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Xctelllgace [49] lea mealliagleea co~cept .ta e4 ot 

itael~· It re,.t~:ee a fJ:arae ot roteence, a spec1tioati·Oli ot 

a 4anata Of tb.Ottttb.t 8114 aot&oa1 1a ol!de~ to make lt meanlas

tu1. ••• the quest~. Oil ar1see •ue 'we 1DteUi.geat aetgh to 

u4e»etan4 .tntel.U,gsee?* on appnach to eaawe~: tld.e quest1on 

:ls "Aet1tlol.al. lDtelUgeaoe•. the tleld ot compute~ science 

tbe.t et\141ee b.o• machine oaa be made to act iotelltcmt17·• 

A~t1~10ial .lDtelllgence is the ab111't7 of the macbiao t.o 4o 

tbicga that people wCJia14 ear·tt J:e(J,\ll.~es ln.te111g.erure. 

A~i~iolal latel.Ugmee .:eeeai.'Oh le aa o.tttept to 41scov.z 

an4 4eeodbe aopect · o~ hwna:n iatelU.asee that caa be eira'41Ate4 

bJ mach1tUJth .At preeeat there are maohineo that OBll 40 mang 

thins•• Po-. example• 

,· 

(a) Pla7 goaes· ot etJ:ateg ( •·•·• Chess, Checkers) aut 

(&a Oheokere) l.eam to plaJ' better 'ttuaa people. 

(b) Leas to ~eoosntee vteaeJ. OJ! au.d.ltor7 patteae. 

(o) 1'1ml pJ:OOt tb math•att.oal tb.eoreme. 

(4) solve oatata, 'ftll-tomulate4 kind •t p~lema. 
(e) lJJOce.es 1ato.rmatton tucpzeaeed J.a humaa laaguage. 
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·the eatnt to wlUch maohiae 0811 4o these thinsa 

1a4epentlea:U7 is s·tU1 1lmltecl. 

. . 
Jlow the qttesttoa ad.ses •oaa a ma.ohille 'hlakt" [4SJ 

"Bo • lf one 4ettaeo thlllkS.ac as u aott'V1t7 

PeMNllul7 and oaclustvel.J' h'Woaa. .&uv euoh 

))&haVl<IU: f.D m&chifte., theretOil'Gt VOG14 haft 
I • 

to 'be call.e4 ·thinld.q like bebavlou:. 

flO • if oae poetttla'\es that tll~n los aGiletbing 

,4ft .,the eeemoe of th1rlltlng which As ineowta.ble, 

mreteri.Cftle. mrettoal. 

Yea .. it one e4mits that: •he q;aesu on ~e. to be 

aaevel'!etl ,])y eQorlence an4 obeer'ft\'t1on, oompe.Mns 

the bebav.t.W..~,t ot tbe oompute~ with thBt ot human 

. bel.o.ge to wbteh the tel'm •thlrlldtastt ts generaU)' 

applied• • 

. Ilea ~ qaestloa uieee· what 1e meaat br JI.Wnaa 

bteU1saoe end what is the 41t:terenoe between muaa arut 
. . 

utitt.cial Intell.tgeue? Aooftdiag to s. Watanabe [41J t 

"AJ:ttt1eia1 la.telliB«lOO t\tactione kl teae 



' 
Of e.bet~:aot a,mlu~l aa4 lmmaa iatelUgeDOe 

haOtlODs la teJ:mG Ot pua4lfJ!UiltlO SJID)Ol. 

A p82&4if:pat1o .eJtra'bOl .t.s a pe.nioula ebjeot, 

on tbe m•tel :rep.eaeatat1oa the.-eot, eapeble 

ot evotd.Ds a trhole ret fl.eJtible fie14-ob.,eotrh 

lt ie not an Ob 3eot qua ob 3ect bu't object qua 

apat Of eUo1 tat&!•• ~hlrlktng ill ttU.'ms Of 

pamilpatto e)'Jil'iole aeeds no addl:tional. mlea 

et bte»:pbt$.t1on, While ta.tftltl.ng a tems ot 

abatact spbol wcpt»es aa aaoc ftl.e ot 

lnt&2PJ:etatlota to have BllJ' relaUoa with actual 

beliaW..oaral. Opezatton. PancU.patS.c .GJ'DlbOle JJa•e 

theb place la the Ute o~.t.ented lfttenal \'alue 

etzacw.re, Whil·e abstrac' sJmbOl baa ao J:elatlon 

with value. Abetzaot S)'lribols carmot make s.nauotlw 

lat.e~renoe wo~k w1 thwt human wozk". 

Bv14nce con.oenlas ·~mmaa J.ateWgaoe ean be obta1fte4 

t'~:Ota JDaJor eoazcesa • 

(a) Bator,. 

(t)) IDtrospeot10Jl 

( o) social ScteltOee 

(4) Blolog1cal Sciences. 



Beat we· 1411 Alsouea what a:e the Umlts ot 

Art!ttcial lo.tents••• ••search. Acco»tt.ag to .&met: UJ • 

•.zt ta sti.l.l. t.~:Jre:Levaat whether o~: uot there 

_ aav eat at some upJe,.'bou.a4 one t.hioh me.ohi.De 

OQI'lnot 1!/1 Ia this catiJlllam• Even U eu.ch a 

1';CJan4Aq ealet., tb.eze ia DO eY14eoe that 1 t 18 

loeated olosa to the podtiOD ooonple4 by 'oaar• a 

maohiaa"• 

• •• • ... Jf etllle1'.te47 a.eke tbe ~e-.iever whether he 

'bellevea tl:ta.t · computezos wUJ. be 11D&ble to pel!fom 

oezotaiainteWgeat bebav1oe» ot Uioh hllmaft a~e 

·capable, . the eaewer Wul. bo • ree•, ,rovi4e4 

.a.pproprlate detlttitiOll are siYCD to the ·tema 

oGmptez: and inteU1seat ••••••• •. 

Ia 1919 B.L. »rertua publlebe4 a boOk what. compute~s 

canaot Ao. 1ft this boOk he 41aouase4 the ltm1t f:d: Aniticte.l 

.latelllcence. 

llr&Jfuo• e two am30ll'. e~eawneato e.ca!Det; • optlmS.atlo 

-.lev on Artiftqf.al lntellleenee are - (a) tailu~e ot A~tittolal 

late111g~ee 4u2:!1.1¥J tae p·e:J:lOll 19S?-..t9&1 to aohl.cn the 1titial 



P.isee. aucl 4umg the· ;ped.od tt?2-1911 taebtg the p.Oblam 
' . 

or kaowletice ze,~eeatati-. (b) aoas asswnptlcms uncle•lJlng, 

the O,timletio view •t A:J:~t1f1c1al lft.tOlllsenoe. 

, Jle EtJPlaiaS 'the J:MsCb *'whU in the face Of inoreaet.q 

ii~riO'tll.tiea, the wodters in kt1f1c1al lntelUaenoe show suob 

_, ut~:«tble4 oent14ence* •· It&J • Be mentioJW fCI'tlr bae.t.o 
ad8llmpt1orul (D10lOelOal aasun~ptien, Pe:rohologlaal asmami;r\lon, 

B;iatemolosica1 aeswnpt:t.on: ancl OfttoloSloal asSWilption) uttdeltl.Jiq 

vazoiGUs attempts t~s Artit1o1e.1 Jatel.Ugace .Q.tl4 retutee 

than on.e b7 ortfh. · Be oftus aft altei.!aa't1.ve W.ew base oa 
' ; •' 

"PheJlOJaenolog•. _tllea he men<eions three ma~Ol: aspects ot 

aU 1nteU:1acmt: .beka'Vl<MJ: ( tbe rOle e-t b oty All. oesantaltis an4 

lild.tJ'las •• e~edG"Aoe· ol'. Objects, the rol.e ot the • d. tuats.on•· 

ie JZ:OV14ias a l:JaokpOU.ni a,aiAs't Vhteb belltl.-otcu ean bo 

OJ:deJ:l,- 111 thO\lt l»eiag ale-Uke. and the J:Ole et lmtAt.m pUQ086 

a4 aee4a that ue reoOSD1aG4 as :r:ele~t ana aoceasib·le) tbat 

~e .ewealet ,,. , 1;he phenomenological v1Gw· potnt. 

I.et •• come to the clasaif1cat1on ot A%Ut1o1al. 

lntelligcmco.. 812! James LS.gllthtU ( t91') o1ass4~1ed Anlttcial 

IDteWseuoo aot1vt,ies la'o tuee 'ca-togoriea C1 tJ • 

QAllatu . .A· · 
Stu41DB to» a4'\'&tloe4 aute:mat:l. Ol'l, ill tthtoh categGJ:J" 



he placel Optical. eha:.mmte~ reeo,nitioa, &\ltomatic 

·tbeo~ p~:owtns; 1ateaenoe and. ohemleel etncture 

fz;Gm mass speotaetJ!J' anci otber data, maohtae 

traruslatia; p2:0au.ct sip ad aee&J!lb17.t pr-.lem · 

sol'riflSt 4eolsloa uld.ns etc. 

Ga1ftsta·l· 
Bu114lns ~:obote • mimie.kiag eome speoAaJ. tu.otloa 

tbat ue hlshlr ••eloped. b. maa, ere-:btm4 co..ord.lftate, 

use of rsata.t l .... age, •cemm• eenee• pzObl• eOl.viag

withlrl fiOlDe 1lmlte4 uuvaee ot 4i.eooo.ree ROb aa aome.e 

u4 JUtuml•· 

SltliS!U 0 

OCIIDpute~: 'based oa tJ:al. nen011a qetem (OBI) 

zeeearell uoludlag wu•s parts ot as, sOeae eaalJ'ele, 

memorr, btol.ostce.l basis ot l.euof.Ds• pqoholinguietice 

etc. 

Be ~eeaz4a pzopess ill A ail4 o ae elow but 4etW te,. 

bu.t B hae no t-pba ma~o&- or miaor to show tor 1t. FQJ:tb.e~ 

he ho14e tbat work &a A, e4 o is mOH 4efas1ble ~eorA the 'flew 
tcd.Dts ot 1te owa stated Objeots.ve•• but thtDke that aotl'Vltr 

I.D B will tmtl off to Jl.Othlq 4u.e te lack ot success. 



Be• ·w ue nlr ~ooueaea wi:th autOtaatie tlleOt:em 

:pJ:O'd.D&• atOJaUo t!t.901:6111 p~:ovs.q te aa .impO»tut 81bjeot 

b. AJ::tificial late1118e=•• It llaa lollS mea• e amld.tton to 

tkt4 _a a-eJ:Sl. 4ecleioa pJ:OOe.s.us:e to p~:ove theo.-e. this 

4esl:t:e ol.earl., 4atee back to J.elbda (tG4&-t?t6)J it vaa 

zoGYlvecl bJ Jeaao uou.4 tbe tun of the oatur u.a •r 
Bu'be~:t• a aohoOl 10 t920S• A ••rv 1mpoJ.'tQnt theeem wae . 

. . . . \ . 

p~ove4 ,,. BenJ:atl4 ia t9,0J h.e proposed. e aeohard.oet aethoel 

'to pzove theo~•••- Unto~natel~., hts m•thod wae Vf1#F -U~tin.l 1l 

to applJ't · aaca .l.t was elft~emelJ' ti!D.e eonon.mins tO OUJ:J" Ot1t 

'br baaa• 'R'b. the ·~•mtien ·ot dia11&1 computeJI.s loatos.ue 

J:eflf4ae4 S.ntaeat ta meobQaloal. theoran provtas. lJl tgSO, . . 

