0.0 05 0.1 1 10 100
1/J
(b)

Figure 3.6: Simple cubic lattice. (a) Spin gap, Ag vs. J for U = 0,2,4,6. (b) Charge
gap, A, vs. 1/J for U = 0,2, 4.

A. is found to be always non-zero, as shown in Figs. 3.5b and 3.6b. This describes
an insulating ground state. Notably, as shown in Fig. 3.7, both spin and charge
gaps are always non-vanishing on a chain, resulting in the absence of any transition
to a magnetically ordered phase in the insulating ground state. Our theory, thus,
also captures the correct dimensional dependence of the properties of the Kondo
insulators.

On square and simple cubic lattice, where the quantum phase transition occurs,
we obtain the phase boundary between the Kondo singlet and Néel phase by the
condition, eq = 0, of the Goldstone mode, which fixes A as: A\ = zt(s?. After a few
steps of manipulations, it gives the following equation of the boundary separating

the Néel phase from the Kondo singlet phase:

5)
J. =t (5 — 3z + 3y> % (3.6)

where z and y are two constants®. Notably, py = 3(4x —3) and p; = 6(5 —6x)y are
also constants on the phase boundary. Thus, only through the parameter, {/n, of
the charge dynamics, the J. depends on U. Figure 3.12 shows the resulting quan-
tum phase diagram of the half-filled H-KLM on square and simple cubic lattices.
From this phase diagram, it is very clear that U, like J, favours the Kondo singlet

state.

By taking a simplistic constant density of states for the summations over k in

2Here,$=ﬁzkmandy:ﬁsz

V1+(7/2) Vit(n/2)
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Figure 3.7: One-dimensional Kondo lattice. (a) Spin gap, Ag, vs. J for U = 0,2,4,6.
Note that Ag never vanishes for any J > 0. (b) Charge gap, A, vs. 1/J for U = 0,2, 4.
It is always non-zero. Hence, the insulating ground state in one dimension is always the

Kondo singlet, which is qualitatively consistent with DMRG and other numerical and

analytical studies [72, 70, 73, 74, 75, 65].

Egs. (3.4) for i and ¢, we can analytically derive the following explicit expression
for the quantum phase boundary given by Eq. (3.6)

Jo(Je + al,) =

m=0

b

ERTALT (3.7

Here, a is a positive constant, and b,,’s are the constant coefficients of the power
series in m At the leading order, it reads as: J.(J. + aU.) = by, where by
is also a positive constant. This leading order equation is a parabola in the J-UJ
plane. Hence, in Fig. 3.8, we present the phase diagrams for square and simple

cubic lattices in the J-UJ plane, which indeed look pretty much like a parabola.

3.2.1.1 Comparison with VCA and QMC

We compare the findings of our theory with the numerical results from a recent
VCA (variational cluster approximation) calculation by our collaborators [46], and
a QMC (quantum monte carlo) calculation [47], both on square lattice.

In Fig. 3.9, we show the quantum phase diagram obtained from our theory
together with that from the VCA calculation, in the J-UJ plane. Although quan-
titatively they differ, but there is good agreement in the qualitative behaviour of

the two. The VCA phase boundary nicely fits to the equation of the critical line,
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Figure 3.8: Quantum phase diagram of the Hubbard-Kondo lattice model in the J-UJ
plane (for t = 1). (a) Square lattice. (b) Simple cubic lattice.

Eq. (3.7), from our theory. In fact, this fitting is quite remarkable already at the
level of the leading order parabolic equation, J.(J.+ aU,.) = by, with a ~ 0.58 and
by =~ 4.26 for the VCA data.

The QMC data in Fig. 3.10b, taken from Ref. [47], is also in qualitative agree-
ment with our theory plotted in Fig. 3.10a. Quantitatively, however, the VCA
overestimates the antiferromagnetic phase, while our theory slightly overestimates
the Kondo singlet phase, in comparison to QMC. We can see that for U = 0 the
critical point from QMC is J. = 1.45 4+ 0.05, but our theory gives J. = 1.12 and it
is 2.05 from VCA. The J. from our theory is lower because, in making the bond-
operator calculations of the effective spin dynamics, we assume an average Kondo
singlet per site and then consider triplet fluctuations on top of it, while in VCA the
magnetic order is assumed and determined self-consistently. So, our theory and
VCA approach the critical line from the opposite phases, which overestimates one
or the other phase. However, our theory is quantitatively still closer to the QMC.
Moreover, the size of the cluster in VCA is finite and small (4 sites), due to which
it is not expected to meet close quantitative agreement. But it is the qualitative

agreement that is notably good.
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® Our theory

Kondo Singlet

UxJ

Figure 3.9: Quantum phase diagram of the half-filled H-KLM on square lattice from the
VCA (blue filled circles) and from our theory (red empty circles). Since, for small J,
the critical value of U goes as 1/J, we have plotted the data in the J-UJ plane. The
black line is the fit to the leading order equation, J (J + aU) = by, of the critical line
from our theory. For the VCA data, a =~ 0.58 and by = 4.26. In spite of the quantitative
differences, the VCA phase boundary follows remarkably closely the behaviour obtained
by our theory.
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Figure 3.10: Quantum phase diagram of the Hubbard-Kondo lattice model in the J-U
plane (for t = 1). (a) Our result for square lattice. (b) Quantum phase diagram of
the Hubbard-Kondo lattice model at half-filling on square lattice. This figure is taken
from Ref. [47]. The solid line: QMC data, dot-dashed line: MF and dashed line is spin
Hamiltonian. At U = 0, the critical J. = 1.4540.05 for QMC however it is approximately
Jo = 1.5 for MF and close enough to the QMC.

3.2.2 Inversion and Lifshitz-like transitions

In this subsection, we discuss the evolution of the charge quasiparticle dispersions,

Eyxy, with J for different fixed values of U. As for the KLM in the previous
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Figure 3.11: Charge quasiparticle dispersions, Ex; (green) and FEjy_ (orange), along
symmetric directions in the Brillouin zone of the square lattice (see Fig. 3.1) for U =

0,2,4. Similar to KLM, here too, the Eyx_ undergoes inversion for J < J;.

chapter, here too, the lower charge quasiparticle dispersion, Fj_, reveals inversion
and Lifshitz like transitions as we decrease the value of J for any U.

We call that value of J at which Ej_ starts to invert the inversion point, J;.
For a given U, at large J the minimum (maximum) of Ey_ (Eyx;) occurs at the I
point, that is k = (0,0), and the maximum (minimum) is located on the boundary
of the half BZ, i.e || = 0. As we lower J below J;, the I' point becomes a local
maxima, and the minima of Fj_ shifts to the points away from I' (on a contour
surrounding the I" point). See Figs. 3.11. We define this contour as the charge gap

contour. By setting %]IETI:I = 0, we get the following equation for the charge gap

1 1—!m|) (Jpo U)
Y| = + = 3.8
e avaray (1+\p1| 4 2 (38)

We calculate an expression for the inversion point, J;, by expanding FEyx_ upto

contour:
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quadratic term in |k| around the T point. As long the coefficient of this quadratic
term is positive, the minimum of FEy_ stays at the I' point. But just when the
coefficient of the quadratic term changes sign, the I' point is no more the point of

minima. It gives us the following equation whose solution is the J;.

Ji:tz\/W(1+|pl|> ( ! (3.9)

1-— |pol U
|P1| QT°+2_L_>

Here, py and p; also depend implicitly on J;. Hence, for a given U, we iteratively

solve Eq. (3.9) for J;, together with the self-consistent Eqgs. (3.4) and (4.36). The

result is plotted in Fig. (3.12). We find J; to become small with increase in U.
When J is further decreased below J;, at some point, Jy, the Ey_ at I" point
crosses the effective chemical potential in Eq. (3.3b). We call it a Lifshitz-like
transition, because now in addition to || = 0, there is another contour (or surface)
at which Fy_ is equal to the effective chemical potential, % + %, of the spinless

fermions. The Jy, is obtained by equating Ey (at |yx| = 0) = Ex—o, then

gy zlp] (3.10)

(1 =loih) (% + 5%)

Similar to J;, we calculate J;, by solving the above equation. Upon increasing the
repulsion U, the value of J;, also decreases. See Fig. 3.12 for the inversion and
Lifshitz-like transitions, in relation to the phase transition from Kondo singlet to
Néel phase.

For the charge gap, A., as a function of J, calculated for different U, see
Fig. 3.13. The A. is always non-zero, and decreases with decrease in J and U. For
large J (small 1/.J), it comes from the I" point. As discussed above, for J < .J;, the
A, comes from the charge gap contour of Eq. (3.8), which for small J approaches
the half-BZ boundary. The overall behaviour of the charge gap from our theory is
similar to the spectral gap from VCA [46], as shown in Fig. 3.13(b).

3.3 Magnetic Quantum Oscillations

Since we find the H-KLM to behave pretty much like the KLM, we expect to

see dHVA oscillations also in the insulating ground state of H-KLM. Moreover,
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Figure 3.12: Quantum phase, inversion and Lifshitz-like transitions of the Hubbard-

Kondo lattice model in the J-U plane (for ¢ = 1). (a) Square lattice. (b) Simple cubic

lattice.
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Figure 3.13: On square lattice. (a) Quasiparticle charge gap, A., vs. 1/J for U =0,2,4
from our calculations. (b) The spectral gap obtained by VCA, figure from Ref. [46].

since U in H-KLM simply adds onto J in the effective charge dynamics, we expect
the increase in U to suppress these oscillations. To check these expectations, we
calculate the magnetic response of H-KLM to a uniform magnetic field, exactly
the way we did it in Sec. 2.4 for KLM, The effective charge dynamics of H-KLM

in the presence of a magnetic field, B, is given by the following Hamiltonian.

HC[B] = _5 Z Z COs (271'04[':,}.27 ' 6) |:¢a,r¢b,r+5 + plwb,rJréd)a,r]

reA ¢
D hart Y nb] (3.11)

J U
* (% - 5)
recA reB
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Here, o is magnetic flux defined in terms of B and lattice constant, a, as «

eBa?/h, and integer r, is the y-coordinate of r, and 6= a/19|.
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Figure 3.14: The effect of U on dHvA oscillations in the insulating ground state of

H-KLM on (a) square lattice, and (b) simple cubic lattice. Here, J = 0.7 is fixed, and

U =0,0.2,0.4,0.8,1.2,1.6. It is clear that U tends to suppress quantum oscillations. See

amplitude vs U plots in the insets of the bottom two figures. Also note the dominant

frequency, which corresponds the half Brillouin zone.

We know that at U = 0 the oscillations occur more prominently for smaller J’s

sufficiently below J;. Hence, we fix J = 0.7, and do the calculations for different

U’s. As for the KLM, we put zero field value of the parameters p, and p; in
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Eq. (3.11), and calculate M as a function of a = g for integer p = 1,2, ..., q with
q = 601 for square lattice. We also do this calculation on simple cubic lattice for
g = 401. Figure 3.14 shows the behaviour of M with respect to a (magnetic field)
for different U’s. Expectedly, we see clear dHvA oscillations corresponding to the
half Brillouin zone. We also see that, upon increasing U, the amplitude of these

oscillations gradually decreases and eventually vanishes.

3.4 Conclusion

In summary, we have studied here the ground state properties of the half-filled
Hubbard-Kondo lattice model, given by Eq. (3.1), using the theory that we de-
veloped for KLM in Chapter 2. The H-KLM is an extended version of the KLM
obtained by adding onsite Coulomb interaction, U, between the conduction elec-
trons. From our theory, we obtain a quantum phase diagram having Kondo sin-
glet and Néel phases, that is in qualitative agreement with what is obtained from
VCA [46] and QMC calculations [47]. Moreover, for a 1D chain, we correctly ob-
tain a ground state that is insulating and always a Kondo singlet for all J and
U. The fact that a repulsive U helps the Kondo singlet phase in H-KLM is neatly
seen in our theory, where a non-zero U essentially amount to enhancing J as:
J = J+ \QP_Z|' Like KLM [42], here too, we have found the charge quasiparticle
dispersion to undergo inversion, which is important for quantum oscillations. Fi-
nally, we have investigated the effect of U on magnetic quantum oscillations in
the insulating ground state of H-KLM. We have found that the dHvA oscillations,
with frequency corresponding to half-Brillouin zone, do occur for moderate to small

values of J, sufficiently below J;. Moreover, we have found that these oscillations

are suppressed upon increasing U.
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A model of the heavy-fermion systems, that is more microscopic than the KLM,
is the periodic Anderson model (PAM). In PAM, the conduction electrons are cou-
pled through hybridization to the localized and correlated f-electrons (having a
Hubbard repulsion, Uy) [24]. The KLM can be derived from the PAM [76], in the
same way as the ¢-J model can be derived from the Hubbard model [77]. The PAM
has proved to be fruitful in studying the rare-earth and actinide compounds exhibit-
ing phenomena such as valence fluctuation [19, 78|, heavy-fermion physics [79, 80],
volume collapse [81, 82], and unconventional superconductivity [83].

Like the KLM, the PAM at half-filling too describes a Kondo insulator [84, 25,

85]. On bipartite lattices, such as the square or simple cubic lattice with nearest-
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neighbour hopping, the particle-hole symmetric form of the Hubbard interaction
exactly guarantees the half-filling. The PAM with this particle-hole symmetric
Hubbard repulsion for the localized f-electrons, Uy Zr(ﬁfT — %)(ﬁf L — 3), is called
the symmetric periodic Anderson model (SPAM). In this chapter, the SPAM is
the object of our study.

Continuing with our investigation of the orbital response of Kondo insulators
to magnetic field, we in this chapter investigate the SPAM on square lattice. The
theory of Kondo insulators, as worked out in the previous chapters, is applied
here to the SPAM. Notably, with this theory of SPAM, we discover two inversions
happening once each for the two kinds of charge quasiparticles (with narrow and
broad bands), as the hybridization, V', decreases for a fixed Uy. The two inversions
occur at two different points along V' axis. It also gives us clear dHvA oscillations
with frequency corresponding to the half Brillouin zone, like what we got for the
half-filled KLM and H-KLM. Thus, we get consistent physics for all the three
models of Kondo insulators.

This chapter is arranged in the following way. In Sec. 4.1, we introduce the
SPAM. We then rewrite it in terms of the spinless fermions and Pauli operators
using Kumar’s representation [43], and derive from it the models to describe effec-
tive spin and charge dynamics of SPAM. In Sec. 4.2, we show that our canonical
theory correctly describes the insulating ground state of SPAM, with a quantum
phase transition from the Kondo singlet to AFM phase. In Sec. 4.3, we describe
that the charge quasiparticle dispersions (narrow and broad) go through an inver-
sion process as hybridization strength is decreased. Through the effective charge
dynamics, we investigate the dHvA oscillations in the insulating ground state of
SPAM in Sec. 4.4. We conclude and discuss the important results obtained in this
chapter in Sec. 4.5.

4.1 Theory in Kumar Representation

The SPAM includes the nearest-neighbour hopping, ¢, for the conduction electrons,
the hybridization, V', between the conduction and localized electrons, and an onsite

repulsion, Uy, between the localized electrons. We denote the conduction and
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localized electrons as ¢ and f electrons, respectively. The Hamiltonian of S-PAM

can be written as follows:

H==t3 3 s = VI Y [dufrathe

r,d s=1,] ros=T,

R 1 R 1

where r is a lattice site, d denotes the nearest-neighbours of r, and s =1, ] is the
spin label. The fermion operators ¢f (¢ ;) create (annihilate) a conduction elec-
tron at site r with spin s, and likewise the operators f;fs( fm) do for the localized
electrons. The number of f electrons at site r with spin s =1, | is fz{,S = flS fr,s-
This model is symmetric under particle-hole transformation on any bipartite lat-

tice. We use the following Kumar representation for ¢ and f electron operators:

—_— ky
o S| . )

—_—
& & | | eon:

o~ o o r Xk,
S S & S

ot .
<>V 0 % 0 ['=(0,00 X=(m,0)
Uy M=(r7) A=(r/2,7/2)

Figure 4.1: Left panel: A pictorial depiction of symmetric periodic Anderson model
given in Eq. (4.1) on a bipartite square lattice. The solid circles are lattice sites where
¢ electrons hop from one site to another with strength ¢, set to t = 1 as energy scale.
The ¢ electrons hybridize (V) with f electrons (shown as diamond). The f electrons
feel repulsion (Uy) when they sit at the same site. An external magnetic field, B, is
applied along Z direction to see the quantum oscillations. Right panel: The full Brillouin
zone (BZ) and half-BZ (faded blue region) of the square lattice and corresponding high

symmetric lines.
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sublattice A sublattice B
c-electrons T gba PO AiT = i@/;bmaj
L = 5(War = 0ax07) | &y = 5(Pre — ithps07) (4.2)
f-electrons f = NarTy f = XbrTy
fr¢ = 2 (Xaw — MaxTy) fu = L(ifor — XoxTy)

T . N N . N At R A At N
Here, ¢gr = aiyr + Qg py War = agr — ey A0 Xap = Ay + Gy Uge = Ay — gy
are the Majorana operators corresponding to the spinless fermions a., and ay,,

respectively, on A sublattice. Similarly, QASM = l;Zr + l;cvr, iqﬂbvr = I;ir — b, and

c,r
Xbr = l;}r + l;f’r, py = B}r — ISf’r are the Majorana operators corresponding to

the spinless fermions ZA)CJr and Z;f,r, respectively, on B sublattice. However, o, o7

and 7F

r

77 are Pauli operators corresponding to the c and f electrons respectively.

The Hamiltonian of the SPAM, given by Eq. (4.1), in this representation reads as:

oo it - o
H=— 5 Z Z |:¢a,r¢b,r+6 + wb7r+5¢a’r (Ur . ar+5)]

reA 4

A% N o iV . .
- 7 [wa,l‘xa,r + 77a,r¢a,r (O'r ’ TI')] - 7 Z |:77b,r¢b,r + wb,rXb,r (a-r : Tr)
re A res3
Uf At A AL A UfL
9 Z ajﬁraf’r - Z b},rbf,r e (4.3)
re A rel3

Following the approach described in Chapter 2, and developed in Ref. [42],
we decouple the spinless fermion and Pauli operator terms in Eq. (4.3). In this
approximation, the SPAM reads as: H ~ [:IC + I—AIS + egL, where eg = —(zt(1p1 +
2V (apo)/4,

it . - iv . o
—5 DD [Fawburss + prbessdur] = 5 D [Yarkor + 0 furas]

rcA 6 rcA
4 UsL
5y {Ub r¢br +Po¢b rXb r:| -5 Zafrafr + ZbT rbf, % (4.4)
reBB rcA reBB
describes the effective charge dynamics of the SPAM, and
=% o+ L2 Z oe T (4.5)
4 r,0

is the model of its effective spin dynamics. Here, L is the total number of lattice

sites and z is the coordination number. Note that in Hj, the r is summed over the
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entire lattice, unlike for H, where it is summed either of the sublattice. The & in
both cases is summed over all the z nearest-neighbours. The mean-field parameters

p1, Po, (1, and (o are defined as follows:

po= SN loeon) (1.60)

reA ¢
1
Po = Z Xr:<o-r ' Tr> (46b)
21 PN
Cl - Z Z Z<¢a,r¢b,r+6> (46C)
reA ¢
C2 = Z(Z ¢a,r77a,r + Z Xb,r¢b,r> (46d)
rec A reB

We calculate these parameters self-consistently in ground states of Eqs. (4.4)
and (4.5). To find the ground state, we diagonalize the charge part, ﬁc, numeri-
cally. However the spin dynamics, I—:Ts, is discussed using bond-operator mean-field

theory [86, 60], similar to what we did for the Kondo lattice model [42].

4.1.1 Effective charge dynamics

To diagonalize H, given in Eq. (4.4), we first write it directly in terms of the
spinless fermion operators, by using the definition of the corresponding Majorana
operators given below Eq. (4.2)

N t U P
Hc = - 5 Z Z [(1 + pl){ai,rbc,r—l—é + hC} + (1 - pl){az,rblr+5 + hC}i|

reA 4§

V o N A A
) Z [(1 + po){al cage +hoe} + (1 - po){alra}m + h.c.}}
rcA

S o) b R} + (1 o) B+ )]
reA

EAD afsane + Y 0 b | +

reA reBB

L

We use the Fourier transformation

2
~ zkr ~
Qyr = —E ay k
\/L
k

A 2 A
b197r = \/;g elk'r b@k, = C, f (48)
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to go from the real r-space to momentum k-space. The H. in k-space reads as:

A~

0= o u{ L, i) = (Bl i) )

He==32, (0 bl { (@adesct s = (o, ead] )}

Vv T o . . . R
-7 Z {(1 + po){(ai’kaﬁk + a}fc’kac,k) — (af7,kai7_k + ac,,ka}’_k)}
K

+(1- po){(&i,kd},—k + ol xclicx) — (djﬂk&l,—k + &c,—kdf,k)}

+(1+ po){ (0% ebee + bl wbra) — (be—b}_y + Bf,_ki)iv_k)}

+(1— Po){ (5},1{5;71( + Bc,—ki?f,k) - (El,kl;},fk + Bf,—kl;c,k)}

UrS~ ot oo it 5 o P
~ 1 > [@f,kaf,k + by abrx — gy — by _xby
k

(4.9)

where k € half-BZ, v = > 5 ™7 = || €%, and a gauge transformation, a (k) —
e~"%xal(k) and d}(k) — e*wk&}(k), has been applied to absorb the phase factor

¢x. To diagonalize Eq. (4.9), we rewrite it in the Nambu basis in the following

manner:

where the Nambu vector, \DL, is an operator row-vector defined as:

~

\I’L = di,k bi,k b},k d},k Qe —x bc,—k bf,—k df,—k
and Wy, = [U]]7. The H, is the following 8 x 8 matrix:

A B
-B —-A

Hy =

with

0 tlps 0 Voos|
1 | tllpis 0 Vpoy 0
i1 9 Voo U 0
| Voor 0 0 U

and

(4.10)

(4.11)

(4.12)

(4.13a)
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0 thlpi- 0 Vpo-
1 |-t _ 0 —Vpo— O
p = _L|Tthude P , (4.13b)
4 0 V po_ U 0
L —Vp()_ 0 0 U ]

where p1 = (1 £ p;) and por = (1 £ po). We diagonalize Eq. (4.10) by applying

Bogoliubov transformation for each k. To do this, define a unitary matrix Uy as:

W X
Uy = where W and X are 4 x 4 matrices, (4.14)
X* W*
such that
(B, 0 0 0]
by 0 0O Es 0 O
Ul = |7 with 45 = ? (4.15)
0 —Yaxd 0O 0 FE3 0
|0 0 0 Ey

and With = AL = [ALy ALy ALy ALy Al A Ay ALy are the new
canonical fermions. The fermion operators, Ay ;’s, describe the charge quasiparti-
cles. In the diagonal form, in terms of these quasiparticle operators, the H. reads

as:

(4.16)

4
=3 b, <2ALZ.Ak7Z. _ 1)

kK i=1
where Fy; > 0,7 =1,2,3,4 are the dispersions of the charge quasiparticles. The

ground state of H. is the vacuum of the Ay, quasiparticles i.e.