Renamt•s pnoecm~e vae 1mpiemeate4 'bJ Ollmo~e • a 4igt.te:L 

cU'ImJUtt~, followed $hOJ:tlJ' 'b7 a moe ettlctent p -.u:etu~:e 

pwepoae4 br Da:tte aa4 hitnat~h _ 

A aa~tm -realt tuou.p 1n aatomat.tc 'll•OJ:em p:r:ovi.ftg wae 

made l>g ·J.A. Ro'blaaoa ia 't65J he 4evelo,e4 a elD.gle t.ateJ:eno• 

ftle, the ateeolutlon pd.noip1e• Whl.ch wae ahOVD to be biflblJ' 

e~l'lolf'.m.t an4 1181!'3' easuv i!llp1GD.ente4 a compu tee. Slao,e thea, 

l\ar1J' iapzoY81Hmto ot the reao1u~1oa pri.Do1ple have l>eea raa&e. 

Automatic tb.eo~en pzovtog baa been applied to mug ueaa, soh 

aa p~tosaun uG.lrsie, p~osram sJD;thesie. 4eduot1ve question-. -
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. -~ &J'etome; p»oblem•eol.vias Q7etem U4 J!'Ob·ot tecbaolog. 

tb.e mucb• of applioatton keeps fP'OwiD&• 

In •• 4tese~tation we are oonoened with automatlo 

theerem p:roriq. th.ee ~• ·we ·app~oaolute to automatet thenan 

pd'ttfta those are proot fiadj.ag ar.l4 ooaaeqpeaoe findiDfl• A 

pe·oot tt•ting pdpam attelipte to .ftncl a pzoot ~- a eeztat.a 

s&va theOJ:aa. A consefi,Uence .tiading pt:!Op&m ts 81 ven some 

· ul.mu.t erul thea tz.les 1r0 cled.lloe ••seqttenoee fz• the tUrtuae 

uc1 to aelect 'utea:estlas• ooru1ettUcoee. 

We ha¥e discussed Jresoluticm p~1D01p.le anA alSO 

atOI!l$tic theo.em p1:~ WbJ.oh · i:achtlea Aea•naolution theoftlll 

prOV1ns la Chapte» :x:. 

Ia Obaptez III we· ba:te genem11se4 the Umit heurtetto 

u.4 ••• ethel:· concepts Ok Bl.edsoe et a.l. t:?l ·ao that it 

8:rtabl.es tO B1VEt -the prOOf Of l1tb1t theO.:tems laf UsiDg reeoluti0!1 

·8114 llOD:•reeolutton prinotple. 

lo Gba,pter IV we ave 4iaouese4 .aboa.t ~Qnplete1r 

aoa-oJ.auaal theorem poftr!s [29J u.4 applie4 abetn.ctlOA 
,. 
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AtttOJD.et1c tbeorem provtng was bon. £ta the _earlr 

ttJ()e wf.th tlle wod! ot He:lb~~U4,; & tMt approaoh, 1Gatea4 

~ PitOftrl$ a texmula Yal.id,. he pr&Ve4 that tiQptiC of the 

to.rmu.l.e. .ae 1n¢O!atd.ateJtt1 . tnitt thts approach 4i4 !)Ot set ~-em 

bt"reet uatll .ld.p epee4 4$1gttal. compu<t;ee were 4evelo_pect. 

Ba:r:lte •• b7 Newell, Simon,. Shaw ut Geleate~ t.a tu 
te14d:le ~4 late ttiOe Glllpbasiaed the ba~lat.t.c app!:oa.eb, but 

the Rlftllt eoon dlt.ttett to vutons GJ'ft,aO'tic methode ou1Pilaattos . 

1.11 a luse effort on resolu.tt.on tJJ)e GJ'Ste&t\ in the ·last halt of 

ttSOe• lt vas aboat tt?o whea conet4erable 1nt~.mest wae revlve4 

ill bWJ:ist1c methode tUld the use u 1'11u:1'181l 1\tpplJ.ed., 4omatn 

4epeD,d.eat, tmowledse• 

Jiret we will. 4ueou.eo those attcrte 1D automatic 

theorem p»ov1Q, duftllg the past few rears emphaslad oa 

:r:eeolUt!oa, ad. th$n ·~ wU1 so to the teohfttques irl aut0l'lat1c 

theonm p~:o'Vir.ag othe tka nsol'tltloa. 

Jler'bnd meth04 req,U.re4 to ·snerate a veQ luge 

aum'u ot p0lla4 olaasea, it i.e abtmAODed 1n !'avo.~: ot two 



to 

alteraatlft 6.Jpl:oaoluta. . One ot these appne.ehee is Bo~iasOJt' a 

2eaolu.Uon prlne1ple (411 ... Wlle other is to use •• 14ea 
. . . 

pz:opose4 ,,. Pn.trlts .[J91 40J .• F• the last .4eoe.cle, the 

J:eaolutiO. pJ:lac:f.ple he.a eM most cr the at'leaUon ot 

zaeaeaJ:CheJ!e1. •• hae . 'beea pla7tns a 4omin.ut 1101e .1a . th• 
' 

field.. Oomparetl to tteoolutl·on1 P•a.wt tz • s 14ea 1 s J:e1a11 ve17 

ueaplo~ea~ 

'•'• GilmOre (t!J.60), B. waDs (t961) ae,weU ae 11. DaVie 

a4 ·a. htam ( 1900) • ar:e emoag those wbo pr:ogeammect a eomputeJt 
' . 

to ftni p~•ote j.n tiaaat b4es: pJ:ectt.oate. ca1ou11Uh 

EeenUaUg aat Jla'fis an4 h<t:&am 414 ..,..& the 

tOlloVlq 1.4eaar 

(a) ·A tornmla ot th-e ttrst or4el! losLo can be 

tft.r&efoJ:me4 tato a p.c~nex aot:mal torm where the 

matrix coa1;akls no qu.aat!.f1ers and the pretiz ia 

.f\ sequence ot <f.\l&&ttt1e:ea. 

(b) !be me.us-, s1uoe .l t 4oea not cODta!a q\laD.tiflera, 

cu. be tJ:anetened. it\ to a ooajuctlve normal. loa.· 
(o) tff:tbout etfectiDB the ~orte1steno, pJ:ope:r:tg, the· 

cnd.~ .. tial ~ntS.t1ere ta the pl!efl• Gall bt 

t1:lmtaated t~r aolem tanouon. 



'' 
After tbeee p2t'Op&ms bad beell Wld.ttea,, I.A. B.ObiltaOA 

de'MlO,e4 a Werenoe wle ·wbloh he oalle eesOlutt.on 

paDOlJle.• B•shlr speatti.Ds, tb.e neolut1oa p:zmotple c&mve 

the most seaonl posaible ccmclue1e ftom two g1wa etateaeatet 

the oo:ael.ust.on anA the two statements paaallJ' ooataUe 

vadal>les. We trill now eive a pJ!Oeeos to iatew a new el.auee 

fl:cm ~wo Otha o1auaea ( oall.e4 p~ent olEDaoea) • J;et llit) 

aac1 £•.) be the pueat olav.eee aaa asatme that 'faJ1ia'bles 

000\l&l.ag .&a tllil 4oaot OCGllZ iD tLtJ • _!let \_11} ea4 {.IIJ} 

ae two eulleete ot £!.;J · 84 tm1) Jh't$JGCU vel7 •• that a 

most caDe&'al •Dlfl a eda\e .for the set tNla.1 V t mtJ •. 
Wboa ve ear that the \WO olrmaee tt.11 .Gild. fR11 ••aol•e, ami 

tb.e new olase 

tbe J:eaol•a:t is u lllfenet cla.se, $D4 the poceee 

ot tembs a •ecol\tent t~ca two "Pue!lt" clause is oaU.s a 

:.:eooluts.on. !*or t'DtheJ: stGcl7 on resolution principle $88 rt 91 -

ao.as,a?,JJ,4JJ • 

J.A. lo'blaeon vaa ~e t.Uet to paw tbt 1be 
a:eaolation p~iDolp.te is etteotive ana aorml., u4 te pr~ot 

tlr.lUq, le oomplete. a. liee ( tt,?) wu the t:b:at to peove 



ta 

tJ:t.at •eeolutt.• is oom,lete ~or oonaequ.enoe :ft.nifAS• lliat 

the waolutloa pdacJ.ple la etfeetlve means that one oan 

Wd.tc;) a O<Elp;ttet: p~:osnm, vhlch, :la a fidto aumbcea ot eteps, 

wlU fil'14: the taoto»e ot aag claas$ F.l'l4 the :eeaolvents ot ear 
.wo. olaueee. that ·•• »esoluticm pz:lnciple le~ ootm4 meMs 

tlla't a el.aU.ee losieall.yimpllee eaeh ot ita tactOJ:a atl4 that 

two elaueea. tatea togetheJ:.1 t.oetoaur .imp1y each ot theu 

aeolveate. tho reeo1at1on pd.actple ls· complete IOJ: proof 
.. ~ . : 

timlias la the sense of the f'ellovlDg · tb.eoJ:emt ti:est p~ect 

1Jr I.A. RobbeOD [4tJ : 

II a Ardte set ot o1cmaee tlr&satletlablet the 

a oODt.UO'ftloa oaa. ·be t0\1114 in a tiftl te aumber 

ot appUoatloa.a afte): roaolUUon pdaolple. 

the a:eeolu tt oa pc:iaeiple 1s complete toz cor.u:setuertce 

ttmU.aa Sa the eODse 01 the followtas theorem, tlJ:et JJ:~I 

br a. t.ce [41J 1 

~~ • Olau:oe 0 I.e a coneequeaoe ot a ttaite 

DOAeptv eet ot o1aueea. tha a clcmse 1 otm 
' 

be toucl ill a t!Dlte ~mmbu 01 &JPUOatlon. ot 
ihe zeeolQtioa prm.et,ple 8\loh that c ie aa 

&rmae&ato ooxuseq,uence or t aloae. 



,, 
seveml ~eaeadaors haY& 8fteastbeae4· .these 

theoxema bV sllowl.DtJ tba't cenata »estdote4 t01tma ot the 

:reaoluuoa p»ineitle ue auu complete. savo-.1 •aoto 

etatestee beuael oa ~esolu.Uoa techllit'les have appea2ec1. 

Of these, tho oet of appon [Jtl , b7Jeneeol\\t&OD (4aJ • 

ait eeeoluttoa Ua,tSJ aa4 puatatd.ul.atton [50] atateslea 

aee0o .to be moois aott\ble. ;ra those teohldquea pe t!Wla 

814 · I.e• [t5] • t.ovelut [Z1J 8111. Blle011• s z:ev.l.ew utiole rJ4J • 

AU. ot tb.eae stmtealee ue eaaentiaUr a1god thl!la 

fozo ·sbarltla •• uaaUsftab111tT ot a atateraeat s eap•esse4 

lD the fiut ~e1: pretU.cate cal.ftl-.a. 8 ta aoa.nall.J' tozmed 

as the cteaial tbat 'the 'theoeem to be pJ:Oved. tollovs fzom. a 

Siftll ae' ot ad.caa. Itt moat cases._.- Bezbnad. ualYcse ot 
s le intlld:ta. lOll the· aJ.cOa tbza meatione4 at.O.&,. this tact 

la a ma.3or oause ot tatlve to pzove tb.ecn:ee u eva m~eate 
ocap1eldt7• aoee A• O..ezbeok £'51 pJ:Opcusea aa a160ftthm wld..oh 

haa been used wcoeasf'UllJ' to pav~ theorems of mod.eJ:ate 

4Utlnltr. ~he baas.o teoblli.,e is to generate bca a slftil 
' . ' 

otat.eaeat s a aequ.ace of atatemeate s0, s1, Sat ••••••••••• -. th 

tllo following prOperitea: 

(a) If tllue_ exiats a l 'QtlCh that s1 ia uaaattstia'ble, 

· ttac s is usattatta'ble. 



: 

(b) lt _s is ~aatld'lab1e, then ·the»·& edst ani, 

aoh tot s1 la ·uaattefieble. 