) =TTe(TT @)

So, in the ground state <GC|AL7iAk,i|GC> =0 and <GC\Ak7iALi|GC) = 1. Therefore,

the ground state energy per site (e, .) of charge dynamics part is given by

1 4
€g.c = _Z Z Ek,i
k =1

To find the mean-field parameters (; and (o, we rewrite Egs. (4.6¢) and (4.6d) in

(4.17)

(4.18)

k-space, apply the Bogoliubov transformation begin by U, and then calculate the
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expectation values in the vacuum of the charge quasiparticles (that is, the ground

state of f[c) This gives us the following equations for ¢; and (s:

G o= G Y [l{ @005 (1) — al(00R.0)) + h.cH]IGo)
= iLG|Z\1/ Me, (k)W |G.) (4.19)
and,
G = G|Z (k)ah(—k) + h.c) + (b} (k)b (k) + h.c)

—(aT(k) #(k) + h.c) — (b (k)be(k) + h.c) }]|Ge)
= G;qu M, (k) |G, (4.20)

Here, M, (k) and M, (k) are 8 x 8 matrices and they are given as:

L0 —nl 00 0 |ul 0 0
—Inl 0 00 —[w 0 00
0 0 0 0 0 0O 00
M<1<k): 0 0 00 0 0O 00 (4.21)
0 —nl 00 0 |ul 00
0 00 |w 0 00
0 0 0 0 0 0O 00
i 0 0 00 0 0 O O_
0 0 0 -1 0 0 0 1]
0 0O -1 0 0O 0 -1 0
0O -1 0 0 O 1 0 0
My, () = -1 0 0 0O -1 0 0 O (4.22)
0 0 o -1 0 0 0 1
0 0 1 0 0O 0 1 O
0O -1 0 0 O 1 0 0
1 0 0 0 1 0 0 0]

Since, we know that \I/LL{k = AL = \I/L = ALZ/{i and Uy = Ui Ax because Uy is
unitary i.e. Ut = LlliZ/{k = 7, where 7 is identity matrix. We use these relations
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in ¢; and (5 and find that

1
G o= (Gl Y MUM, ()UheAx|Ge)
k

_ $<G6|;ALM@(k)Ak|GC) (4.23)
and
G = %(GC|ZALLI£M@(k)MkAk|GC)
k
= %(GC\ZALM@(k)Ak\GJ (4.24)
k

where, Ul M, (k)Uy = M, (k) and U] M, (k)th = M, (k). Now, exploiting the
ground state properties <Gc]ALiAk7j\Gc> =0 and <Gc]Ak’iALj\Gc> = ¢;; in above

equations of (; and (5, we arrive at the final expressions:

4
G o= o S (0 (4.250)
1 k i:l )
G = T [Me, (K)]itaita (4.25b)
k =1

4.1.2 Effective spin dynamics

The spin dynamics given by H, of Eq. (4.5) is exactly like Eq. (2.8b) of Chap-
ter 2. We study it by doing the same bond-operator mean-field theory, as we
did in the previous two chapters. Taking an average Kondo singlet per site (that
is, the local singlet between o, and ;) 5, we write o, and 7. approximately as:

o) = E(ta+fL) N -1

r r’

where a.3,7 = x,y, 2 denote the three components of
Pauli operators and t,, are the bosonic bond-operators representing triplet excita-
tions above the average local singlet. These operators are physically constrained by
the condition: §{3, 4+, t,tra = 1, on every site, which in the mean-field approx-
imation is satisfied only on average by using the same Lagrange multiplier A for all
sites. Refer to Sec. 2.3.2 for more discussion on bond-operator mean-field theory.

In this theory, the local interaction between o, and 7, is written as follows:

or T~ =35+ Y e (4.26)
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After making all these approximations, the H, takes the following mean-field form

i, =197 [t ) B ovsa)] + #5t 0 (- DiLd)
—AZ(S +Ztm}a ) (4.27)

In above we only keep upto bilinear terms and ignore the higher terms in triplet

operators. The Hamiltonian in k-space is obtained by doing Fourier transforma-

1 ikry
=14/ = e tka
VTZe

where k € full BZ. The final mean-field Hamiltonian has the following form

tion,

H,=1L [/\§2 - g)\ — 2V (o(5* — 1/4)} + % Z { [/\ + %tglg%k}

k,a
S 1 .
X (tfmtka + t_katika> + 1%52% (f;fmﬁ_ o+ t_katka> } (4.28)

Here, L is the total number of sites, A — (V' (3/2 — A) is the effective chemical
potential, and y =) s e’®% This mean-field Hamiltonian can be diagonalized by

applying the following Bogoliubov transformation:
tew = Duy cosh by + ﬁika sinh Oy (4.29)

Here, [y, is new bosonic operator (triplon quasiparticles). Under the above trans-

formation, the operators in the mean-field Hamiltonian of Eq. (4.28) become

(] o + T xeal’ 1) = cosh 204 (8L Bra + BrcalBl 1)

+ sinh 204 (8f,, 8", + B-kaBia) (4.30a)
(tALatA]:ka + f—kafka) =sinh 20k(ﬁlia/6ko¢ + 6—ka6ika)
+ cosh 20k (B}, 87 1o, + Bk k) (4.30b)

Substituting Eqgs. (4.30a) and (4.30b) into Eq. (4.28) gives the following form of
the Hamiltonian:

- 1 1 1

=53 { [ (/\ n 5@52%) cosh 205 + 5115% 1 sinh 294 (ﬁfmﬁka + 5_kaﬁika)

k,a
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1 1
n [ ()\ n §t<132')/k) sinh 260, + itclngyk cosh 294 (51T<a5T—ka + ﬁ—kaﬁka> } + el

(4.31)

By demanding that the off-diagonal terms in Eq. (4.31) be zero, we fix 0y as:

1 1
()\ + 5t<1§2’}/k> sinh 26k + §t<1§2’}/k cosh 29k =0

11¢15%
= tanh 26, = ——2 = 4.32

sinh 26, = K

1
\/1—w;§’ 1—w,%.

Substituting the values of cosh 26y and sinh 26 from Eq. (4.33) in Eq. (4.31), we

= cosh 26y = (4.33)

get the following diagonal form for H, in terms of triplons:

. 1
H, = elL+ Z €k (51Tmﬁka + 5) (4.34)
k,«

Here, eg = [As* — 2X — 2V (5(5% — 1/4)], and e = /A(A +t(5%9%) > 0 is the
triplon dispersion. The ground state energy per site of spin dynamics part is given

as:
=eo+5p Z £x (4.35)

We determine A and 5 by minimizing e, ;. Thus, by demanding that dye,s = 0

and Oxe,, = 0, we get the following equations for A and 5.

~ 5 2\ + 16152
2 _ 2 9 SA T U615k
5 = 3 4L d o , and (4.36a)
3>\75C1 Tk
A= 2V E 4.36b
G2 — o ( )

Moreover, the decoupling parameters for the spin part are given as: py = 1 — 452
and p; = 4522V (¢ — ) /zt(y.

We can determine (1, (2, po and py, defined in Egs. (4.6), numerically by solving
the Eqgs. (4.25) and (4.36) self-consistently through iterative method.
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Figure 4.2: The behaviour of the mean-field parameters, (1, (a2, po, p1, A and 52, of the
charge and spin dynamics on square lattice, as a function of V' for Uy = 4,6, and 8. For

large V, the ground is a perfect Kondo singlet with 52 =1 (or pg = —3).

4.2 Magnetic Transition in the Ground State

Now we investigate the ground state properties of SPAM by self-consistently solv-
ing the Eqgs. (4.25) and (4.36). Here, we put ¢ = 1. The computed values of

parameters are plotted in Fig. 4.2 as a function of V' for different fixed values of Uy
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on square lattice. We calculate the triplon dispersion and spin gap to understand
the magnetic nature of the ground state. It generates the boundary between the
Kondo singlet and antiferromagnetic (AFM) phases. We also compute the charge
quasiparticle dispersions. It shows the ground state to be insulating, and notably,
reveals two inversion transitions for the charge quasiparticles. But first, let us

discuss the magnetic transition in the ground state.

4.2.1 Triplon dispersion and spin gap

We compute the triplon dispersion, ey, as given in Eq. (4.34). It is found to
show gapped behaviour for large values of V' for any Uy. It remains gapped with
decreasing V' upto a critical value, V.. Thus, for V' > V., the system is in the
spin-gapped Kondo singlet phase. At V., however, the e, becomes gapless at
k = Q = (m, ), and stays gapless as V' is further decreased. The gapless nature
of e at Q implies Bose condensation for triplons, which in turn implies a phase
transition to the Néel ordered AFM phase. This phase transition by decreasing V'
occurs for any Uy, but at a V, which depends upon Uy;. In Fig. 4.3, we have shown
the behaviour of triplon dispersion, ¢y, for two different values of V' on both sides

of V, for Uy = 4.

2.0

€k 1.0}

0.5¢F

0.0
(0,0) (m,0) (m,7) (0,0)

Figure 4.3: Triplon dispersion, €y, along the high symmetric lines in full-BZ in Kondo
singlet (blue dashed curve) and AFM phase (red solid curve) at Uy = 4. This phase

transition occurs as V is decreased.

We also calculate the spin gap, A, as a function of V for different values of

Us. Since, the minima of ¢y is always at Q, the spin gap is given by equation
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Figure 4.4: The spin gap, As vs. V for Uy = 4,6 and 8. We can see that when Uy is
increased the critical value, V., increases which means that U; hepls to form an order

between ¢ and f electrons.

eq = Ay That is, Ay = /A(A —zt(15%). The calculated A vs. V' is shown in
Fig. 4.8, where the spin-gap closes continuously at V.. We observe that as Uy is
increased the critical value, V., also increases. Hence, the Uy helps the AFM order

in the system.

4.2.2 Phase diagram

We calculate the quantum phase diagram of SPAM in V-U; phase space. Instead
of following the spin-gap by scanning through the entire V-U; plane to find the
critical points, we set up a direct scheme for calculating the phase boundary by
imposing the condition, eq = 0, which marks the instability of the Kondo singlet
phase towards magnetic ordering by the closing of the spin gap. It fixes A of
the bond-operator theory as: A\ = zt(;5%. After a few steps of manipulations of
Eqgs. (4.36) with this value of A\, we get the following equation for the critical
hybridization, V., as:

Vo = %zt(§2 + 3y) (%) (4.37)

This is similar to Eq. (3.6) in Chapter 3. We find the self-consistent parameters of

the spin part to become constants at the phase boundary as given below

po=1—45 p =125% (4.38)
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where, 5% = 5/2 — 3z with

Z 2+ (w/z)
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1
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as two constants. So, the critical hybridization value, V., depends implicitly upon
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Figure 4.5: The quantum phase diagram of symmetric periodic Anderson model on
square and simple cubic lattices, as obtained from Eq. (4.37) of our theory. We have
presented it in two different ways: (a) in the V-Uy plane, and (b) in the ‘(%'U%« plane.
Here, t = 1.

Uy through the parameters ¢; and ¢, of the charge part.

We calculate V, as a function of Uy in the ground state by solving the Eqs. (4.37)
together with Eqgs. (4.25) and (4.36), numerically iteratively. Thus, we obtain the
phase boundary between the quantum paramagnetic Kondo singlet phase and the
antiferromagnetic Néel phase in the V-U; plane. The resulting quantum phase

diagram, for square and simple cubic lattices, is shown in Fig. 4.5. We see that as
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Uy is increased the V. increases, which means that the AFM order lasts for large
values of V' for a bigger Uy. This is consistent with the fact that the effective
Kondo exchange interaction in SPAM behaves as: J ~ V2/U; [76, 87]. So, an
increase in Uy reduces the strength of the effective Kondo coupling that allows the
AFM order to survive upto the correspondingly larger value of V.. For moderate
to larger values of U, our theory produces a qualitatively correct phase diagram,
agreeable with quantum monte carlo calculations [88, 89]. When Uy is small, the
spin-density wave theory provides a better description, in which V, rapidly goes to

zero as Uy goes to zero [90, 89).

4.3 'Two Inversions for the Charge Quasiparticles

Now let us discuss the nature of charge quasiparticles in our theory of SPAM.
To this end, we numerically calculate the dispersions Ey; (for i = 1,2,3,4) of
the charge quasiparticles, as defined in Eq. (4.16). These Ey;’s are the positive
eigenvalues of the Hermitian matrix Hy of Eq. (4.12). The evolution of these
dispersions with respect to V', on square lattice, is presented in Fig. 4.6 for Uy = 4.
Note that, for any non-zero V, the pair of quasiparticle bands, Ey; and Ey o, is
lower in energy by a finite energy difference than the pair Fy 3 and Ex 4. Moreover,
the lowest dispersion, Fj, is strictly > 0 for V' # 0. Hence, it describes an

insulating state.

The bands Ey; and Ex touch each other on the contour |yx| = 0, which in
the two-dimensional plots in Fig. 4.6 is the middle branch from (7, 0) to (7/2,7/2)
lying on the boundary of the half-BZ of square lattice. The higher energy bands,
Ey 3 and Ly 4, also touch each other exactly in the same way. Note that, for
large V, we find that the band Eyx; (Ex2) has minima (maxima) at k = (0,0)
and maxima (minima) at |y| = 0. Thus, they are mutually oppositely curved
or oriented. Likewise, the dispersions Fy 3 (Ek4) look the same. Notably, Ej s
and Ey 4 are very narrow compared to Ei 1, and Ey s, for large value of V', which

however become broader with decreasing V. Eventually, for sufficiently small Vs,
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Quasiparticle dispersions, at Uy = 4
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Figure 4.6: Evolution of the charge quasiparticle dispersions, Fy ; for ¢ = 1,2, 3,4, with
respect to V' along the high symmetric lines in half-BZ. We can clearly see the band
inversion happening in Fy ; (first column) and Fy 3 (second column) as V' is decreased.
In third column, all four bands are plotted together to see overall dispersion. Also note

that higher energy narrow bands tend to become broader as V decreases.

they all become of comparable bandwidths.

More importantly, with decrease in V', we see two inversion transitions hap-
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Kogldo Singlet
AFM

0.0 0.5 1.0 1.5 2.0 2.5

Figure 4.7: The charge quasiparticle dispersion Ey ; of SPAM undergoes inversion across
Vi1 line (blue squares), and Fj 3 across V; 3 line (orange up-triangles) in V-U; plane.

Also shown is the critical line (red circle) of transition from Kondo singlet to AFM phase.

pening separately for one narrow and one broad quasiparticle band. We find that
for V' lower than a characteristic value, V3, the k = (0,0) is no more a point of
minimum for Ey 3. Instead, for V' < V; 3, the I' becomes a point of local maxima,
and the minimum value of Ey 3 now shifts onto a contour around it, while the Ey 4
shows no such change. Neither Fy; and Fy o show any qualitative change across
Vi3, but only for a while! As we take V' further down, there comes a second special
point, V1, below which Ey; (the lowest energy band) undergoes inversion in the
same way. Finally, when V is sufficiently below the inversion point, V; 1, both Ey ;
and Fj 3 get fully inverted and look pretty much like their partner bands, Fy 2 and
FEx 4, respectively. Hence, like the KLM (and H-KLM), the charge quasiparticle
bands of SPAM also undergo inversion transition. But the inversion in SPAM is
richer by two! That is, the SPAM exhibits two inversion transitions, first for a
narrow band and then for a broad quasiparticle band. This is indeed a novel find-
ing for the symmetric periodic Anderson model. We find the inversion of Ey; and
Ey 3 to occur for any Uy. Figure 4.7 shows the inversion transition lines for V;;
and V; 3 in the V-Uy plane, together with the phase boundary between the Kondo
singlet and AFM phases.
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Figure 4.8: The charge gap, A, vs. 1/V for Uy = 4,6 and 8. For large V (strong
Kondo coupling), the A, is large, and it come from the I' point in the Brillouin zone.
It decreases as V' decreases, and across V; 1, it comes from the points away from the I'

point.

Charge gap

In Fig. 4.6, we present the charge gap, A., calculated as a function of 1/V for
different Uy. For strong hybridization (i.e., small 1/V), A, = E(g )1, because the
I' point is where the minimum of the lowest band Ey; is. But below V <V,
due to inversion, the I' point is no more the point of minima of Ey;, and hence
the A, now comes from a certain contour around k = (0,0), which for sufficiently
small V' tends to the boundary of the half-Brillouin zone. This is qualitatively
similar to the behaviour of the charge gaps for KLM and H-KLM (for example,
see Fig. 3.13).

4.4 Quantum Oscillations of Magnetization

Our experience with KLM (and H-KLM) shows that after the inversion of the
charge quasiparticle band, the dHvA oscillations show up nicely in the insulating
ground state. Since we do find inversion happening also for the charge quasipar-
ticles of SPAM, we are confident of seeing magnetic quantum oscillation here too.
Thus motivated, we investigate the quantum oscillations of magnetization in the

ground state of SPAM. For this purpose, we study the orbital response of SPAM
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to uniform magnetic field, B, coupled to the electronic motion via Peierls phase as

given below:

:_tzz ehfrJrJAdrAIsAr—s—&s VZZ|:rsfrs+hC:|

r,d s=T,0 r s=1,)
1 1
+UFY (nﬁT - 5) (nQ - 5) (4.39)

We take the vector potential as A = —Byz, which gives the magnetic field, B,
along the Z direction. As for the KLM in Sec. 2.4, we derive the following field

dependent minimal effective model of the charge dynamics from Eq. (4.39).

HC[B} = _5 Z Z{ |}/}a,r¢b,r+5 + P1¢b,r+5¢a,r] COS(27TOérny’ ’ 6)}

rcA 4§
1V N o iV o .
_7 |:77/}‘171'Xb71‘ + P077b,r¢a,r} o 7 Z |:77a,r¢b,r + p0¢b,rXa,r:|
re A relB
{Z ORI b},rbf,r} (4.40)
rcA reBB

Here, @ = eBa?/h is the reduced magnetic flux, with a as the lattice constant.

The r, and ) /|8]| are the y coordinate of r and unit vector for 8, respectively.

To calculate magnetization, M, versus B from this Hofstadter like problem,
we (for simplicity) put zero field values of py and p; (calculated in Sec. 4.2) in the
a5 of Eq. (4.40), and numerically find its ground state energy per site, e,, as a
function of a = E for integer p = 1,2,...,¢ with ¢ = 601 (a prime number) on
square lattice. Usmg the definition M = —de,/da, we calculate M as a function
of a. In Fig. 4.9, we present in two different ways the results of this calculation.
Three plots on the left-hand side of this figure present the dHvA oscillation data
for different values of V' for a fixed Uy = 4, and on the right side, it is for different
values of Uy for a fixed V' = 0.6. Note that for Uy = 4, the critical point for
transition from Kondo singlet to AFM phase is V. & 0.7. The critical point along
Uy axis for a fixed V = 0.6 is Uy, ~ 2.4. Thus, by keeping one of these two
fixed, we are varying the other across the critical point from one phase to another.

In both case, we find that the oscillations become more prominent as the Kondo

coupling becomes weaker. For a fixed Uy, it happens by decreasing V', and for a
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Figure 4.9: The dHvA oscillations in the insulating ground state of the symmetric pe-
riodic Anderson model on square lattice. On the left-hand side, we present the data
for V.= 0.75,0.72,0.70 (Kondo singlet) and V' = 0.65,0.6,0.5 (Néel AFM) for a fixed
Ur = 4. We see clear oscillations, both in the Kondo singlet and AFM phases, of fre-
quency vy = 0.5 corresponding to the half-Brillouin zone (see Fig. 4.1). The data on the
right side for different Uy’s and V = 0.6, also shows the magnetic quantum oscillations

with same features.

fixed V, it happens by increasing U;. Remember that V2?/U; is roughly speaking
the measure of Kondo coupling in SPAM. Thus, we do get dHvA oscillations in the
Kondo singlet phase close to critical point, but they are less prominent compared

to the oscillations in the AFM phase for weaker couplings. However, for stronger
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Kondo couplings (V' > V;3), we do not see any dHvA oscillations (hence, we don’t
show the data here), which affirms that the inversion of charge quasiparticles is very
important for these oscillations to show-up. By doing the Fourier transformation
of the M/a vs 1/a data, we get the dominant frequency of dHvA oscillations,
vg = 0.5, which corresponds to the half of the bulk Brillouin zone. Recall the
relation, A = (27w /a)?v, between the area A of an extremal orbit perpendicular
to magnetic field on a constant energy surface in k-space and the frequency v (in
units of h/ea?) of the dHvA oscillations. All these findings for SPAM are fully

consistent with what we obtained for the KLM in the previous chapters.

4.5 Conclusion

In this chapter, we have investigated the symmetric periodic Anderson model using
the theory of Kondo insulators that we developed for the half-filled Kondo lattice
model. Our approach correctly produces the qualitative features of the Kondo
insulating ground state of the SPAM. More importantly, it reveals the novel inver-
sion phenomena also for the charge quasiparticles of SPAM, similar to what we got
for the KLM. In fact, here, we get two inversion transitions, one each for a narrow
(higher energy) and a board (lower energy) band of the charge quasiparticles. In
the presence of uniform magnetic field coupled to the electronic motion, our the-
ory also produces magnetic quantum oscillations of the frequency corresponding
to the half-Brillouin zone (on bipartite lattice). The inversion has a direct bearing
on these quantum oscillations which is clearly affirmed by the fact that the oscil-
lations appear only after the quasiparticle bands have appropriately inverted. It
is indeed very heartening and encouraging to see that our theory has produced a
consistent physical understanding of all the three models of Kondo insulators, viz,

the KLM, the H-KLM and the SPAM.
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In the previous three chapters of this thesis, the theory that we developed

to describe Kondo insulators was motivated to treat the interactions (Kondo ex-

change, Hubbard repulsion) respectfully. It basically approached the problem from

the strong coupling side, and produced a consistent trend of physical behaviour in

going towards weaker couplings in three different models of Kondo insulator. In

particular, we found that the dHvA oscillations become more and more pronounced

as the Kondo coupling gets weaker and weaker. Since the antiferromagnetically

ordered insulating ground state in the weak coupling limit can be described very

well by the spin density wave (SDW) mean-field theory (directly in terms of the

electron operators) [91, 1], we are prompted to make an independent study of

83
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magnetic quantum oscillations in the SDW insulators. This is what we do in the
present chapter of this thesis.

A SDW state, caused by electron-electron interaction (howsoever small), is an
instability of the metallic state. It involves the modulation of electronic spins
with some characteristic periodicity (given by nesting wavevector, Q), which is
not necessarily commensurate with the underlying lattice. This spin density wave
opens up a single-particle gap at the Fermi level, due to which, the system may
either behave as an insulator if the gap opens on the entire Fermi surface (as in
the quasi one dimensional Bechgaard salts (TMTSF),PF, [92]), or may continue
to be a metal if the Fermi surface partially survives (say, as in Cr metal [93], or
LaFePO [94, 95, 96]). On the half-filled hypercubic lattices, due to perfect nesting
of the Fermi surface, ' the spin density modulation leads to an insulating ground
state with Néel AFM order commensurate with the lattice.

In this chapter, we calculate the orbital response to magnetic field in the weak-
coupling Néel insulating ground states of the Hubbard and Kondo lattice models
(on square and simple cubic lattices at half-filling) by doing a simple mean-field
theory directly in terms of electron operators. As expected from our studies in
Chapter 2, we do get clear dHVA oscillations in these weakly correlated insulating
states. This study suggests that, apart from the Kondo insulators, the quantum
oscillations of magnetization can also occur in other kinds of insulators (correlated

or otherwise).

5.1 Small U Hubbard Model at Half-Filling

Motivated by the similarities between the effective charge dynamics of the KLM
and Hubbard models in Kumar’s representation, in Sec. 2.5 we had investigated
and found the dHvA oscillations in the insulating ground state of the half-filled
Hubbard model. The amplitude of these oscillations was found to grow with in-
crease in t/U, suggesting that dHvA effect would occur also in the weakly corre-
lated insulators. For the weakly correlated (small U) Hubbard model, a straight-

forward approach (directly in terms of the electron operators) that appropriately

1Say, with respect to Q = (m,7) on square lattice, or Q = (7,7, 7) on simple cubic lattice.
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describes the insulating AFM ground state is the SDW mean-field theory. In this
section, we discuss the dHvA oscillations in the SDW insulating ground state of
the half-filled Hubbard model on square and simple cubic lattices. In the next
section, we will do the same for the half-filled KLM.

To study dHvA oscillations in an SDW insulator, we consider the following

symmetric Hubbard model on bipartite lattice:

. e r 1 1
=ty S i L I Uy (ﬁm - 5) (ﬁm - 5) (5.1)
rd o r

Here, r is sum over the lattice sites, & is summed over the nearest neighbours
of r, and o =1, | is spin label. The ¢éf (¢ ,) are electron creation (annihilation)
operators and 7, is number operator. The first term in Eq. (5.1) of H is the
kinetic energy with hopping, t > 0, between nearest neighbour sites, and magnetic
field is coupled to the electron motion through Peierls phase factor in terms of
vector potential, A = B(—y,0,0) for magnetic field B along 2 direction. The
second term, with U > 0, is the onsite repulsion. If you expand this term, you get
U /2 as the chemical potential, which guarantees half-filling on any bipartite lattice
due to the particle-hole symmetry of this model. So, Eq. (5.1) is the Hamiltonian
of the half-filled Hubbard model.

5.1.1 SDW mean-field theory on bipartite lattices

When U is not strong compared to the bandwidth, it has been found reasonable to
treat the Hubbard interaction, U ) 7y, in the Hartree-Fock approximation,
which decouples the two-body interaction into self-consistently determined single

particle terms. This simple mean-field decoupling is given as:

N pfir, ) = e g (e y) + (P ) Por,, — (Porg) (P, -

The SDW, that is, the spin density wave approximation amounts to considering

the following periodic spatial modulation for the mean fields [1].