( o) ~- aU t tlte aewrau utverae of s1 is flalte. 

Beaoe, tot: each 1 the satieftabW tr ot s1 .I.e 

~eol4ab1e· 

Oae oau thea generate •weestve elemeats ot the 

eequ.eaoe s, teaUag eaeb. olaeat fez aatisliability. BJ' 

applJlrJC t!d.e alSOJtltbm he pMVee the toU.Old.ft« theorem& 

~et e be a B:r!OiiJ auob that z•' • a2 te: ~11 • o •. 

. It b ls 4ettne4 as .b(s,r) = .,..:t,-.t, then 't-all 

••»" (; G, h(lt(a,r);r)· • fi the' i4entlt.r). 

geaeJ:ali8•4 »esOlutloa p~:la.clp1e ot, theozen JZ't'ftrtg Which 

peaite tbe hlemeo.blca1 OJ:sa;aleatl·a vltbia the theore 

pJ:ovtJ:. tie aene~satloa OOl:H!JPOD4a to aa ezteastoa of 

the uaaa1 ultloatl ca pftOe«u~:e. this gerte.Ueotloa pemt te · 

ua t·o uee merabera ot a epe<U.f1e4 set v o~ clauses ae mlea 

ot btenuo raib:c than ·Claueea ~o be tot.- tomh · Be 

.. \iesor&be two tJPea of J!$SOiut1 Oll V•~t-J!esolu.U oa aa4 

tf~·B-~eeoiuttoa. we wiU 4.tscuas those two trpos ot 

seaerallae& ~eeOlutlon. 
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Ooaei4er two olwee Q. e4 R of Ute torm 

:A tr tL<-.•aa•~· •••••• ·~>1 Ql'lt a v t:•·(Ft•J2, ........ ··~"m>l· 
atppoae cl.auee o of the tem .D \J [t(w1, • • .' •• v1)}V tl(et• • ·•'\a)} 

, ' 
ou be 1Dier~:e4 trom a set of O].auae v, aa.4 there is a most 

ceaera1'~1tarttjGaa ttaUieli1 A. ot •he p~za <;,.v1), . 
. ' 

is a blur, v-aerun:a11ze4-reeo1vat of G u4 a.· we Wi.U 

J!ete~ to clause· Q as ~e uti'~ oltma;e and to the .L aD4 Jl 

UteJ:ala of C Gs tue :U.Dktbg literals. Fwrthe:tmcme, J.~ 
. , 

clause c• ot iibe tom t(w1 •.••• w1) can be 1nfe»re4 from v. atlC1 

tllere ts U lll&a:l A Of the pdz; ( 2i, t ·~.> t ia1 t • • .1 then the 

clause 

~ ~ 

V-.g.reeolution is scmewhat s:Lmtlar to D1aon• a 



3-:r:eselu tiort (t ?] • oveve~: Z.reeoluti on attempt& to ulfJ 

two 1lteals uslDg a - hset z <rt clauses, but ooastblns the 
. . 

pJ:oot ot eqo.ift.lenoe · o hvolve ao more than two :r:esolutton. 

hJ:theaCD:e• the Olav. .es 1ft Z ·must OOll'ta&n exaotl.r two 11 ter:als 

eaeh. aa4 a:ce eoast~al~~d so that no 1'aJ:S.ab1e OCOIZ'e more than 

onoe 1a each .llteftl, b4 :r:esolutlon betweea twe olauses o.f Z 

glYea .e. tautolO§• 

Ccms14er two clauses G ancl a ot the toa 

A V ft.(~., ••.• x1)J . aD4 a V . tl'(,-1,. •·• .v1)} ~ S\lppoae olause 

D1 U i•t•~\ can be tat erred f'Jtom the set u ··f>f Olat see such 

that there is ail mgSll ,:\ ot the pairs (~•-•t> al14 (7t.•S5s.>• then 

the olo.uae 

The most eimllaJ: app110ach to V•e-pr$e01utton "poz:te4 

in the Ute:eeture 1n Ross.• a B-reaolat10D I28J • flte matn 

4ltfereace apptaz:e to be that E-:r:esol.ut1on ,:,1fises aD7 clause 
'.J-· 

to p~ove te11ms etualt ustag param041Jl.at1on into one unt11 the 

oth•J: ls obta1B~:ut. In U'l!'loe-g.resolut1on ·Oill7 clauses S.n u lUted 

to be used, 8D.4 the~:e ta ao put10\ll.ar commt:tmer&t to· 

pa.ramOdulatioa. 



,, 
some o't t'be moat U.tel'eetlag ani potmtW asetul. 

i4ea '*' zoaolatlOll baoeci, 8\ltamatGI theeem p»O'fbs va.e 

appea•e4 we~e ttolated to taput ·aacl \Ud.t ~etutaUrlll• t• aa 

iaput ~:et\liattoa ot a set s ot olat&see, oae puent ot f!i'MJ!8 

eeso1Yem:t ia a neelvent .I.e e Olauee £a s, whette aa la a alt 

r.efu.tattoa. oae panat is a wd.t l•••• a eiause with at oae 
litenl. Obaq Lt 2, tSJ bas shOWil that a aet a· batt a 1.111it 

•etutatia (t.;r r:esoblt1oa ea4 taetoaas) ilt it hae aa !apt 

refutation• l-ate.: [21J it •• ehom tbat aa uoaU.etiable set 

s 1a 141ic.tb. eaoh clause baa at most <m.o positive Uteal 1·••• 
. ' 

a Hon. aet. hae a \Ud.t e4 hence aa laput retuta:t;l.oJh .ruthez

m,.e heha.oJr fiG] he.e ellOWD tbat ~oa Boa set, Ublt u4 l.a~ut 

•etu.tatten ·caa be fUrtheJ: ~estricted, to becee th.e eo.caJ.le\1. 
~ 

. erm-~etutat1on~-1ectf.ve poattlve walt) ... ~aetutatt.cm. -. . 
. . . 

(ee1eot1ve nepttve Uaoae),; ~eQ.Pectl'ftlF• ·.xa a SIU•J:efttatloa 

·eaoh Clause le oueza4 'vitb the poalts.ve litenl, 1t thae is 

· one, on tb-e atlgh'C, ani zesolu.ttoa it;! ·pem1t'eci oalc, when OllO 

pueat .t.e a pOslti'fe \Ud.t aa4 only olie the leftm.oat lltenl. 

ot each o1au.ee. Ia ae sm:..~:ettltati.oa each oltmee t.e aimU.lr 

oJ:denA, .eaoluti-. ·•• peattte4 oal7 ~ cme pqat la aa &a»ttt 

olaDae an4 the othet: puent .le the :rosalt ·Of the p~:errtoaa 

reaoluuon, tbe •• lrAput par- set be nega.Uve, u.d. 1n tbla 
' 

p~eat it is eal7 the l~taoet Ut~l'&l· wbleh o,_ be ~eeolvea 
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upa. ~thea02:&t la. the res01'9'cmt, the tu;,.ative lltenla 

ot the tapd parcmt it M.J; ta:lu» tbe plate ot the lite~:a1 

eeeol'Vet upoa ia the Begatlva paJ:e.Bt,. Xt cu ~~alto be . 

ebOWD tut oo tao,o:dq ls aec&eliB'I'I' tD these .J:eta.tatlOlh 

~bee a:ee mallJ theozeme, whose elaueo fOJUUlaUoa 

· WlU not tJe a aoa set. ID tg?' e.a. Jetel!sOD. rJ?l e.,.eus 

tile P""loae reslt ia a aat-.J.'Bl wa7 to a:q uneatietta'b1e 

set Of olauae.rh 

inapphs oauea G.betmot!o1h wuse t\uictio.o map a set s ot 

•·34usea ato a posalblF simpler set. f of cltmeeu aleo 
' 

~esol\ttiOl' p~:oofo t2• 8 map oato posatblJ' e1mp1o» naolution 
- -

prooto teem ~. Ja ·OJ:Clerr to eeu-ob. lOa' a pnot of a 018.\im.t 0 

trcm s. l t euttt.eea to search· to• a p2:oot from t and attampt 

·to invert the abatraotloa m~ppillg to Obtain. a p~oot ·ot o Cca 

a. F12:st b.e ;,a:eaeate • .illoomplete tb.euem po'V"b.g atntesr 
base& oa abstracuoae. this stJ:a·tesr eu p14e the eeazoh to;: 

a pzoor ot a puis.cala~ eoaaetfu•ce ot a aet· ot c1aueea, aa 

veU aa sul41as the search· s~ a proo~ tbat a eet ot clauses 

is inCODalstent. AtteJ: tllatt lafeMD.oe bleB related 'tO 

eeeoJ.v.tioa 81:$ 4180\\aBect ta vbicb •m.-olausea•,,, Qloh ure 

multieets ot Utuale ue &at~tc:duo.ea. that. ts• with eaeb 
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~teal ia the ~ee, a ec:nmt 1e kept ot •how manr times 

:it occu~ts• ill tb.e m-olaUse.· A •e•atcm Of •aoluti OA oe.Ue4 

m-reaOlu.tloa. ie 4e.f~. Ia adUttoa, m•abstract1ona are 

4etiaed• t!te a.4Yantaso of m-abstl$0tl0ft ,le tllat they pttesewe . . 
noli am:e , the stnotue ot a proot taat dO o~JdS.iiUF absbe.Otioa. . . ,. 

AG a OQD.eoquenoe • ._,e~e are dmple, oC~Bplete th~J:oz-em pnv1Jls 
' 

sta:atestoa ba.atd a m.a'betaottorh AlsO, t~et'e are eUa.ttslee 

that uee :e:o•e thaa one --.stuctlon~ at the eame time, All 

'he ·tm:ategt.es that a.:e bas,a4 011 m-abstractto.n are oom,lete. 

Boaa.Ae4 a-clases are 41ecuesect next. they are· m.cleueee in 

wbi.eh less .s.ntomation a1>oat the aumber of ooou~:nooes ot a 

Uteftl. S1l a. clea$8 t.s kept. Abst~:action ant complete tb~• 

p~ atrate§ baeed on bou.de4 m-c1Alisee are preeate4. · 

Recent:Lr Bell.v.mu.aay C29J ootu44ere a w~alon of the 

tb.st-Orier preUeate ealou.lue in wblch eta.tonu:m~e uo aot 

•eqU.1J:ed to be "tb• cleueo tea aa zequ,tre« br eta4a%'4 

eeaolutton theo~:c prove~Jh ODly ftfl)lJfGIJlet is oat the 

well-tomea tozmulee (tdt) to l)e 4,Quttft.a he.e, an4 :tave. 