~ n 1Q-r
<ln’1‘70'> = 5 + Ny Mg€ @ (52)

1 .
with (SZ) = §<ﬁm —fipy) =my 9T
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Here, n is the average number of electrons per site (which is 1 at half-filling), mg
is the magnitude of the staggered magnetic moment (which is to be determined
self-consistently), and the wavevector @ = 7 corresponds to the Neél SDW on
hypercubic lattice. 2 This Q is so chosen, because 7 is the nesting wavevector
for the Fermi surface of the half-filled tight binding model with nearest neighbour
hoping on a hypercubic lattice. See Fig. 5.1

(—ﬁ,ﬂ') (ﬂ'vﬂ')

(=, —m) (m, —m)

Figure 5.1: Nesting on square lattice. The large square enclosed by solid black lines
is full-BZ however the faded light red region represents half-BZ. The edges of half-BZ
describe the Fermi-surface at half-filling when U = 0. Here, Q = 7 is the nesting vector

which connects a large portion of Fermi surface to the other.

On a bipartite lattice, if the magnetic moment (SZ?) = mg for r € A sublattice,
then it is —m, on B sublattice, because Q = m. Moreover, n, = +1 and n, =
—1. In this approximation, Eq. (5.1) takes the following form (written in the two

sublattice notation):

i Z{_t Z Z [ei% Jrte A‘dr&IJf)H_é’U + h.c.] +U Z {n g L mms} Q@ lir. o

redA 4§ reA

-1 A
+U Z {n o+ nams] b;abr,g} + eoL (5.3)

res3

Here, e = U(m? — %2 + 1) is a constant, L is total number of lattice sites, and
al (o) and ZAJLG(IA)T,U) are electron creation (annihilation) operators at site r with

spin ¢ on A and B sublattice, respectively. Since Eq. (5.3) is bilinear in the

2The wavevector m denotes (7/a,/a) for square lattice and (7 /a,w/a,7/a) for simple cubic

lattice, with a as the lattice constant.
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electronic creation and annihilation operators, therefore we can diagonalize it us-
ing Bogoliubov transformation. Before we compute the magnetic response in the
ground state of Eq. (5.3), let us briefly describe the basic physics in the absence
of magnetic field.

For B = 0, the SDW Hamiltonian of Eq. (5.3) is translationally invariant. To

further simplify it, we use Fourier transformation as defined below

. /2 ke -

Qr.o = Z Ek € k Qg o

b :,/EE:Gik'rEk (5.4)
r,o I : N .

Here, k € half Brillouin zone (BZ) or magnetic Brillouin zone (see in Fig. 5.1).

The SDW Hamiltonian in the k-space reads as:

f{ - Z{_t (fykd;r(,al;kﬁ + hC) + Umsncr <Z;IT(,U[A)k,U - &;r(,adkp)
k,o

Un—1) (.t . 5t 5
" % (aLgakp - bLabkp) } +eoL (5.5)

with 1 =) 5 e™®9 Now we use the Bogoliubov transformation,

ko = cosby oy, — e P<sinby By,

Bk7g — e "k gin O, ., +cosby By, (5.6)

with 6y = 1 tan™" [Ut%i] , to diagonalize Eq. (5.5). The SDW Hamiltonian in the

diagonalized form can be written as:

= oL+ Y | B ol y0ies + B Ao (5.7)

k,o

where Ey 4 = w + /(Ums)? + (t|rx|)? are the electronic dispersions.

Since n = 1 at half-filling, the only mean-field parameter mg is determined
self-consistently by minimizing the ground state energy of Eq. (5.7). In the ground
state of Eq. (5.7) at half-filling, the Ey , band is fully empty, while the Ey _ band
is fully filled. Therefore, the ground state energy per site (e,) is given by

2
¢ =cot 7 ; B (5.8)
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The energy minimization condition, 88;19 = 0, gives the following equation for ms.

(5.9)

e szvms + (thue)?

This equation obviously has a paramagnetic (PM) solution, ms = 0, which is not

the lowest energy solution. The non-zero mg in the ground state is given by the

solution of the equation, 1 = U
4 =1 Yk S
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Figure 5.2: The staggered magnetization, m,, and the band gap, A, vs. U/t of the
SDW ground state of the half-filled Hubbard model. They are always non-zero, but for
U/t < 1, they are expectedly exponentially small.
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Figure 5.3: Square lattice: 2d plot of dispersion, Fy_ along symmetric lines, for U = 0.1
and U = 2.0. The dispersion is always minimum (maximum) at k = 0 (|7k| = 0) point.
As we see, there is no inversion or Lifshitz like phenomenon observed in the insulating
ground state of SDW quasiparticles dispersion for any value of U, and this is also true

for simple cubic.

The top (bottom) of the fully occupied (empty) band, Ex — (Ex.), lies at the
|| = 0. This gives a band gap, A = 2Um,. The staggered magnetization, my,
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and the gap, A, are plotted as a function of U/t for the square and simple cubic
lattices in Fig. (5.2). We have taken ¢ = 1 for all the calculation. The gap, A, is
found to be non-zero for any U, howsoever small. Thus, the Néel SDW ground
state of the half-filled Hubbard model is always gapped, and hence insulating. For
U very small compared to ¢, the SDW state is known to behave as m; ~ A ~ e~ t/Y,

which is why get tiny gap and staggered moment for very mall U /t. Next we study
dHvVA oscillations in this SDW insulating ground state.

5.1.2 dHvVA oscillations in the SDW insulating state

To investigate dHvA oscillations in the SDW insulator, we numerically compute
M in the ground state of the following Hamiltonian, which is Eq. (5.3) for n =1
(half-filling) in the magnetic field, B, given by A = —Byz and parameterized as,
a = eBa?/h.

i = Z{—t SO [ermen ot by, + e

rcA 4
+ Umsno (Z Z;I,JISP,U - Z di,g&r,a> } (510)
reB rcA

Here, r, is the y component of r in units of a, and & = 6/|8| for the nearest
neighbour sites. We calculate the ground state energy, e,[B], of Eq. (5.10) as a
function of o = p/q for integer p = 1,2, .., ¢ with ¢ upto 1021 for square lattice and
907 for simple cubic lattice. We do this by numerical Bogoliubov diagonalization
of Eq. (5.10), and then summing over all the negative energy eigenvalues [see the

Eq. (B.23) of Appendix B|. The ground state energy per site is given as follows:

clo] =2 33 alny) (511)

kK ng=1

Here, k = (ky, ko) where —m < ky < 7 and —g < kg < g. From the ground state
energy, we compute the magnetization, M = —88%, numerically.

It is important to note that in the presence of magnetic field, the order pa-

rameter, my, in Eq. (5.10) should in principle be calculated self-consistently as a

function of the field. But this is a computationally demanding task, because to

determine m, self-consistently, we have to diagonalize ¢ X ¢ matrices very many
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times for each value of magnetic field, o, which is not feasible for large ¢. There-
fore, we simply use the zero field value of m, to compute M vs. «, for ¢ = 1021
and 907 respectively on square and simple cubic lattice. This calculation shows
clear magnetic quantum oscillations, as anticipated. Then, for comparison, we also
do an M vs. « calculation by using the field dependent mg for a small ¢ = 307
on square lattice. This second calculation also gives similar quantum oscillations

with same dominant frequency.

Magnetization behaviour with zero-field m;

The results of the magnetization calculation in the ground state of Eq. (5.10) with
zero-field value of mg are presented in Fig. 5.4 for square and simple cubic lattices.
This magnetization data shows clear dHvA oscillations with respect to @ (magnetic
field), whose amplitude is found to gradually decrease with increasing U /t. This
trend is consistent with what we obtained in Sec. 2.5 coming from the large U/t
side.

The Fourier transform of M/« (with flat background subtracted) for 4 < 1/a <
20 on square lattice is presented in left panel of Fig. 5.4(c), where we see the
dominant Fourier peak for different U’s occurring at the same frequency, fo = 0.5.
We also see its higher harmonics at f = 1 and 1.5. The semiclassical relation,
F = (2m/a)*f, between the area F of an extremal orbit perpendicular to magnetic
field on a constant energy surface in k space and the frequency f (in units of i/ea?)
of dHvA oscillations [5, 26, 28, 27] implies that the fo = 0.5 corresponds to the area
of the half BZ, which points to the || = 0 as its origin. Note that the contour
|7x| = 0 is where the highest energy states of the fully occupied band, Ey _, sit.
Therefore, it suggests that for the dHvA oscillations the highest occupied levels in
an insulator act as the Fermi surface, in spite of the fact that it is not a metal.

Likewise, on simple cubic lattice, as shown in right panel of Fig. 5.4(c), the
Fourier transform of the M /o vs. 1/« data gives the dominant frequency, fo =
0.185, independent of the value of U. This dominant frequency corresponds to
the extremal area enclosed by the || = 0 contour on k, = 0 plane [see Fig. 2.10-
(¢)]. The dominant frequencies, obtained on square and simple cubic lattices, show

that the dHvVA oscillations in the SDW insulator measure the surface of the highest
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Figure 5.4: The dHvA oscillations in the SDW insulating state on square and simple
cubic lattices. The magnetization data in the ground state of Eq. (5.10) for zero-field
ms is plotted variously as M vs. a and M /a vs. 1/a for different U’s. The Fourier
transform (amplitude is divided by 100 for clear visibility) of M/« data gives fy = 0.5

(square) and fy = 0.185 (simple cubic) as the dominant frequency of oscillations.

energy levels of the fully-filled band.
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Magnetization behaviour with field dependent m;

Here, we study the dHvA oscillations by calculating the SDW mean-field param-
eter, mg, self-consistently for different values of the magnetic field. Since the
computation now becomes more demanding due to very many repeated numerical
diagonalizations of the ¢ x ¢ matrices, we can not take large values for ¢q. Recall
that « = p/q, where p = 1,2,...,q. Nevertheless, we do this exercise on square
lattice for ¢ = 307 to see if the dHvA oscillations obtained above (with zero-field

value of my) is significantly modified, or if it remains qualitatively the same.

020 ———

0.00E s o o P Ly L
0.00 0.05 010 015 020 025

|0 L B LA AL B

0.8F

0.42— M

-0.4

Fourier Transform

0.00 0.05 0.10 0.15 0.20 0.25 0.0 0.5 1.0 1.5 2.0

Figure 5.5: Square lattice: (a) The field dependent myg for different U’s. (b) Magneti-
zation, M, with respect to magnetic field, «, for different U’s calculated by using field
dependent mean-field, ms. M/« as a function of inverse magnetic field, 1/« in (c¢). The

Fourier transform of M/« is given in (d) with dominant frequency, fo = 0.5.

In Fig. 5.5(a), we plot mg as calculated by varying « for different values of
U. We observe that the mg also shows oscillatory behaviour that changes from
rapid to slow when U increases. We calculate the magnetization by using the

formula M = —0e,/0c, where the ground state energy per site, e,, is defined in
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Eq. (5.11). Fig. 5.5, shows the magnetization data obtained in this case. It looks
similar to what we found with zero-field m,, as shown in Fig. 5.4. In fact, the
Fourier transform of M /a shown in Fig. 5.5 gives the same dominant oscillations
frequency, fo = 0.5, as obtained from the calculations with zero-field mg. Hence,
the dHvA oscillations in the two ways of treating m, for magnetization calculation

are found to be essentially same.

Remarks on the effect of Zeeman coupling

In this thesis, we have neglected the Zeeman coupling of magnetic field to the
electron spin. This is because our primary motivation here has been to understand
the response of the (Kondo) insulating state to magnetic field coupled via Peierls
phase to electron motion.We now very briefly look at how it may affect the dHvA
oscillations. Consider the Zeeman term, —gug > (fier — fip)/2, which can be

recast as:

—drtagm, » 1o {Z il e+ B;Uér,g} : (5.12)

o rcA reB
where o = eBa?/h is the reduced flux (that sits in the Peierls phase), g, = g/2 is
the Landé g factor relative to 2, and the relative effective mass, m, = m*/m,, is the
ratio of the effective mass from the tight-binding band-structure, m*(= h*/2ta?),
and the free electron mass, m.. Ideally, both g, and m, would be 1, but in actual
they would take different values for different materials.

According to Eq. (5.7), the single-particle gap is A = 2Umy, and 1 and |
electron dispersions are degenerate. The Zeeman term would lift this degeneracy
by 47t ag,.m,, but as long as Umg > 4nt ag,.m, is true, the ground state is gapped.
Beyond it, the 1 and | electron bands will overlap, leading to a metallic ground
state. Within this simple minded picture, a sufficiently strong magnetic field would
destroy the SDW insulating state by overcoming the SDW gap. It can happen for
small fields (of a few Tesla) if the SDW gap is tiny, and will require larger fields if the
SDW gap is not so small. For a rough estimate, take g,m, ~ 1 and t ~ 1eV. Then,
the condition for the survival of the SDW insulating phase reads as: A > 107%B.
So, if A ~ 1 meV, then B 2 10 T can overcome the SDW gap. This magnetic field

is already quite large. But for slightly stronger A, one would require even larger
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fields, beyond the typical laboratory fields, to make this happen. In either case, the
quantum oscillations would survive. In the insulating case for smaller fields, they
will be like what we have obtained above. But when the SDW gap is overcome by
field, the resultant metallic state would show quantum oscillations with frequencies
different from those in the insulating case. We leave the detailed investigation of
dHvA oscillations for the case with both Peierls and Zeeman couplings, that is

Eq. (5.10) + Eq. (5.12), for a future study.

5.2 Weak-Coupling KLM at Half-Filling

We know very well that for sufficiently small J/¢, the half-filled KLM on any
bipartite lattice realizes Néel insulating ground state. Hence, in the spirit of the
previous section, we do a simple weak-coupling mean-field theory of the KLM,
directly in terms of the electron operators. With Néel AFM order parameter,
both for the localized moments and the conduction electrons, we study quantum
oscillations of magnetization in this SDW like setting. We already know from
Chapter 2 that the dHvA oscillations occur in the half-filled KLM for J/t ranging
from intermediate to weak. This calculation, with the benefit of hindsight, is a
vindication of that finding from a very simplistic approach motivated from the

weak-coupling side.

5.2.1 Mean-field approximation with Néel order

The conduction electrons in KLM, Eq. (2.5), do not interact amongst themselves.
But they interact with the localized spins via the Kondo interaction, %Zr S, -
Ty, between the electron spin, S,, and the localized spin-1/2 given by the Pauli
operator, .. At the simplest level, we can treat the Kondo interaction in the

following mean-field approximation:
Sy - T, = <SI‘> CTy T Sy - <Tr> - <SI‘> ’ <Tr>
= M, -1, + Sy - iy — My - 173, (5.13)

Here, (S,) = M, and (1.) = 17, are the average magnetization vectors for the

conduction electrons and localized spins, respectively. Since we know about the
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Néel AFM ordering in the insulating ground state of the half-filled KLLM, we choose,

Mr on A sublattice = —]\Zfr on B sublattice = MQ, and
m, on A sublattice = —m, on B sublattice = —mX.
Here, the unit vector Q (which is arbitrary) specifies the direction of the vector

order parameters, and M and m are their magnitudes. Under this approximation,

the mean-field KLM reads as: Hyr = Helectron + Hmoment + %M mL.

Homent = ﬂ [Z - Z Q * Ty (514)
2 rcA reB
Helectron =—t Z Z <€l% f:+6 A‘drft-'r,sfr—i—&,s + hC) - J_m [Z - Z] Q ’ Sr
reA 4,s 2 reA reBB
(5.15)

The Hpoment is S0 very simple. For Q= (sin 0 cos ¢, sin 8 cos ¢y, cos 0), it can be
diagonalized by applying the following rotation on the localized spins operators on

both the sublattices.

0 <0 —ig
N CoS —sin? e
U= , 2 2 , (5.16)
sin 5 e COS 5

The diagonalized form of H,oment iS

Z/A{THmomentZ/A{ = ﬁ[moment = % [Z - Z] Trz (517)

rcA reB
which immediately implies that the order parameter of the localized moments is

trivially, m = 1, in the ground state. Given this, the electronic Hamiltonian in the

basis rotated by the U defined above reads as:

Helectron = Z {_tz Z <6Z% f:+5 A.drfj,sfr_s_&s + hC)

s=T, reA &
J -
7 [Z - Z] nsfisfr,s} (5.18)
rcA reB

where T = +(—), and the new electrons operators fr,s are related to the old fr,s

via the same unitary matrix as defined above in Eq. (5.16).

Fer| _ gy et (5.19)

Jrl Jrl
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Note the conspicuous absence of the electron’s staggered magnetic order parameter,
M, in Eq. (5.18). In this highly simple mean-field description of the Néel state of
the half-filled KLM, it is so because m happens to be independent of M. Hence,

once m(= 1) is determined, we need not write any self-consistent equation for M.

In the absence of magnetic field, Eq. (5.18) can be diagonalized by succes-
sively applying the Fourier and Bogoliubov transformations. Since the Néel or-
der distinguishes between the A and B sublattices, we incorporate this fact by
explicitly including in the fermion creation and annihilation operators by us-
ing subscripts, a and b, for the two sublattices, respectively. With this slight
change of notation, we define the Fourier transform of the fermion operators as:

fas \/721{ ek fas )andfbs \/721( ek fbs k), where k € the

magnetic Brillouin zone. The diagonal form of Heectron 1S given as:

Hifam = 323 7100 f s 0) = L0 o) (5.20)

where wi = 4/ (t7x)? + (4)? is electron dispersion, and the new fermion operators,

fi,s(k), are given by the following Bogoliubov transformation:

fas(k) = cos B [ s(k) —sin By f1 (k)
fb,s(k> = sin 5k fl,s(k) + cos Bk .]E+,s(k) (521>

In the ground state of H [B=01 "t} positive energy bands

electron’

with tan 26, = J /4)
corresponding to f+7s( ) are completely empty, while the negative energy bands
corresponding to f_ (k) are fully filled (satisfying half-filling). We see that wy
has minima at edge of half-BZ i.e. || = 0, so we find the single-particle gap to
be, A, = 2 Wk—|y, =0 = J. Hence, the Néel ordered ground state of KLM is an
insulating state for any non zero J. Contrast this gap which decreases linearly

with J, with the SDW gap of the Hubbard model which decreases exponentially
at small U.
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22 wt=2 —t=3 ot=4 =1t=5

Fourier Transform

Figure 5.6: The dHvA oscillations in the mean-field Néel insulating ground state of the
Kondo lattice model at half-filling [Eq. (5.18)] on square lattice. (a) M /«, versus inverse
magnetic field, 1/« for t = 2,3,4,5 (with J = 1). (b) Its Fourier transform (amplitude
is divided by 100), where the dominant fundamental frequency occurs at fo = 0.5. The

inset shows that the fy remains constant on increasing t/.J.
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Figure 5.7: The dHvA oscillations in the mean-field Néel insulating ground state of the
Kondo lattice model at half-filling [Eq. (5.18)] on simple cubic lattice. (a) M /a, versus
inverse magnetic field, 1/« for t = 2,3,4,5 (with J = 1). (b) Its Fourier transform
(amplitude is divided by 100), where the dominant fundamental frequency occurs at

fo =0.185. The inset shows that the fy remains constant on increasing t/.J.

5.2.2 Magnetic quantum oscillations

To compute the magnetic response in this highly simplified description of the half-
filled KLM, we put A = —yBz in Eq. (5.18). The Hgjectron nOW reads as follows:

=3 L [ Tt o) e

s=1,) reA ¢
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S SICINCE LRG| 522

re A rel3

This is a standard Hofstadter problem, but with a staggered potential term. For
each value of the spin quantum number s, we have an independent problem to solve.
We calculate the ground state energy per site, e,[B], as a function of magnetic field,
B, in the standard way by writing Eq. (5.22) in the Nambu notation, and then
doing a Bogoliubov diagonalization numerically [for instance, see Eq. (B.24) of
Appendix B]. Here, « = p/q, where p = 1,2,...,q and ¢ = 907 (601) for square

(simple cubic) lattice. From this, using M = —%, we calculate magnetization. In

a
Fig. 5.6(a), the behaviour of M /o with respect to 1/« is shown for different values
of t (for J = 1) on square lattice, where the oscillations are prominently visible.
Expectedly, their amplitude decreases as we decrease t/.J. The Fourier transform
in Fig. 5.6(b) gives the dominant frequency f, = 0.5. We also calculate M on
simple cubic lattice (data presented in Fig. 5.7), where too, we get clear magnetic
quantum oscillations with a dominant frequency at f; = 0.185.

The quantum oscillation results obtained from this overly simplified calculation
on KLM are, as anticipated, in line with what we found through the systematic
theory in Chapter 2 and Ref. [42]. Notably, here too, as in the other calculations
presented in this thesis, the dominant frequencies correspond to the contours,
v = 0, which is where the maxima of the fully-filled bands of Eq. (5.20) lie. This
clearly implies that the magnetic quantum oscillations in an insulator measure
the surface of the highest occupied energy levels of electrons (effective chemical

potential), analogous to the Fermi surface in metals.

5.3 Conclusion

In summary, we have investigated magnetic quantum oscillations in the insulating
SDW ground state of the half-filled Hubbard model, and done similar mean-field
calculations for the weak-coupling KLM at half-filling, on square and simple cu-
bic lattices. The occurrence of these oscillations was clearly anticipated by us in
Ref. [42]. This chapter is a simple byproduct of the main body of calculations

presented in the previous chapters based on our original theory of Kondo insula-
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tors. In our studies here, we have again found the fundamental frequency of dHvA
oscillations in the insulating states to correspond to the chemical potential surface
(highest energy levels of the fully-occupied band). Since it is relatively straightfor-
ward to formulate an SDW theory on non-bipartite lattices, and include Zeeman
coupling, it is our future goal to carry forward these studies to different physical

settings.






AppendixA

Diagonalization of the Charge Dynamics,

H”

In this appendix, we show a detailed calculation of the ground state energy per
site (ey) of the charge dynamics Hamiltonian, al? given in Eq. (2.30a) to find
the magnetization, M, as a function of magnetic field, B. Here, we only describe
the calculation steps for the bipartite square lattice in detail. However, the cal-
culation for the simple cubic lattice case is similar to the square lattice, and it is
straightforward. To diagonalize the charge dynamics Hamiltonian, we recall the

P which is given as:

-~ it N ~ ~ ~ ~ ~
HEB] = E Z Z COS (271-@ Ty - 6) [wa,rgbb,r—i-é + p1¢b,r+5¢a,r:|

rcA
Jpo o ~
+ T |:Z Ngr + Z nbg-] (Al)
rcA reB

The bipartite square lattice is given in Fig. A.1 with primitive vectors, a; = 2azx
and az = a(—& + y). We can find the corresponding reciprocal vectors, by =
g(i + ) and by = %’rg) The Bravais lattice vector is taken to be R = maq + nas
with integers m = 9”2—? and n = £, where a is lattice constant, and = and y denote
the actual position of lattice sites.

Here, the nearest-neighbour unit vectors are 5 = {#,—2,79,—7} and the posi-
tion of site r is given as r, = m and r, = n. Using these informations we rewrite
the Hamiltonian given in Eq. (A.1) in r = (m, n) coordinate notation as:

. L1 Lo
it N

HP = -3 Z Z (cos(27rom) [;@a(m, n)gp(m, n) + prby(m, n)da(m, n)

m=1 n=1

101
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n+1

Figure A.1: Bipartite square lattice: The filled black and red circles are taken as A-

sublattice and B-sublattice, respectively.

+ cos(2man) |:’(/A1a(m, n)dp(m — 1,n) + prhp(m — 1,1n)pa(m, n)}
+ [Q/Aja(m, n)dp(m,n + 1) + prhy(m, n + 1)da(m, n)]

- [dutm o = 1.0 = 1)+ i~ 1= V()]

Ly Lo

J .

Po 3 Z( aly plmn + O, b, n) (A.2)
m=1 n=1

with, Ly = 2L, and L, = L, where L, and L, are total length along = and 7.