Ustldt variables ant aU 'f'ad.solee ue impUoltlJ \U1.lveea11;r 

CJlAlltUte4. We haft 4iBCNaee4 thie to. peat 4etail. ln the 

OU.pte• It,. aea we .app1J .al)etzaett.• mapptas to lth 



ft.17Gtl a aet ot ~aueoe.· Paws.tc•e iha is tbat, uetea4 ot 

cenecat1:ta 1he &'ll.'Otml taettmoee ot olalteeo ot s ta saae 

abl,~ly 4efille4 0.4e~. Olle ah01ll4 _t:bd b7 •aloulatleas 

tae ~es that, wbea ~JUbs'titutetl tor vad.ablee ta S; stve .aa 

uaau.f!i1'tablo set ot a»O\md ianonoeth Base ttauv. P»atd. te• e 

1.4&a ~B baae4 up.on. the obeenati.OD that a ee' .of o.lauee le 

ane$tisfiable. if~ thae ia a aet .et 11 ot ooples (~iaiits) ot 

olallaee in s ea4 a seOlld a})otltuttoa & IJllOlt tbat Mt ia intlt.· 

flmo'tj,ona11r \Ul&Btlet'lable• • ia tmowa. ae a solutloa of m. 
·fble Ol>aerw.tt. oa. ls actually Berbnmi' e theorem ia dltfeltent 

i'OJSD • Mar me11b.Ocle (2, t '• t 41 401 ba've beea p~opoee4 . to 1'1114 soh 

M and e. Ill U4] ·the ~pi'Oaoh la at~ to1~0We1 

(a) b.rat, tin& a conaeotiozt paph tor: a ee~ s at 

Olau&e~;JJ 

(b) Chaage tb.e oorm.eott.oa .paph to a dbected s-aph.J 

(o) Prom the c!i~eoted graph; oh·ttd.n a set ot ~et~rltiq 
I 

m1eeJ 

(4) Use the zewrit,... mloa to aenemte a Iefu.taUOl\ plaat 

(e) rtaal1J, uee a. urd .. tloatlOA algOa thm to dleck 

Wketbea: the .Plea le acceptable u cot. 
•, 

~he raa.~ 4lftereJJOe 'betvea this approach end the others 

ia th&t £a this caee. t:tr et to sene:rate a plan, and the pezatom 

UftlfioatiOft at tu lat.rt step ot A proot. 



at· 

a.a IPA:bltl:Uha Zht!l&~-llttlas 
Ia :tbl.s aeotio:a we ld.U meatlon tboee e'fto.tte ill 

8\ltGmatlo tbeor:e pJ:OftllBt aaag 'the past ~ •• ,.... Whtoll_ 

law aapllaabe4 teebllituea o1tae~ then »eeolutioa [JJ 8ll4 baetq 
Usmu:~e -.. ~aeae 1e01v.4eaa 

(a) bOdelse Base 

(b). fte4110t1one (aewito n.J.es) 

(e) .Ugebrio SiapUf1oatta 

(4) BUlWrt laefllalltiea 

(e) Hatual.. Slate 

( t) f·om.uA OhaiftlafJ 

(g) o..tteeete 

(h) IJPee 

(1) Mv.tc• 

(I) inoe&u:ee 

(tt) AllalO§ 

a.a.1 Pt!Wa.,J.&M 
we et•e I.Dlomnat:t.a la a tmowle4p 'bane <• 4ata 

bue) • J~tooeaee4 that lnfoanat.lOD to Obtala other bf«matton1 

aa4 .ifttor:r:osate the, 4ata base trben aeceaeaq to aowez c:fleationa. 

the otatnl l4ea h.-e l.a that taote ue atontl ab.etat '•Obleet..
»atllor tha pr:e4toate. J.OJt ellllm)le the bJpotbeeta o,a (A0) 



a a 

1101l14 'be stQed. W1 til 0 Qpell" a.a a pztOpenu of ttA1r n.the» tila1l 

Wl t11 ttA0° 88 a p.~:opezrt1 ot OpGlh ~he SJ:&pb. p~twers Of lwl4r [t 0] t 

aanutfllle amt Beaett ['] ·• eaa theore pt-ova.a flf 81e4GOe [41 

•ee ettoh a Aataban. 

a.a.a .~~&a•'"D 
A •e4uot1oa le a .e-=tte .ate, 

r:ecplrei. ·to ob.arJae all nbromula.s of ·tbe rom t e-. (An .B) :lnto 

tbe tom t EA " t e B.· sue ntee ue aemantto; thei.J: inolueloa, 

aa4 theie use is not baad upon theb Qataotlo otaoture but 

oa their: metifAlfts• 

18 

t e (Ani) 

t €:(4U B) 

• 6 :atJ(a) 

t E EU'bse'ts(A) 

CIJf 

tEAI\t&B 

teA vt ~ D 

P(t) 

t~A 

• 
• 



tllm:e ue toat: tne• ot •ecblcts.oa 
(a) Ret\uot1oa ( Rettd. te tml.es) 

(b) Coa4lt10Da1 ite$\Ct10ft 

(o) cont~:o11ecl »etbitlon Ibtaatlatia 

(&) Complete set of llectuet101\e 

~he pr:taoipalwoae:~s in. tb.io uea aa:e • Ball.ant,ae 
~ ,, 

· u4 B1e4soe [4.6J , awaoe e1J a1. ['fJ •' Bnlfts [JOJ • 

Slaile [441 e4 Pann [JGJ · ·• 
.. 

a.a.J Alstba&l §!.ma.lJ.Oitl&ta 
ft0%0 is a .etJ:ODS aeed to •v014 A441DS tlelcl adtee 

te the z:eal. oaberG ae :bQothesls to a_ ·theorem belfta provea, · · . . ' ' . 

be&U:Ulse. thl$ SJ:Gat\7 elo•e p•oots. !be asaootatlve ant 

oomDDtaUve aa.om.e toz + e4 • u:e eapeclaU7 troublesome, eo 

several. ef~OJ!t.~ ~save been matte ·to -sdK tbeae s.n• •. Bee 

·!Y!et•ezaoee to t.bie work ue slagle ea4 8'0Jfta (4SJ ea4 

:B1e4aoe et at. [t] • 

· a.a.4 l!&ll:h .. lllMMJ.lt&ca 
ApiA we must avo14 the oapUolt uee ot •• 

Q1QlUt ae the tzaasitl,.tr aJd.Gm 
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.Bled. see et at. l? l anplov •latenal tJPeG" to~ 4Mllns With 

Oe!!taic inetJlBlt.t!ea, ad s1as1e an4 BOJ:tcm [451 ba1te built 
. . 

a.2 •. s bllr(ll. SzdSfl 

lt ituaoat il1Jt•taat .ooaccpt ot non r·eeo1uttoa 

pdnctple • atppose we at!e gtvf.m. a soal. 0: aa4 a ~qpotheeta B 

tiAd 1fe wlah to ehOJJ that G tOU.Ovs fi:om B 

• mORe saenl to fl.mt a au.bsU 'tlltt. • • toJ: WhiOh 

•BO eo> a& I.e a p..opettonaur vall4 tamula. A aet ot nles 

ie slvea toJ: maaupulaU.ag B md. G to O'btala tke 4ealre4 tt • 
Patt e-.pJ.e, 

.(J(a) A (P(a) • Q(z)) -. Q(a)) has $ aoluts.oa 

.sow tlbat ·ue tlle &A-.tape ot tl\e utural e)'GtG? 

Dle4aoe ['J feels tbat tho nataJ:Bl. .-etaas area 

.(a) Basler tOJ: kumaa use 

('b) Eal.d.er t_or maeh!a• use o~ ke•1e4ge. 

-
1. Brlq to 'beu kaotrl.e«se t~om p.u:e matbemattee ta 

the same to• uee4 the~:e •. 



· as 

2. · aeootp'd.ee e1 'fNaU cme Vheze sucb kaowie4se caD 

'e ueed._ 

J• Prof-donal. matbematlet.aa w111 waat to 

pan!clpate. 

4• Bo.ala to le-.p, auptAtt work upo.ah · 

9. Besettal tor: tDart-m$0h1D.e t.ateaot10Ja. 
·, 

., 

IMNJ.fJnMia 
1 • .AUtomo.ttoanr Um1 t·a the seaz.teh. Doe a not stan 

. : all. paeoote ot the tbeor·em. (S,atactic eeueh 

auateav)• 
. 2. A utuel vehicle to hang heuristic• Jm.ow1e4p, 

eemaatio. ( seman.tto aeuoh atn.~estee) • 

J• Jaeie11 to eombtae :trooedu.He ld.tb 4etuouoa. 

4. . tonte;atuel. database .J#'Oblfm. ( Oae ctata base 

wou.U be :aee&ea: rtn: eaob cleaee) • 

S• Bew ~age.(lLADBR, QA4). Ease the 

&mpUmentauaa.. 

Wt!l quote Mthu · Jle'ri.aa Cfc>1 rcsadtus tlae adYaDtage 

ot liatural e.vsteea 

"A pOiat worthJ' ot atnea ta tha·t a 4elUOUYe .wete 
-

ie ~- • .al.mple~• me~elr 1>ecauee tt empl0:1t1 tever nlee 



-ot .lafoeacch A mae aeantasful. auaaGQZ'e ot 

etmpllettr 1e -the eeae Wlth wht.oh beut:tstto 

o•tWteatioa caD be absOJ:l:ted. tate tu aretem". 

a.a.G bnMA· BI&MPB 
Fonaft. Chalfd.ac, whlcb. is the act of scm.e.:atlllg 

aow taote nom the o14 oae 1••• oae !liPOtllee1e ta applied to 
( -

•othe» to obtaia au adti tloaaJ. bJpottllesie 

IJpotlleae cOneluda 

l'(A) 1\ (P(s) ~ Q(a)) ~ 0 
t 
l 

..:t' 

Q(A) 

(~) il.laal Wad- bJIIBB 
this p»otedure A.e peformet on .toJill'lllae ia the 

bJpotheeLs Of a theozea ard the&>el.tJ' ol.'eatea nev llJJotheala• 

It is iltftke4 vhea &ometbbs new is a44e4 to the bfpotheet•• 

aoh aa at tle oeglmd.ag .ot the proof OJ: m~ a new hJpothesie 

ie •pz:omota&". 

J(a0).Q(70) e.H (l(a)." G(r)l -> a(x,r)) rJ.el4 

a(•o•ro) 



<b> ~a•••• .zt:eam. Al!Mt4M 
ta 'hls oase a p~tooedua:e le invOked lfhlch 

mard.p\llates .itena tn tl1.G tatabaoe (or in hJ'pothesia) to 

p~«l\loe aew items. 

' 

fhe ~l.r p:t'Dcr:&ms ot Bnell• Simon ana Shaw, uee4 
. . . f • 

tewad obainJ.lt8• Bevtu [Jt] ,Ball.atl<tpe [4] aa4 Pa.eta:e ['IJ 
. . I , . 

alao ueef. ~o»tfa'd chalrd.ac• 
~ . 

Ba:oa [9] 4esrn:tbe theorem pzove·~ to~ el.emmta.rr 

uwnbe2- taieozrr uat.ns no e~e.tciDtJ wlea, .fonaect o~ 'baokwaz4, . 

qt lneteatl 11lte5ot:.t.ou- betwem ecpatiorm is 'basetl Upon tb.e 

use of m&J\N tJ:Utb•ftlue p.eeentog tlU\natOJ:matloa. 

' 
.8\'eq pnve" haa a control atfttlne WJd.oh dll:ect 

the oeanh tree. See »enl,- Simon aa4 Shaw• e (J2J oonuo1 

atactue is shown ia fig. t * O'feriireoto.r bave tbe flelib~it7 

to ewitob f»om one 1t.ne ot attack to another, m4 bact agato, 

ae the p~ool precee4, thue p,ro'ft.tU.ag a puallel seuob capa'bUltJ' 

this ot oOtlt'se •e(lll!!e a (oontroUo4) t,aaoJt-up m.echaniem, 

~eet~1o-tet baok4p is tato~»able. A oonteatUal 4a..,aae, 

which oau be consultet b7 the ovez:Urect- to help !t aethee 

ut bow muell to baolmp o~: What o'thor liae of e.ttaok to take, 

ls aa 1c41apasable paJ:'t o'l the pzovo~ 111 ou mid• 

\ 
\ 



(SfAD) 

! 
( SILBJt PaOilliBC) .. t --t(.BO MOD 8'180») c.----~-------. 

J 
(fat' MUHC») ~,._---(B'? M.ORB fHSOBBI) ...._---------1 

.. ~----~)(s&sct 'tii.IOUII) c.----------
.. ' ! . 

(~llf H) J . 
( GE OW Pi.ODLFM) 

(tm: w.lxw~tOJI) · 
~ (BO ROD DBOIJIIS) 

( SBJ;act ~BBORm) . 

1 
(~ItT If) (FAili) --~ 

! 
(PJlOOP) · 

l 
(fHaWCHl) 



2,.2.8 hRII 

The ooacept of tJPbg p18Jfs ve1:7 lcportaat ~:o1e 

u mathematiCs aaa. computer .soleaae.. Ueias a letter e tor ._he 

l4eat1t¥ elemat ot a ~ap, 1owcttr case lette~r ~~·• tor: . . 
membeee of tho s=•P aati capital. letters e.a to» crC~J:pe aa4 

abs;too.p 1a llelptul to mamaa t.a pro'ftns theuems. Slmilt.t.t:lr 
. ' . 

1ij>p1Dg ~s helpful to h~ ia, pl:o'ft.ns theo:eeas. SCille e..Plea 

ot tJP&G ue g1170A l'lelotn · 

., 
z.r,z 
o,a 
P,Q 

& 

.. ,. .. 
• 

a.e.g Ah&lta 

ltlea,ltt b. a poap 

m«a'be o.t a poup 

--pe, sabgrou.pe 
Rzed.&cate 

Complex 

laflnitetU.male 
standar« real · 

latlD!te lbse intese• 

Oae ot the au,at powe»tul th&ase a bur.rlaa eu 4o to 

814 the pZ!ove• is '\;o p2:ov1ae "a49ico" .tor the uae ot a tbeorem 

or a J.t~maa. to eaaplaib this we vlll Q1'f'e sa eaample [JJ · • 

6R M!&~f...\!!1!1 
GOAL 



,, 
( IAJ~E ) (A4+1) ' I 

-· 
( IBI <:. E:.1 ) 2 

ana 

,, 
IC.I < €~ ) ' 

(e other a49toe) di 

( E:,+e~~e-) 4 

(AoJ.O) 1• 

.aa 

( IBI .{.. ~, ) 2' 

ca. 

( 101 < €:~ ) ,. 
tm.4 

( <=, -t E!2 ~ ~ ) 4' 

(other a& vice) 



Jt 

at.arott p(.a.maaakt·va\•s.a4J1qe lam• . - ' . ' - - -- ' 

~ . .. . ol .. :t fll t 
&OALI 10 I ~ B - . 

l'azte t•4 ot the ad.Vl~e lema are used to oo• en 
tble sbsoals (i) • (iY) bel•• 

(l) 0 0 .1+0 

(a) a•••·c a/B,.b/0 
(b) ~,a,~E::" ao<-1/f,, 

(e) 1 b J .s E , .2. B 13 -tIt. 1'2. 

(4) (Bot -1)(B~ _,, $ ~. () • ()/6, I 



( &) I Ql <.. €.2..1 

(lt) tbl .c.. c22 B •1/ E.22 

(o) (loL- .-1)+(DP> •t) ~ E_~ . Bol. •t + 1 11;.tlE2.. 

·(l't) (B~ -t).(lp. •t)+((Bot•t)+(Bfo •1)) ~ Bol+f!>.t ll$$ 

el.mpUfioau• 

2.2.10 lalfttul 
the ma.b ooaoept 'of the p:arOOedtlll'O .ls to fOllow 

' " ' 
a plaa nthe~ tho seanh a.ncl ca:I.Olllate aa easvet' OJ: p~ove 

. ' 

a. ~~. lamples o.t p:~:oeetues ••• Idtlct1ort, :aatlt-!D . 

penial al'14 t&tal ft4tm.a~. taeflUlitJ"t assooiatt•itr. etc. 
' ~ .- . 

a.2.tt ADtlea 
Ia pHv$.118 a theOI'aa f fa-om a 4ataltaae S; a 

. ' 

theba. p3t$Vea!' fDit#l.t aeaate the •• , of olauaee illd1oa~ecl bJ 

the aa:ea laelefi s1 (lee rtc• 2). ••• the . larce» 4et&baee 

s• ( wld.oh 1ul.ude a ae a alb set), tM tb.eorm pr:over wU1 

••aU¥ «eaente the aoh lU~z-.- set ot olaaeGe s2 beto2e t.t 

8teiae a p~oot fOlt 'l• D. seaeral, lte tiGAt the 'tbeo~:em prove~ 

te have tht 41\tabaae a• avatlable, td.Me th•n le ·ao pft.or 

Utoaatt.oa aa to eioh theo¥'ea it wUl be l!eqalred to p~••• 



,, 

r •• 

! ., .. 

I 

I 

I 

I 

I 

I 

I 

I 

I 

I 

I 

I 

I 

I 



Dut we vou.U U.ke w uve .,_e prosram that coul:4 ottea 

BO'leot, fOe ar g£'9'ea theOllem ! 1 a 4etabaee 8 ~&tan whloh t 

ooau 'be eaeu, 4e.:lve4• we e0tl14 e.tttl!lpt eitlteJ: to mCKU.tr 

the tlleore pz:ow~: ttael.t orr to Wl4te a aew ·p•OSJ:• that 

wou.u eeieo' tatabaso trn: the tlleore pltfWeJI• leo•ee ot 
the uteol4abU1 tr ot the pre&l.oate calcu.lu.e, tb.la pJ:ObablU tg 

oa:nnot 'be o0l\p1cetel.f e01~4· aoweveZ' Eliag (UJ pnvi4t4 a 

patlal eolutlOD·to it u the tea ot aa aaal.ow .aeae•tn 

that .siven acme help• la ottea oapable of mal.dag a _.. 

eoleotl.oa. t• the da:tabut;., Klt.ac• a eD.aloCJ' aeaeatS.q 

pr:~ !a oallet ZGBBA • t • 

Ita papa uowed bow a proof in a pOtlp theOQ' o0il14 · 

'be u.aet to help. to obtaia a similar peoot 1a a zt.aw theoq. · 



, 

, .• t ID&I Mtt laeaa&Wn•l 
BWao• et a1. C:TJ ueea mem'beeshlp tnea a.:e'br 

the tne A 1 o aselpe4 -to s w._eaeve~ 1 t1 s.e ttaoua that ( • E. A) • 

(Oc(.a.,.. Q(a)) 

a.-8ft the tDe P ( 01! 1..0 (X)> ) to a ell4 thea 

U7 to pdve Q( •>. 

0 <-b ~) SOli a(O ~&1\X'-b)•••u••H•••••••(t) 

( e <..l:t 1$~ 0 <-a) •.••••••• · ••••• ••. ~ ••••••.•••••.• ( 2) 

'(0 <-b -~ t <..b) .••••••••••••••••• 0 ........... (,) 



fer that aame •• B7 uatng maob.lJls we wonl.d get a.e a aoiu.-tioa 

tit (2)· the e,u})stituttoa (b/:J a4 nq,ttb.e4 (O<b • b "-b) Ia 

(J) *Ch -1e imposelt.le. Of coese (t) ts uapi!OWble ld.:thout 

tu~the~ Jarpotkeats (• ad.caa) but tt· cart b.e han41&4 b7 the 

use 01 tJpee (wlt.lch llspll~ltlf a-sewuoa oe~tal.n azloma).. au 
' !• r • • ' • ' ' • • ' ~ > ' ' • 

app~oaob tD provtag ( 1) ls to aaslsr& type <o 0o) to b1 aat 

thsl ·tr:J' to pi:Oft . 

. ·(0 <...&)············· ••• ~ .•.••••••.•.•.••••••.••••• (t) 

-

(X<. b) .• •• •• • • • • • • • •• •• ik· •• • •'•• • • • • • • • • • • • • •( 6) 

bf aeolsoLDs the trPe (0 b > t• •· tthe ~:e111l. uaa tne of 

a, <o b> waa 4etve4 as the ittterseot1on of tta 11111s1a1. 

tpe (0 oo) sottcm ·t• ('S) •· an4 the· interval (• oo b) ,,whf.ob 

ww14 baYe been tbe tJPe sotta t.om ( 6) aloJle. stnoo We 

latereeetton .le not empt7 it ie aeaipe4 as the reaa1tlas tJpe 

ot z. lvat thet&p th& vadable •• bad alreacly 'been •solved tu• 
111 (5) (trpe4); it &-emaills a vutable in the solution ot (') 

8114. theretoJ:e WOOl4 be •ae4ve4 tor• ap:la (HtJ'Pecll• 



'' 
1frpes ue used br. SOl. VB<. aDA SOL VB> 8fJ4 Sl'l•Y'U:BS 

tfhloh •e 4e scrtbofi belowt 

J•l .. 19iUL.. 

~late is t•J: so.lv.t..as Uaeu ineplJ.tiea (SOliYB <AD) 

anA ohooees a ft21a~le ftom .6 b t.r:om B eaa. a:ttf!DPt to solve 

the iaequtd.itJ' (A<-.B) ta te•e ot that varla.blth lt thle taUe 

it then ebooeet Bl\otlle~: vae&able att4 tzies asauu Slaoe the 

to•e an4 var:iulee ot 4 arul D ma7 be tJpel., this must take 

lato ooae14•aU.oa a~oh tJPes a« ~eeet the tJPe ot the 

~le whea 'bhe 001\ltlOD iS 8talaei• .Ia feo' the aasweJ: 

la oompl.etel.,- pven 'br the now tvPoe• It '' oaa be Shoe that 

A i.e 1ese tb.cll Bt tb.ea 1t w!U ntam the ans.U 'T' whetbe~: 

a :Dot A tm4 a have uv van.•1eah 

Ia act\lal theorem p~odns p.ooeas. SOLVB <. • le app1le4 

to fozaila that ~»;a.-.e beea eollvutecl to cpaatlit1e~: f•e:e tom b7 · 

the ilteod.uottoa Of 8kOlem GJtp~aalons, P~eoe.utS.ou &2:0 take 

br &OLVB to ueun tbat &t t.oes aot solve toa: e. vaaable a a 

teD~t o:t a ettolem ea,p%eae&a sa 11h1eh a oc•••• 

J'oZ ellill1pl·e, ooae14oJ: the talae atatemeat 

SOIB & A1ih 7 (,<a) 

the sole tom ot We la 

(J ,a) ~a. 



~- ~taadt ot a oall to (SObVB< (J' a)a) la BlL, 

alaoe s ••~:a 1ft ,atolem exp,J!'esot.• (8 .a) • 

Oa the other hewl, tb$ theo~an 

sfltB a ALJr 7 sOMB a(r<: a+e) 

vUoll has etrol.em tom 

(J' ., <.:+s 

oaa be pz:ove& 'bV a oQU iso ( SOLVB< Cr, a) (a+e)) wldoh 

oo.~:eoU, aoe&sae tgpe ((J' a) • a ao-;tt e. 

•Ditft 
•f!O · ;· ··Ar. a· Jli-B ··a· ,. 

t. 

a. 
• t 

t 

tn• a ie <o c.o) 

,. 0 t 

•• ...... (•&+4) 

flpe a ia (0 oo) 

(•oo t) 

(o t> 

( tbe 17alue t £,o 
ntuaec1) 

<.- Do '•·- '••> 
.. 'i?l _1_ llf}H ·r' P~----' I Ill 1¢1?!. lfZli:IU._LIIi -~:- F t'U ; . _t·- f -,-- I ··rn _Wjlli fl1 --· . f 71 ff f 

J•J. 1&11 > IL 

Vlltob la aae as above, the <mlJ dt.tterenoe te 

ia tlaOt ot • <. • we .bav• wJ. ttea • > ' 



'' 
,.. l!li¥1.= 

this is fn s01'fiug Uaear e('latlODth G1'V'ea tw 

uitbmatS.o eag•eaet.oa A aD4 B, ll sa'Leota a .ulule a ftODi 
-' -

A _. B aad 'bles to ao111e the e4Uat1on (.A=B) h tome ot S• 

-Jt ~~ •ocede, with &DGWll -,, lt Httta the S~~b.etiwttoa 

rz/aJ Otheh1SG ,. SelOOtEJ aaethe• ftdab1e aut taes Ggaiat 
' 

zoetualb8 BXL i:f aU tall• 

,., llr-!1111 
fb1tt is uee4 -to aesll93s tr.Poa: to oenab eJtolan 

- . 
eapJtesslOile• lt a tOJmNla ot the fam (.AE B) is !a a oon#Uot1ve 

podtioa ot B (1••• B oaa be eapzeasecl aa ( (A''t: B)"» ta scme »). 
d &t A ia a akolem es))Z:essioa wbiob. 4onot ~-· ia a, thea 

( s.WR•flPB) asstsa 'the trJe i to A aa.a ~etuzaa D, tho to=ala 

•"• 'b,-· •emovtq (A e- B) ftrom x. If' A al.:toe~ bas tJPe c, 
the IBJ~m• _aesipa -the ia'~seeuoa (B. no), •• tile tJPe ot 

•• 11 (B no) ls aaa•empt:r• lf (Bn I) ie act eaptJ'• 'ht carsaot 

b·e stvm epeolflcalq tba the tormula (J.atereecUOD !C) le 

atvea ae tl:le tne ot •• 

Ia a aSmfolq wasr. it aasi8fte t79o to srco:Lem eagz:eaeloa 

*lob ea.tisf'J' outab la~1.t!e-.s. PO» eaamp1e, 1f B ia 

(A< 0 A (.0 (.tv 0)) 



.. 