By using the definition of Majorana fermions in terms of spinless fermions i.e.

i@/;a =at —a, qZ; = a' +a and izﬁb = bl — B, qZ;b = b+ l;, we derive the following

expression for a5 as
L1 Ly
g — Z Z( (14 p1) cos(2man) [( mnbmn + hee) + (@l bm-10 + hc)}
m=1n=1

+ (14 p1) [( mnbm nt1 + hoe) + (ain’n?;m,l,n,l + h.c.)}

~

+ (1 — p1) cos(2man) [(dinnginn + h.c.) + (&%mb:ﬂ%l’n + h.c.)}

+ (1 - pl) |:<djn,n6;rn,n+l + ]’LC) + (din,ni)infl,nfl + hC)])

L1 Lo

Jpo S Z( aly pmn + 0, o, n) (A.3)

m=1n=1
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We define a Fourier transform along m direction as:

1 .
~ ikim ~
Amn = g € Akyn
v L1 o

. 1 , .
b = Z ik (m+3) . (A.4)

where, we take the actual position of a,,, and an Using the Fourier transforma-

tion given in Eq. (A.4), Eq. (A.3) becomes,

== Z Z( (14 p1) cos(ky/2) cos(2man) [ak nbk1 n+h. c]

k1n1

+2(1 — p1) cos(ky/2) cos(2man) [akl bl

—ki,n

+ h.c.}

)
1 + P1 |: Zkl/Qakl nbklm«‘i‘l + h.c. ) ( 7lkl/2ak‘1 nbkl n—1 1 h.c. )i|
+(1- Pl){

(%26}, Bl sy + o)+ (720 B+ he)]

J,Oo Z Z [ak nak1 n+ bk nbk‘l, } (A5)

k1n1

The above equation is like Harper’s equation [97, 67]. We can see that al?in
Eq. (A.5) does not incorporate the periodicity along n, but by choosing the mag-
netic field av as a rational number i.e. o = p/q where p and ¢ are integers, we retain
the periodicity along n with ¢ sites in a unit cell. Hence, we take a super-unit-cell
of ¢ sites and define n = ¢(n’ — 1) +n,, where n, =1,2,...,gand n' = 1,2, ..., L.
Then the total no. of sites, Lo, along n is decomposed as ¢ times L, i.e. Ly = qLj.

This is shown below,

n'=1 n

1723---¢g 123--q---123--

L,

and sum over n becomes:
q
ng=1ln'=1

. Therefore, We define a Fourier transform along n as:

ika[g(n'—1)+ng)
kg = Gy (ng) = \/— Z ' akl,kz(ntI)
2 ko
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Z;Iﬂ,n = Elﬂ,n’(”Q) \/— Z thala(n=1)+n] bkl ko (TLQ) (A6)
2 ko

Using the above Fourier transformation to Eq. (A.5), we get the following form of

the Hamiltonian,

HP = Z Z Z ( (1+ p1) cos(k1/2) cos(2many) [az /,92(71(1)1)161 ks (g) + h. c]

k1 ko mng=1

+2(1 = p1) cos(k1/2) cos(2man,) [dL ka (nq)I;T_kh_,€2 (ng) + h.c.}
0+ ) [ @, 4 (1) (g + 1) + e
(G ()b (g — 1) + hec)|

+ (1 - pl) [(ei(7+k2)&z¢1,k2 (nq)b-l-—kl,—kg (nq + 1) + hc)

~

(ML k) ~
+ (e (3 +k2)aL,k2 ('rzq)bT_/,ch_/,€2 (ng—1) + h.c.)])

Jpo Z Z [akl ks (ng)ank, k,(ng) + 15,117,62 (nq)ékm (nq)] (A7)

k1n1

with the conditions, g, k, (g + q) = Gk, ky (ng) a0 by, gy (g +q) = by iy (). From
Eq. (A.4) and (A.6), we can derive that —7 < k; <7 and —% < ky < 7. Hence,
Brillouin zone along k5 is reduced by a factor of q.

We can also rewrite the above Eq. (A.7) by defining, k = (ki, k2), Ak(n,) =

—tcos(&) cos(2man,) and M = —Letk1/2etkz,

=22 > ( (1+ p1)Aw(ny) | (@l (m)biln) + hic.)|

1 k’Q TLq—l

(14 p1) | Ol (gl + 1) + hec) + (Ol ()bl + 1) + hec.)|
+ (1= p)Alng) | (@ (m)bl i (ny) + e

+ (1= p1) | Ol ()b (g 1) + Bies) + Nl ()b (g + 1) + hec. >])
+ 2SS S [k nedandng) + b o) (A%8)

To diagonalize Eq. (A.8), we write it in the Nambu basis notation as:

e — (J PO) Z Z Ul My Wy (A.9)

k1
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Here, Hy is a 4¢ x 4¢ hermitian matrix for a given value of k is

‘A B 0 B

B A -B 0
My = (A.10)
0 -B —-A -B

B 0 —-B -A

with A = (Jp0>]Iqu where I, is ¢ X ¢ identity matrix, and

Al) M 00 . AL
A A2 M 0 0
0 A Ak(3) A 0
B=| * f‘( ) o P (A.11)
i )\k 0 c. 0 )\1*( Ak(q)_

The Nambu basis operator Wi with row vector is defined as:

~

W = (g (1), g (2), .., af (@), D (1), B (2), ey D(0), @i (1), k(). s s (a),
B—k(l)aé—k(Q)a" b_ic(a)]. (A.12)

We numerically diagonalize the Hy by using a Bogoliubov transformation [de-
scribed in below Sec. A.1] and calculate the ground state energy using Eq. (A.25).

Hence, the final form of the ground state energy per site (e,) is given as:

ey = (Jpo) Z > Z i, (A.13)

1 kg nq_l

Using Eq. (A.13), we find the magnetization (M) as a function of a using the

_ Oeg

formula, M = —52.

Further, for the simple cubic lattice, the calculation procedure is similar to
square lattice except there will be another sum over a wave vector k3 and the form

of Ax and Ak(n,) is modified. We find the following form of e, for simple cubic as,

e, — (JpO) ZZZZ% (A.14)

ko ks mg=1
with k = (ky, ko, k3), Ax(n,) = t[cos(kl)cos(Qwanq) + cos(& + k)] and A =
—Letk1/2¢%s . However, the range of wave-vectors are —m < ky <7, -7 < ky < 7

and — T < k3 < T,
q q
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A.1 Bogoliubov Transformation

Here, we describe the Bogoliubov transformation to diagonalize the fermionic

Hamiltonian, Hy, by redefining the Eq. (A.12) of \IIIT( label index as follows,

T_,,t T T T T T
\I[k - [:uk717 /1’k727 AR :uk7q7 Nk,q+17 :uk7q+27 RARS ] /Lk72q7 M7k717 :ufk,27 RAAS] :ufkyqa

Fx,g+10 Pok,g+2) =+ N—k,2q] (A.15)
where,
| (k] i | aad)
S Ay H_x1 a—k
ML,Q dL(Q) My o ax(2)
i il (q) [ a_x(q)
; T = - and Tl =1, (A.16)
'uk,q-‘rl bk(1> M—k,q—&-l b_k(l)
:uI(,q+2 bL(Q) H_x g12 b—k(2)
i [;T I;
| Hk2q | i k(Q)_ | Ak,2q | i fk(Q)_

The anticommutation relations of the spinless fermions, a’s and b’s, in new opera-

tors p’s become

{:uk,i ) NLJ} = 0,j0k k' (A.17a)
{ti » thej} =0 (A.17Db)
{ply 1oy} =0 (A.17¢)

We also rewrite, Hy, given in Eq. (A.10) as following

D F , A B 0 B
Hy = with D = , F = (A.18)
~F -D B A -B 0

2q%x2q 2gX2q
Now, we define a new transformation for a given k and label index

2q

Hi,i = Z (Ui,jﬂk,j + Vz‘,jﬂT,kJ> (A.19)

j=1
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such that the new operators fi;’s also follow the fermionic (anticommutation) al-

gebra. Therefore, using this transformation the Hamiltonian, PﬂB], of Eq. (A.9)

becomes:
R J 1
H(EB] — (ﬁ)[’, + = Z Z \If;f(uk Ui?‘lkuk Ui‘l’k (A.20)
8 2 k1 ko v“’—/\“f"
\i,ii; gk \I’k
where,
T il v
Wik = T, and = (A21)
Ve U*

with U and V' are 2¢ x 2¢ matrices and U, ; and V;; are their elements. We can
find relation (in matrix form) between U and V by using the anticommutation
relations given in Eqs. (A.17) as:

v v||ut vt I 0

e (A.22)

v Ut |vi Ut 0 Iy,
where, Iy;y9, is identity matrix in 2¢-dimension. Hence, Uy is a unitary matrix of
order 4¢q. Finally, the demand of a7 s diagonalized in terms of new operators,

ik ;'s, provides the following condition on

UL Hilh = Ex (A.23)
with
z 0
Se=| " (A.24)
0 —Xk
where, ¥y = Diag[ex 1, €x2, €x3, 5 €k2¢|- Hence, the diagonalized form of HP s
given as:

2q
= () Y o il 3| (429

ki ky mg=1






AppendixB

Diagonalization of the SDW Hofstadter

Hamiltonian

In this appendix, we calculate the field dependent ground state energy per site,
egla], of the SDW Hamiltonian given in Eq. (5.10) using a Bogoliubov transfor-
mation to find magnetization, M, as a function of magnetic field, a. We recall the

Hamiltonian H as follows:

g :Z{—tzz [ 2miory®8 gt br+50+hc]

o recA ¢

+Um,n (Zb Am Za”aw>} (B.1)

reB3 reA

Here, a} ,(dro) and ZA)I,U(Z;M) are actual electron creation (annihilation) operators at
site r with spin ¢(=t,J) on A and B sublattice, respectively. Using the convention
developed in Appendix A for square lattice [see Fig. A.1], the Hamiltonian H in
Eq. (B.1) becomes,

Ly Lo

:_tzzz [{ 2mien gt (m, n)b, (m,n)—i—h.c.}

m=1n=1 o

+ {e‘hmn al (m,n)b,(m —1,n) + h.c.}

+ {dT(m,n) (i)a(m— Ln—1)+b,(m,n+ 1)) +h.c.}]

+Umgn, Z Z Z [ n)a,(m,n) — bl (m,n)b, (m,n)} (B.2)

m=1n=1 o
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Since, Eq. (B.2) is translationally invariant along m, so we define a Fourier trans-

form as:

ay(m,n) = \/_Ze““m as(k1,n) (B.3a)

bo(m.m) = = 37 48 b (k) (B.3b)
k1

Using Eqgs. (B.3) in Eq. (B.2) we get the following form of H,

:—tZZZHQCOS 2mion + ki /2) af(kx, n)b, (ki )—|—h.c.}

ki n=1 o

I {(eik1/2d:r7<k17n)80(kl’n +1) 4+ e 248 (ky, )b, (ky,n — 1)> + h.c.}}

+Umsnazzz{ (k1,n)a, (ky,n) — Bg(kl,n)f)g(kl,n)} (B.4)

ki n=1 o

As described in Appendix A, we choose the magnetic field o = p/q where p and ¢
are integers, which retain the periodicity along n with ¢ sites in a unit cell. Hence,
by defining n = q(n’ — 1) + n,, where n, = 1,2,....¢ and n' = 1,2, ..., L, with

Loy = qL/2 we can also apply the following Fourier transform

a,(k1,n) = a,(ki,n';ny) Z ihala(n'=0Fnal G (k) ko3 ng) (B.ha)
2 ko

b, (ki,n) = b, (ky,n';ng) Zelkz WDt b (e, kg ng) (B.5b)
2 ko

to Eq. (B.4) and obtain,

H=—t Z Z Z {{2 cos(2miang + k1/2) af, (ky, ka; ng)b, (ki ka; ng) + h.c.}

kang=1 o

+ { (61(7—”62)&2(/{?1, k‘z; nq)?)a(kl, ]{?2; Ng + 1) + hC)

+ (g <mw%wﬁ4mwxw—1ﬂ*w>ﬂ

+Umn, Z Z Z[ (1, oy mg)aiy (o, Ko mg) — B (K, Ko ng)b, (K, k2;nq):|

k‘l k:g TLq—l o

(B.6)

We rewrite Eq. (B.6) in compact form as:

H=— tz i Z {{Ak(nq) dLJ(nq)Ekg(nq) + h.c.}

k ng=1 o
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- { (Ml ()b (g + 1) + ) + (Nl (0 (g = 1) + hoc.) }}

U, 33 3 ik ) = (s )

k ng=1 o

(B.7)

where, k = (k1, ko), A = —teil3+k) and Ak(ng) = —2tcos(2mian, + k1/2). To

diagonalize the above Eq. (B.7), we write in the Nambu basis notation as:
H=23_% Vi MV,
o k

Here, Hy, is a matrix of order 2¢ which is given below for a value of k and ¢ as:

(B.8)

A B

Hyo = (B.9)
B —-A
with A = (Umn, ), where I, is ¢ x ¢ identity matrix, and
Al M 00 A
A Ak(2) 0 A 0 0
0 AL Ax(3) A 0
B= b f‘( ) e (B.10)
0 0 Ar Ak(g—1) X
i )\k 0 0 )\l*{ Ak(q)_
However, the Nambu basis is chosen as:
Wi, = [al, (1), 4, (2), -+, al, (0), b, (1), 0, (2), -+ b, (@) (B.11)

Bogoliubov transformation

Here, we describe a Bogoliubov transformation to diagonalize, Hy,. To do so, we
define old operators in terms of new operators via a transformation (for a given k

and o) given below:

“w=3 [Ui,jaj + v”i)j} (B.12a)
j=1
b = zq: [V;ja] + U;jb} (B.12b)
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such that the new operators a;’s and Ej’s also follow the fermionic algebra. There-

fore, using the above transformation in Eq. (B.7), we get

H = ZZ@ Uher U Hicolhieo Uyl Vs (B.13)
\I/T x \Pkd
where,
i il v
Ul U, =V and U, = (B.14)
v U

with U and V are ¢ x ¢ matrices and U; ; and V; ; are their elements. We can find

relation between U and V' by using the anticommutation relations of a;’s and b;’s

as:
{401} =6, = UUT+VVI =1 (B.15)
{b;,05} =6, = V'V +UUT =1 (B.16)
{a, 0]} =0=UVT +VU" =0 (B.17)
{b,al}=0=VU +U VI =0 (B.18)
We can also write these relations in compact form:
u vi||ut vt I 0
= (B.19)

Ve ous| vt Ut 0 I
Hence, it turns out that Uy, is a unitary matrix of order 2q i.e. ukgulia = Z/{;Lauko =
I, where I is 2g-dimensional identity matrix. Finally, the demand of H is diago-

nalized in terms of the new operators, dy ,(i)’s and by »(i)’s, provides the following

condition on

UL Hy Uy, = Ex (B.20)
with
Y 0
Se=|7F (B.21)
0 —%

where, ¥ = Diaglex(1), ex(2), ex(3), - -+, ex(q)]. Hence, the diagonalized form of
H is,

=Y Y el ke (i ) = B ) 1) (B.22)

o k ng=1
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We note that ex(n,) is independent of o. Since, at half-filling in ground state of
Eq. (B.22) we have (] (ng)dy, (n,)) = 0 and (bl _(ng)by,(ng)) = 1. Therefore, we
calculate the ground state energy per site, e,[a], using Eq. (B.22) as:

9 q
el = 2373 o) 323
k ng=1
However, we can diagonalize the weak-coupling KLLM field dependent Hamilto-
nian, H, given in Eq. (5.22) by replacing Um, — (—J/4) in Eq. (B.1). Therefore,
the ground state energy per site, e,[B], is also given by

B =2 33 alng) (B.24)

k ng=1






AppendixC

Fourier Analysis

Fourier transform (FT) is a strong mathematical tool that converts a signal from
time domain to its frequency domain. In other words it a powerful method which
decomposes a function into the frequencies that constitute it. Since, it is always
possible that we can describe virtually most of the natural phenomenon through a
waveform, for example, sound waves, electromagnetic waves, and etc. Therefore,
studying F'T' becomes essential to describe many physical properties. Our imme-
diate goal is to obtain the magnetic quantum oscillations frequency by using the

Fourier transform.

Mathematically, the Fourier transform of a function f(¢) from time to frequency

domain is defined as:
f0)= [ 1) e a (RY

where f(v) is the Fourier transform of f(t), and the inverse Fourier transform is

defined in following way,

ft) = /OO f(v) e dy (C.2)

Since, the Fourier transform is a generalization of complex Fourier series, therefore,
we first discuss the Fourier series and then derive Eq. (C.1) and (C.2) in the next

section.
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C.1 Fourier Series

The Fourier series of a real function f(z) is defined as:

flz) = % + g a, cos(nx) + g by, sin(nx) (C.3)
along with the integral identities (or orthogonality conditions) as:
/7r sin(ma) sin(nz)dr = Tomun (C.4a)
/7r cos(mz) cos(nx)dr = Tmun (C.4b)
/7r sin(mx) cos(nx)der = 0 (C.4c)
/Tr sin(nx)der = 0 (C.4d)

/_7r cos(nx)dx = 0 (C.de)

s
where m,n are nonzero integer and 9,,, is the Kronecker delta function defined
below as:
1 itm=n
Omn = (C.5)
0 otherwise
It turns out that we can define the Fourier coefficient ag, a, and b, by using the

Eqgs. C.4 as:

ag = %/W f(z)dz (C.6a)
a, = %/W f(z) cos(nz)dx (C.6b)
b, = %/W f(z) sin(nz)dx (C.6¢)
We can use Euler’s equation, e’ = cosf + isinf, to extend the Fourier series

Eq. (C.3) in complex coefficient domain,

fa)= 3 cpein ©7)

n=—oo

where ¢, is a complex number and is defined as,

Crn = %/_1 f(x)e™ dx (C.8)
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(an +ib,) forn <0
= i(a, —ib,) forn>0 (C.9)
%ao forn=20

However, the orthogonality relation becomes,

/ (€™M dy = 27 S (C.10)

—Tr

Proof

To prove the Fourier transform relation, we consider a function f(t) which is pe-

riodic in the interval [—T'/2,T /2], then the Fourier series can be defined as:

)= ¢, e (C.11)
and its coefficient is,
1 [7/2 o
tn =77 / y f(t) ™t gt (C.12)
~T/2
Let us define n** frequency as
1 1
Vn:n/T:>A1/:Vn+1—un:n; —%:?
. Therefore,
f(t) = Z C, e 2minAn)t (C.13)
whereas
T/2 '
cn = Av f(t) e2minant gt (C.14)
—T/2

By putting ¢, in f(t) equation and then taking limit 7" — oo the discrete sum
becomes integral and with Av — dv, nAv — v we arrive at the final form of

Fourier transform,

fv) = /_ ) e gy (C.15)

and its inverse transform is

f(t) = /_OO f(v) e ™ duy (C.16)
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C.2 Discrete Fourier Transform

The continuous Fourier transform is relevant for well defined analytical functions
that are doable by hand. However, to analyze the simulation or experimental data
on digital computers, it is necessary to replace the continuum values to a set of
discrete values. In order to do that, the integration is replaced by summation and
the continuous Fourier transform becomes the discrete Fourier transform. Below
we follow the steps of Arfken and Weber given in Ref. [98].

For the time interval (0,7"), we consider N discrete values of ¢ as,

N
and the corresponding functions are f(to), f(t1), f(t2),..., f(tn—1). Then, from
Eq. (C.15), we get

k=0,1,2,...N —1 (C.17)

1 — 2mivty
flv) = N kg F(ty) Xt (C.18)

In principle, we can calculate the above Fourier transform for any value of v. Since,
we are providing N data points as a input therefore only the final N output data
points will be physically relevant. So, we define N values in v-space as:

up:% p=012 .. N—1. (C.19)

Hence, the discrete Fourier transform is given as:
| Nl
Fp) = —== Y ft) et (C.20)
NS
and its inverse Fourier transform is defined as:

o) = S Fluy) e 2t (C.21)

We can also write Eq. (C.20) in matrix form given below

foe) | (11 1 11 F(to)
Fn) LW W WE L WL A
f(VQ) _ 1 W2 W4 W6 WN_2 f(tg) (022)
f(V3) 1 w3 we w? . WA f(tg)

f(VN71> 1 WhN-1 WwhN=2 wnN=3 | w f(thl)
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with, W = 27/,

C.2.1 Limitations

The discrete Fourier transformation is a standard method to analyze any wave-
form, but it also has limitations when we apply Egs. (C.20) and (C.21) to phys-
ical systems. For example, when N is small the physical interpretation of the
Fourier transformed data and the limit f(v,) — f(v) becomes quite difficult to ex-
plain. Therefore, to avoid the trouble we can take the most essential precaution by
choosing N sufficiently large. We illustrate this point by choosing an appropriate

example given below.

Example(1):

We consider a simple function f(t) = cos(2nt) of length, 7" = 1 and N = 4

particular points as:

KTk
t, = —=—_ k=0.1.2 .2
k N 47 Oa ) 73 (C 3)

then the f(t;) can be represented by a four-component vector
and the corresponding frequencies are given by equation

Vp:%:p p=0,1,23. (C.25)

Clearly the function, cos(27t), only corresponds to the frequency component p = 1.

By solving
[ F(1)] 101 1 1] 1]
1 -1 —i 0
f(n) _ 1 L v (C.26)
f)| 201 -1 1 =1 |-1
| f(vs)) 1 =i -1 4| [ 0]
we get

f(v,) =(0,1,0,1) (C.27)
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We can use the inverse Fourier transform of Eq. (C.21) to obtain our original

function

fty) = e @™k 4 o 2mh (C.28)
Rf(ty) = cos(2mty) + cos(2m3ty) (C.29)

But, we get one extra wave-function of frequency, v = 3, other than actual v = 1.
Hence, cos(27ty) and cos(273t)) mimic each other because of limited number of
data points or a particular choice to data points. In literature, it is known as

aliasing. The results are plotted in Fig. C.1.

()

Ik
1.0F — & ' N
_05F .
= 0.0 °
=1
-0.5F .
—l.O'I 1 1 1 1 1 r
00 05 10 15 20 25 3.0
Vp
I.OJ 1 1 1 1 1 N
= 05F B
>Q<
= 00p ® ® L |
E st |
—I.O'I 1 1 1 1 1 r
00 05 10 15 20 25 3.0

Vp

Figure C.1: The function, f(t) = cos(2nt) and its Fourier transform, f(v,). We can see

the error frequency v = 3 in the middle plot which have non-zero amplitude.
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C.3 Fourier Transform Using Mathematica

In this section we describe here how to perform Fourier analysis in Mathematica.
We can find the Mathematica expression of the discrete Fourier transform (or
inverse) by performing a minor change in Eq. (C.20) and (C.21) as:

KT (k—1)T
N N

p_p-1
th and v, = 7= 7 (C.30)
where p,k = 1,2,..., N. We can see that in Mathematica the zero frequency

correspond to p = 1. Then

N
Flop) = <= D fl1) etnio b= (©31)

k=1
The above expression is used to calculate the discrete Fourier transform. Its inverse

Fourier transform is given by

N
F(t) = \/LN S Fvy) 2= D-1/N (C.32)

Below we describe how to perform Fourier analysis in Mathematica. The Mathe-
matica uses Fourier function to find the discrete Fourier transform of any equally

spaced data.

Example(2):

In this example we consider a simple function f(t) = cos(27t) of Length, T' = 4
and N = 100 equally spaced data points.

Some Important Steps:

« Make a data file (say, source) and save the function value f(t;) = cos(2mty)
in it for the discrete value t, = %, k=1,2,..., N using Table command as:

source = Table[f(tx), {k,1, N}]

o Apply Fourier command on source to calculate Fourier transform (named as
FTvalues). Since, f(v,) is complex valued function therefore after applying
Fourier we get a set of complex numbers. We find Fourier amplitude (or
intensity) by also applying absolute command Abs.

FTvalues = Abs|[Fourier|sourcel]
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o The corresponding frequencies are calculated using the formula:

pum— = __1 2 . N
Vp T N x 2t7 b g Hy ey

since, At =ty —tx, = T/N. We call this data file ‘freq’ which is given as:
freq=Table[v,, {p,1,N}]|

o At last we combine frequency data (‘freq’) to Fourier transform data (‘F7T-

values’) as:

FTvalues=Tablel{ freq[[i]], FTvalues|[i]]}, {i,1,Length[FTvalues]}]

Through this procedures we find the Fourier transform of the function f(t) taken

in example(2) [See Fig. C.2].

LOF o 7 U, U, T, '-
0'5 - . . o . o . o . .
0.0 o L] o L] o L]

f(t)

-0.5F *

.
-1.0m . - 1 . - 1 . - . ~ A

f(vp)
S

3+ .

Pl PP IS I P P P S e |

0 2 4 6 10 12 14 16 18 20 22 24

Vp

-6

Figure C.2: The function, f(t) = cos(2nt) of the example and its Fourier transform. We
can see the Fourier transform correctly determines the function frequency, v = 1. The
other frequency around v = 24 is a mimic of v = 1 because the Fourier transform also

calculates for negative frequency [see Eq. (C.31)].
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