·tJ~ea Cam tDD) &8B1go twe. (- oo 0 > t_. A au ze\u.ma 

(B <. 1 "tl)t 8114 it B la (A <-8 A 0) the (Ill iUB B) aatd.SD 

tJPe (•(X) B> to A a4 tr.pe (A oo) to a aD4 Rtum C • . 
lit.dlad.V (SBJl'DI (AJIO)) oaa be made to &Std.GD t.be 

(flalcm- ~ oo o > (o oo > ) to ,A. 

'•'. 'fMD le.t.diU 
ibis is aD r&i.os'b»&lo elmpUt1oatt oa ooaoet tfhl011 

ooave~e OlQebft.iO exp~estd,Ofl tato a oanontoal t~, ooets ite 

te~me; mt oaacels co~plemen~ te=a. of t~• torm (at(•a)) 

81lt (a <i>>• It 1o uee4 to ~pul.a~e Qlp1bmt.o QJJ:ese~orh 

( ···(b+0+4)). 

, (a~-!) 

-.. ' 

-( ·\ ...... , .... ) 
'•' ·- isPD--IItNIWl . 

( ............. , 
( 101 -1) 

fhetli.ml'f IUM~ietie ~ n baw_4etlae4 below 

aa4 ·•••e oODOepte w ave 4eeoa•• ua ••• to p.ove llrttt 
thetmema• 



l.Al <. 8' 

. to establish eoaeludcm ot ·au; f'am 1 B 1 <-- Dt first tQ to 

flll4 a 8'\lbstitutioa a-Which .Ul aUo• Bo- to be eap,eeoe4 aa 

a~td:oia1. eomhi.Mtion o~ Ar tUl=E.A+li)o- ttaea t.,- to eetablleb. 

tbe aew oO!dbtaatloa. 

' A•- ( IKI t... R)O"" tee aom$ II 

· B. ( \AI ~ ·)~ 

0.. '( lf.) <:. t>cr 
SUOh a. .prooe&u~e ie .W beoaus$ lt we choose a.114 

pJ:OVe A,B -' c, thea we woa14 bave 

tBia- • IB:.A+Itltr-

~ ( K • ~ + It :)a-

~ •.•• f 
• :& 

(b) ia tbe similar faeb10D ae ebove U we ue ta:Jbs 
to .. uee a brl>otheale ot the ~rm 1 A 1 <. I' to eetabUP a ooaolueton 

ot ille tm'll IBJ > Bt fln.4 a eubet1tu.t10l'l~oh wtU a1101r lq-

to ~Co\. eapl"esed as ( Boli.-S•A),_ • then 'tr!t to eatabU.sh the 
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.lt. ( l Kl <.. R)cr- te GOilO M 

D• ( IAl <-llq-
c. ( ,,, > 2B)<:t--

> 

• • 

•.. \ M.iil!ll 

' ' 

,., - l,'gl ~~-- ,, 

Ia + J' I ~ I ZJ + r VI 

a1l4 usee the taot that 



J.& IDNII 
Bow the q:aesttoa le how we wUl aet tlle 'falue· ot 

1t ana li• tu JJ.r.3t.t had.stlo uaee BltBAct 4escribed. be1owa 

Jt then ie a •'•tt tationrl- wbloh Bcr- oaa t»e · 

eapee~se4 ae a ~ora-tr1ftal oomb~Uoa Of Aa- ·• (BC.A+S)O'e 

<~·A),_ tllea BBRAct umiBs (G ,_) tthot:e er-ie tile most 

seaeJ:al ••h abatitutloa, othemee NU; i.e "tuneA. 

2. (BaBACf A(r...£•4)) c (1Di t) 

• 
• ( 1 ( s( •o>-t.t> . •J• ) 

4• ( B&RAO! ( f( a)-.f.t) ( ... i,)) 
•<-~ 0 ~)· 

,_,pocse thee le a aa.lutU.ttltltacratl4 aa ••~•seio.a 
X dlOh that Atr~ Ba- ae polpleml.ale &.a a, arll D ie ltaeal 

ill •• tbea then ue ezp•eaelc ·a,a•b t.A· 4 atoll tbat a Aoeaot 



8114 -·(BDBAC.! AB) ntQaa -the 'fBlue 

; <l<•· '&•,q- ) . It ao sueh tr ad. x eaat thea· 

DI!IAOt ~·~ BtL. 

,.. ltatJat&!l 
Ia tMs eectten w. allow b.ov the 1lrdt heuristic 

- '' 

eDA the theo., ot tJpee eap1a~e4 atuwe oaa 'be 'tlse4 S.il 

t:eeolu:tt.on. flbls tc duo 'b7 Bl 9'iag somo a44.1ttotJ&l · :mlee ta 
\ 

,.,.t IIJdi&I.JD.I 
1101: eaoh unit olaee -ot tile ~- (a E-A), aere a 

is a atcole ez;p:eeae&oa Whioh does not 00-cul". 1ft a, aeslsa the 

tae A to lt. · Aleo fft eaob. wU.t oliJQlee ot the tom ( •..::: e), 
,. _, 

whert a le a sltolca eapeeaaloa Wioh 4oee aot oocu: lft a. aee.ip 

tke t~Je (• oo a) to X• Slallarlr fo:r uut Olausee Of the tOll:al 

( • <- x) aaalea tJPt ('b OQ> to •• xa each or ••• oaeea, remove 

the \&Dit cl.aua.te U s abee4r batt a tw• » aa4 ve ue ~ 

to aestga lt e. new ttpe A, then aesip tu t,Pe (A()B) lt lt S.e 
> ' • 



' 41 

a~cap\J1 l.f (A nB) is eaptg at4 the m.ptr Ol.ace (t.e •.• 

the p~oot ta t1Blshe4)t 1-t it oau•t be aetest.aea wheth~m 
(A nB) ~a eptg, leave tile ei&iftal. tJpe- ao 1 't &o aad. -4onot 

~:emov-e the ualt olatlse •. fhi.s eet twe nle need. ODlr be 

appUei at tile lteat.•lDS an4 attc aew unit ol.a\\ee ia 

aeaente.t. 

l_liiDD llil 
, . - ~· -~ -

(I) It a ta e '9&14D1e ..a :a 4oes aot ooou• tn A1 · the 

a.sai(JA- 1t1e tne A to a tm4 a44 ·n to t:lle Uet of 

elaeee. 

J•9•J IIMUilJID lllal 
·"Dea attemptias to a:eeolve two olneea of the to• 

((e.~bl v A) e.t\4 ((ti<t~o) v 1). ·wure ao- r:.: a~ ~- acme 

albstl:tutloa a-if (SoLVE<. bo) Jle14~cr'• the a44 the resol•en" 

(A \/D)<roCT"' to tile ll.at of ola.v.eee., 

1a ibe s1ad.laJ: faehlon it two clauses -ot tb.e f'OJD 
' 

((a> b) v A) &114 ((a'> b)" B) whe~• a a-• a'r tea: some 

sabet&tu.tlonu-,(SOLVB be) Jiel4so-•tbea a.d4 the resolve& 

(A Y.l) O"'o cr' to the Uet ot clau.sea., 



'•"9•4 lfltD >lfU 
r• a eleuee ot tb.e ~om llV(A >B) '' :(SOl'. VB> AB) 

;rielAe the trolue a-thea 844 Do-- to· tll-o ltet of olauseeh 

J•9•5 &D~I!U 

lb a clause Of: tile 1om DV( A4:. D) U (SOL VB<. AB.) 

fleWs tile valUe crthea a44 Do-- to the 11at ot O.laueee• 

'•'•' SUIUMOJIOI. DPH. 
:thea attanptb& to resolve two olaueee ·Of tln~ 

•. ._ ((&.4.) "~A) aJJ4 ((aJlCl) -v B), lt ao:r.u • (a-o) (...,_) J'l.e14 

q-• thea 844 (.A Vl)a- to the llet ot Cle.uees. 

'•9•? §9LD.ellLJ 
POJ: a, 6atute ot the tom »V(A/11) lt (SOLvs.AD) 

Jiel.Aa the val-.e a- ttlea a44 Do- to 1he 1let 01 ola•ses. 

,.to wa&s. BadfltS.o, Jlllt 
(a) \!Jlea attempting to •esolve two cleuseo O·f the 1ora 

t. ( ( 1A 1 ~ a• > " a,) 

a • ( ( '""' I B I <. B) v c2) 

tq to ADd a au.bet1ttuUono-whleb. will allow 8 to be eapJ:esse4 

aa a aoa.-ulft.a1 eombi!laUoa of A •. 

(B c lt•A•II)a-



4? 

81'14 it this 1e posabl.e te sGfne m.bsUtut1GD u-, thea a44 the 

~o:Uo1d.Dg aow 0 reaol•mt.• Olautso to the Uause list . 

. . 

1. ( ( IAI <. I') 'I Ct 

2• (('"'-'IBI" I) '.J c1) OJl (rv\ tl< '· "Ia 

tq to lint Ollt a ~JUhetltntia a-wld.eb l'd3.1 a11ow B to be 

ea.p~:ese.e4 as a. non triVial oom.bmatloa o"t A, 
, :; 

allCl U tbis &s poealble tor acme sube"t1tutioa cr-theu a44 the 

tollO'dDg *'~:esolveat" olause to the clause list , 

,. ( I £14. I) \J ( 141 <f.. I> \J ( I Ll J> 2B) ' 

· · aeo R is a 11ew ftd.abl.e v1 th tJPe (0 oa) 

IIAJRlil,! 
&ivea the clauua 

'. Jf(.)-1.1 ~ It 
a. lt(a)J> 1 



· aee Dt • E, .tt an '\'G,_.iableo aa4 It• B baa \De (0 oo> 
. . 

Rale• J.tO(\t) &a \\ee4 ot1 Olauee ( t) ad ( 2) 

,. ( \ 11 <t:. R) ~'~ ( It(.,.~,,-<( I> (I L ,, > D) 

aere M is a aev ..ulable of ~J»e <o .CXJ) 

' J SOltVB < 
R <t 00) 

4 .. 80LVB > 
at <o 'f> 

s, t atle '•'-•·' 

st ~/ I> 

t • ~a-.t1a11t we bave asnue that B 1s ot twe (0 ao.> • 
~- (4) I is of tJpe (•oo'i'>• so ve take the 
...... eotioa ot (0 oo>aad <.- 00 't'>•· -Ol»tain (o 1i'> 
(~:etwe4). · 



. ' 

(0 Oo) 

,, • \ •< 31)-t.l <. ·a. 
a. lk;r•l\4-a 

r 

wltere Bt· • It • cu:e w.2:lt\ble e4 D, It eaoh has tbe 

Bille J,. t 0( a) .. ls ••6 a el.ase ( 1) tm4 ( 2) 

IDRAOf ( ( t( a)•li) (it aJ *' ~) ).EUBA~!f( (f(X).Z.)( (•t >ftt~:t -+ 0)) 

'r1e14 c. •.~.J .f: OJ; aad the :tOUowing resolYeflt 1a p~OC1u.oe4. 

,. ' 'k:r~:L' ~ •>- r 11ts> • z., ~tr) 
- ' 

4• l L--.1 <tR -
~ 

,,1 

> 

llfllAGt ((,f(a)•L)(t(a)L))aanBA<n((t(~).r.)(t(a)•r.-t.2+La)) · 

•BBIAO~ ( t( a)•:L),(l.( t( •)•la)+t.2) 

· Jle~ [~I :r.2Jt an4 tbo tollotd.Jlg JMaolvat' 'e p~:04u.oe4•. 



~ . - \ 

-~ ( \t( ~)-It let ••) ( 1111 1 ;J> ~) 

7• \f(a)•t-14 •• 

s. c >. 

I BOf;VB <. 
a• \L oo) 

,6 SOLVD > 

• (~ Oo> 

Jt bttl'J:_eeotloa 

ot 

1ft the oimilar taabia we caa prove tbe ~Ollou.t..as 

tbeo•emst 
' 

(a) lt Ltml_ ·· ·_, t( a).,..1 1 Liml_ ... · t 8( a).r-2 t thea t.lml_ t .fL.&l_ · -~. 
P>a · ~a ·· · :~a i{af~. 

(o) If a twlctl.e t le 4ei:lvabl.e a• a. ;p01D'tt thea 

l la 4100 cte&vallle e.t that pot.at.: 



' 
,,_ 

• .. 'aa.Jm&l&qat~as.~taal 

In 1hte sa:ttioa n Jta•e 2!'epla.ce4 :eeo1Ut1oa bJ' · 
. . . 

en '1imp11cat1on matliefl' • lULl' eamtuee the eoaneetlvee 

in the tonalas, &l't&D aa up.meate .·to .tt, an4 oreatee oae 

u two rabf)Oala. !~lieGe sttsoale uoua11v oaU •o JULY wttb. .. . 
. . . 

••• -~~ts wblcll are oloat1r ~•~e4 te but simple.: tbaJl, 

'tbe ~ftlgttel. arewaeateh . · 

tile •b:watiae lltl:LY· ·baa two uswa•tec 
~ . ' ' 

( H t:» I) 

the ~ewlt. ol a call. to ·udt.LY &e etthe·r a tJlbatltuUOA 

OJ! liZ£• ftle la'e i.Mieates .allu.re to establidl. the S1ibscaJ.• 

IMPLY attelipte to fia4 Ad wtua ~h~ most 6$Dnl. SlbGUtutloa 

.11'" eob tbA't (R o> B) S.s vue. If a-le the ~mptJ eubetltuts.oa 

'tba IUlrt eetuae t. 

\ 

hble t p·we m.t1eo 4eecrlbirts .some of ee Operatioa ot 

JmPltt• theee al.ea are spplf.ed b the b4et' ot theta oceuneao.e 



-sa 

ia tho tole: tt orae tails, the nut 1a tl:le&t tr all tail, ·· 

DPLY cotuJms IIl'u DillY J:e\una the value stvd'l br tbo 

tlret nle wbiott 4oee aot ai•• BtL. we use the ehOJtter 

aotatloa [B. a] tOJt (DilLY Ill). 

Betc.e a tOJ:aMla .B le sent to DD1I.Y tt is tiret 

o oavate4 to a (tlaatlfl-a tl!ee fO!Dt but 1d.t1UMt OOBveruns 

lt t.uet to prenea aoamal to=. the 4.11Utlft.e21 t•e 1e e.oh&cwe4 

bJ' Ueiq d!O.lem .t\ulOtlOAe thea a caU. te m84o flO ( lULY I NIL) • 

UUI ! 

t • lil •> Cl aJ It a ~o. tua 

tt tu~re ie a -etalrlaUW.tioa 

cr watch uaif1es a -· a . 
(i.e. Bcr:: Ga-- ) tileD 

a. l). "»• a) 

a.11~• BJ J1e14e 
-,, aacl 

2. 2 [DCT"1 ~ It] Jie1cle 



'' 
'• fA vat &J 

tt [A, BJ Jleltleo--i.theD O'.t 

S.t {}l, R] Jie1f.ett.2.thea rr2.. 

'·' 1[» => o, 8] ~·148 q-1 

lf .. , 

4• a lJl ct> A r1 • mJ . ,S..Ue cr'J.. 

( tr-J. 0 <rl. . ) 

' 

I . 

41.1 JCA •> o, a] 7J,el4a IT'' 

t.t' l $114 . '·2 fBcr1. 0) •• a] r&el4e en. 

( q-,t 0 tr2... ) 

'· ca •> A "It It] 

'' [B •> •• BJ pe14e q-~ ... ?"j 

'' Ill •> D, .R] rte14a cr-~ tllea fr2.. 

e. (a •A AS, B] 

a.t · {r.a -.> •• a] 11f44e Clj_ 

lf 

[8 : • .,.J_ ,a] 7J,e14e 
tllea ( O'J.0(T"';2. ' 8~2 (T'J_ 



t.(a) t fA/\}) •> c, .] 
If ~ ~> o, &A..IJ gll.e14e o-.1 tllea 0"'.1 
"' 

t.t [B,·a> •• BAA] , ~el4e a-2. t!lea "''-

(IJ) [A 1\ ll a> c, aJ •, 

to. 

tt. 

ta. 

,,~ 

·'4· 

lt [A o> C, .R I\ A" B] FJ.el4e u-1 thea a-1 

J.t CD D) c, a 1\Af\ JJ .Ji&l4e cr:~.. tllel'l ll"'2. 

[B •> rv AvB, aJ LB AA •> I, BJ 
,• 

"•. 

["'AAB at> a. I] (B => A"'~ G, aJ 

GB o> It !l] [B o> G "li ' .. BU.] 

(B 0) rvQI It] lll: .. " 0 •> au, a] 

[A o'-B •> .o. RJ [a• • o•, J.iii.LJ 
i. • . z 

•llere :a• aad o• an gotten b.¥ J:eple.cil.ls B 'bV 

A ia a stl. tn c~. 

(t.e .• lf tbe~e i.e a $Ubot1tuts.oa crvhloh uolfi.ee 

A. aa4 a, then ~:etum a-). 

J•,12 .iamJ!i 0' fiDJUJifli-D£90.b 

Ia ordtl! to use .the 11-ratt haaetlo 4eeoabe4 ta 



t6. [\4l <... B' •> lll < B, 1\] 

lf 

ti.O (lW!BAC! AI) .ls (D cr)(,.e.,(DC.A+L.),.. ), 

aD4 •• 
. · .... 

t6.1 fa dJ ( lltl < H)a-,NIL Jte14u--J to» some .. 9'adable •• 

aa4 it, 

t Ge2 (141 <.at •> \AI<' If• R],cro'o-ir!el4 (f"2 ~ 

t6 •. J 

''·· 
. i 

1?.0 

•. ,, 
[ll •> ( 1 Ll ~ J->ccrocr-1 ocrl.)tBU. fleld. <~'"3 • 

thtm a:eto.m tb e value ( fT" ocr 1 o cr 2. Q cr ?J ) 

[IAI <- 11 •> lBJ > B, 8.] 

lt 

·(iliRACf AD) 1~ (KL <r)(l .• e., (BeJ;.IA)tr- ) 

(114 it 

·t?,, [B •> Uti <.H)cr- ,an.] Jie14i1f«t some w.table 11, 

aa4lt 

tv.a U"' .c: B' => lA' <7 f, aJ_ .rie14 cr-4, 
u Otr'J. 

dit 



a •> ( \Ll >. 21) ccrocr.to o-~) tBIL S'leld.e tr 3 

then J:etum the value ( a- o a- J. o a- :z.o o-.3 ) 

.Uao ve aeei two aaUtienal mlee toe eol.vlng 

iatWpaU\t.fUtt one ftle tot trtes,, uct one te OCJlati,oae. 

(SOLVE <eb). 

' ta.·a [H «=) a ""?b•. R1 (BOLVB >ab) 

tt~1 [a<b 0) a • <Ot B] 

19.:2 [&)It •> a• > •• aJ 

ao. [B ·•> A e-a, aJ 

(SOLV!P(~)(o.&)) 

'(' ' . 

~heee sis nlee ue place4 at the beslrmins of tho 

table t (Section ,.t1), la tho cmter. •e.t91 20,2t.,t61t?. 

Also, a pJ:Wleion is made. tw aedfPWig a tDe to aa 

eap"seloa A when 1t ~ppeaa!e ta Ute fozm (A€:.B) a (A<B) la 

the tqpotheeie ot the thecmem b&las proved~ this le aooompllehefl 

. \ ·' 



1ib.ta I&lft· is p1:o~ a i!llb&.oal ot the ,team [8 •> JJ. B J hJ'· 

JreplaolDB. ll lrtr (Sft.-!!RE' B).. Sta.Ch 4E\11a to SBf•1:DB need 0811 

be lfmf.e .18 Dnles ;, 1 ~. t J: .S. bafore the tl~:e·t eau to ner..t 
~:•f•t VbGD ile'lfMteil\1 la t\4de4 tO B. 

In t.fhat fol1oue, a 4eaotes til& zeal llWD.be~, l 4motea 

•e J.Ositl.wa, tm4 l?lla «.«&otea the tcnctlone .oa a to •• we 
v.ee ( Umt." f'aL) to 4eaote Limit t( a) o ~;,. · · 

&o>a 

~hi· stt&ll«uct 4efABl tla ot Ltrllt tsa 

(Limit Ia"') ~ . 
,· 

(a E:a) 1\ (:& E- a)" ( •. EPa&} 1\ ALL€ (O<.et» S<JlD S(O<.SAJ, • 

VAIJleiJ. 

If itmfl t(a) • 1 It-o. 3k >0 am 6'>0 •• tbat 
0< ,._., <.. 6' thea ·\t(a)l > t. 

I 

the 4et~ntt1~ o~ Limit is uaecl t;o o:btatat, 



rk t• E I Ali G 1! "' E:ftR "(0 ~lit a> (0 <Dt "<st E- a "zt " 81\ , .... I<Dt

- •> lf(xt)-LI <lit)))) 

' we trill atut 4esorlpticm. ot the oo~teJJ pr:ocGCiu.ec;r tn 

finding i te p»oot • A call 1s mue' 

(JELl( rk -d) ,.y· ) BB) 

. . . ~ 

SU•fYRB is applle4 to • asd~ng t~e R to a,li _811& 

tJP& l1l8 to rand "the 8\l'bf,or=~ (a. ~a), (.t. Eit},, (t c:.PIUl} •• 

J'e!ll'OYGd from • 

S.ft-~DB la applted. to tbe hnothesisJ k le acslgaed 

tue (0 oo) 8114 0 <.k. ls a:emove4. 

( ~ o) 0 <-D) -
(ct., a) (SE:R/\X /s &1\~Z..Eti<.J) c;) ·lf(X)I >It)) 

. , . 



59 

·ae ft~:at call·ts aatlat:Let bJ' tho Bale te.t, *•h . . 

ueea sOLVD to aaetsa trPe (0 oo) to D. ne eecon4 •eNlta 

is aa application ot lllle s. eo tbe eum:ea't subsoal. is 

Slt-tYRI. 18 appU~ to the h»'fotheele 1 a la 

aard.8Jle4 tue· a aaa (a<=·lt) I.e eanO\fe&, 

( o< •> /f(a) 1 > I) beocmes ounent soal• 

IDle 4 (bactuml\'1 chl.dnSJltl) le now app1le4• that ls. 

the p.:to~ will tay tust to establish the ooza0lue1oa 

lf(·s) 1 > tt ~- o< • ~ld.a le mlblfOt\1 ( t ) • lhm tb1o 8\lbSoal 

ie eeto.b11ah,. the prognm wU1 t~r to catJ.atv the bJPotheele 

·Of ot.. • umelr a'b.goal ( 2) 'b .. olowa 



. 
SB-~1PB e.sslgras trpe tO (}0) to »t d 

Apia tb.e pJ:OSftm wUl •cbaln baeturaJ:tl• ·u.8las J.IQle 4• 

the OUJ:JmD" sub goa;&. 'becumiee ( t 1) aaa ttie hJ»othGsla; 

Bow the pao .. WU1 t1:7 to applr &l1e 171 •• llmlt 

a.-stto. HHt ,(IDnA<Jt(f(Bt).d.)(f(a))) £e eompute<l to be 

( t- 1 r-) vhez.re ~ r:ll/*t J 

leeaaae 1b e nSQl. t If ibe oau. to eat•e.ot is aot su., 

Blle '' le appU.oable• tthe p1:0Snm wtll ••r to eetabltoh tbe 

tuee 8u'bt~oal.a ( t 1 t) • ( t t .2) ui ( t 1 ') ·111 accoJ!Iiuce d:th !alee 

t?.t., t?.a •• ''·' 

(ltt) (a f. &A. I ..._, <..» •> l t I'<H). (wheH·lfl is a an ftzla.tt1• . 
of ih e. tne (G oo_) ) 

is eatal)llehed llF Jltlle ta.t sOMVB twes Ill ae(t ~> • 
the fJ\lbaoalls estal>lish 8114 the p•osce an fA!1r •• 
peow. 



(t1·J) 

'' 
·' . 

Whe tb:a't batt of th·e 4£s~Uott~oa le aatietlet br 

a oen to - ( sot.VB < s, f> slVU.S tJpe ~- ()o I> to Bt. 

tld.s su.bgoalte .•atablldl Q4 the pros=ro :•tu uy 
to eetattlleb 

(a It- a" tz-a 1 ~D ~R) · llit >lik·) 
jl;bJ ,, ' 

.!'":·· .. :··. 

Bille ts.a .• ,u~ (sOiiVJ.>r£1. · .tk) &a ca.Ue4 a,esa1ta.q 

ta the 11,Pe (• ~ 'I> to it. Haoe k 1e retppe4. ae 

<• 'I>· 
Dow •• p~osnm rill ~eturn to . ' ' . 

( t 2) '· ( & .{f &A I a.& I C. J) '* > *t t- a " II .,. .. a 1\ I a-&1 <_ Dt ) 

. Whee ~-r-t•t1 



fbi_e elltoaU. le eetabU.dle4 bf sevelml. suboallta. 
' m-.o oono.lustoa (a E. It) tollows aiaoe a bae tJpe •• <• /Ja) 

ooto~ iA -the taJpothosls Em4. firta.U:V 

ia eatabUshe4 'tbrafll JD1ee tt, te aa4 a oal.l to 

· SOLYI .(. As J:ee'ld.t the ~ne D la changed to (O »t> • 

(2) a~ &A 'a-a~~ •> o <It i'? eatablitllet. t»r ltl1e ta 

all4 ·:a eoll to ( aot.VB<O It) lfld.Oh ttetnea S, as· <G - I> ~ 

It pr:ttdOttelJ' ba4 e tjpe ~txli> 

tho proot 1s O$aple-.o •. le lJ.&1; he~te the ti.rla1 'W»&a 

aesicaed to . tbe ••i.&ble,s 

·It <• 'f> 

1t <o 't'> 
• (t oo) 

D <o »t> 

»t <o 'co) . 



IIAtlflelJ.a 

(T.ial t ot a ta•tiea1) _ 

Llzd~(tai) &~~ Ltmlt (l)a(t) 

( ( a~tw.c-B/\IEPDAALLB1 ( 0 <lit~ SCllB »1 ( 04lf' AL:L_ zt 

(*tE-1.1\Bj ~ Q,/\ , .... , L. ., 0) &t(zt)-1;1 < llt))) 

fJf> (acltiiJi~a~fFUI\t\1iJ,.I(O<B i:P SfMI D (0<-D~ .a 

<•~~,.._. 1: a~t ,._a;~ D •> \kiT .. ~:,<( B ))) ) _ 

the fa et tuee pate of 'the coAolasl oa (a c:. B), 

(L -~a) ant tt t.I'Ril) caa be peovect 'bJ~ t'tle bJPOtbede ot 

the theOJ:em d tbe 1DVaee prOportN o~ B a4 J'D• 

·fhe ra1e.1ndea: ot the theorem !a pr:~aa:Gd te D!PLY 

, br _ttUmlaatlDs tbo q\tUt1tle• aD4 ~atr04ttolfts skolem eapreestoaj 

~ r a<-!11-L<-ltli~Maa ( 0 <- Bt <0> ( 0 <»1 " (a, <= B " lit /o a " 

\*f-&1 <- D1 •> I t(zt)•t. I <:: -BJ ) ) ) ) 
(11) ' 

-{ \_=> (Qt.JI => (0<J.lA(X~lt"8 ~ a" 1&-al c:: D a)l ksr • t'<-1))) 



~. 

IO¥ w tdJ.l eeawae the ~eSCJiJ.pUe ot 'the ••JMtea• o 

,.,ooeaute tn t1a4ltc i·ta pi!oof• A o~ le ma4et ·to 

whcce at, -r a:~:e atvea l.a (11) Slrl-IDB te 4PP1le4 to dv • 

: aeei.~IDS tne a •• a,r,· aaa tne na to t, aaa. the aubtoDmla 

(a G a) , (:r. 6 a), ( t ". :raa) azf! ••"• ~ro!l o<.. • 
' . ' ' . . . 

SEt-~YEI is ap,pll·el to the hJp~theeie; B I.e asslafte4 

twe <o M> eml (O <-B) 1a zanove4·· 

(o( ~> 0< D) -(tX. ~ (a E: B. 1\JC ~ f&AJS•t)IC.ll .t:;) 1 b- • t I <.8 ) ) 

the ti•et oa11 tc eat1eft.e4 by atle te.1 which la 

SOL VI to a-sstSD tJPe ~~ oo) to D • the eeccm4 ~:eealt la aa 

applioation ot IMle 5, so the otumeftt wb&O&lla 

(~ 1\ S f=l. AX /t- 8/\ IK-&1<. J) C) l b • tl C..8 .) 



s.,_tti?B la appUe4 to the hJpOthea&e.. • ie asstaaea· 

•JPe a aa4 (a6 a)· te eaOVG&. 

d. I\ • ~- a " a.-a . »• 
eaa. 
( cf... ~ I ·ha) • ~~~B) beecaea the c~reat eoal* 

ltllle 4 (baokwucS cbalntas> la •• appUe4,. tbat ia 

the propam wUl tq tun to establish the ooaclueioa 

\ h.) --ll ..:.. B f~tca cJ.. • 'thle is sat.fJOt;ll. ( t) • then the p2:o,ram 

·.ul tl:lf tO satletg tbe b.jpotheais ot r:N, . 11amel7 a&bsoaJ. (a) 

be1olQ 

( 1) ( 0 ~ »t 1\ ( .. G- a 1\.. ~ a 1\ \ zs-a I £:_ Dt •> 

~~<-.> • "' ~ Bt> 0) 'Its> -~~<-a> . 

Br Bu.le t(') the p»opam vi.i1 the' •r to ps:o.e 

. 0 <.It •> I l( S) .,. t I ~ I 
SBI•tl'RB aaalga tfpe <o oa) to »1 8ft4 

c111 cc- a "-. fl a" r~tt-a ,~ »1 •> lt(a.,)-x.' <It) 

et 1k;, • tiL. I 



balmes •••t soal ( t.cm aow oa we shall aot . , 

mea111oa those subsoale 1ihioh axre trtel ht aot estab1lsh.e4) 

.APlD the p~:opam Will .,obi!Wl baotciiU4-. v.e&.ag flale ·4• 

the OU.I'J:eat _..coal 'becu•ee (tt) aa4 the bi»Otb.ed.e 

(Jlt E a 1\ .. ~ a 1\ lJlt•&l z. D) ta _aati$1le4 later at -, tl) .• .. . . -' \ -

t t , > < 1 ,, -, , ~ , , "'"It => , It a) ... , 1: , , a) 

IJOW tbe p~:OgJ:arn .vill W, ·to epp1J lllile t a. ·the 11ml t 

heu•ls,lo. n.J:et IXfBACt (f(xt)-L)( b • t) i OfBJMte4 

to be ( •!rtaS. 0 ct-) 1tb.ee cr~Cx/atJ • 

Ae •o• ie the :ewm·et as the .. '9&1ue ot L ftca .BDDAGt 

tbe two abcoal.e ( t 1 t) ( 1 t 2) u:e· tz:tea .. ta aocozaaue WS.th Rttl.ee. 

''·'• t6.a. lilt ounat eultgoaJ. beeanec 

( 11 t ) d.. " :a, (1, a A Ia-& I .:.. D o) I • hr., I <... B 

1f'lltJ:e K ie a cew vute.ltlo·· W.1ct. ie aa.,lped. 'tJPe (O Oo) 

Bl m~1e 9(a). the zreaelfVe a I.e ae' to <• /J a A 1a-a' < ») 

IIJl4 a(,• 1 m, 1 <- R. 'bee taos the ouueat sabgoal.. 8l1e 4 ie 

~pplle4• the euatreat· eultso,al becomcta (' 1 t t) 8114 tbe 

hJPothesie ot <~v ~atiaf1ed· lata at (ttt i) 
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(tt't 1) (·04lt A(*fE-& "*t ./:· 81\ 1Xf•A1<.. Dt 0) 1f( .. )-J,l<. It) 

o l he&>'<. •> 
ar llde t( a) the prOShfn ·tr:tea 

. . 

(Xf c a ":If /J a", 1-.•ar~Dt o> lf(Jrt)-1.1 ~&,) o> 1 ht;)r c. II 

atl4 »t · le aaeignet t-,pe (0 oo) 

' 
Allotlt.e~: applloatiOD of ~· 4 eGWJ t.O fJ.lbloab 

(1it tt), (ttt 12) 

( ' , 1 1 ') \f( *t )-t..l <. It O) I bra)' <. • wblcm oe be •at! .,. 

in the fom ot 

ti'(Bf )-t-1 <-It •> lllt(c) 1 > ~ 

fiaoe BBRAft ((l(xt)•t.)(Lt(a)) 

• axtBAft (f(-.).&)(~(t(x)-~t)+£a) Jlo14e 

[ t. t-1 ,... J where a-o[a/~ . 

. '. 

. fte litmtt llcmlattc s,·t(b) is e.ppUoab1e to (t tt . 1 t). 

Because tile ~esult ot the call to IXfBAOt ls aot JilL, ltQ1e '' 

is _,,uoable. ~he P2:082'am .Ul. ti:J to establt.& the.· tuee 
absoalo (t tt 1 tt) •. (t1t tta) -. (tt' ·t1)) lrl acoOJ:daDce 



-· 
wttll ale '''•'• t?.l aa t?•J• .,llo .... nt subsoal. becomeea 

,,. (0 ~> 

. a&le ·ts.t te appUelJ (s~vs ,<1~\ M•) io .Ue4t 

:oeltl.lll the tne \~ oo) ,. m• • •• la ltetJPe4 ae (0- .1,> 

sow the p:eos~ .s.u etuas to tile eubBOal 
.. 

·(ttt tt a) . ,.,._,.~,, '-- u, tfP 't(st)•t.' ~ J.r 

tho ftc at hal~· ot the diej1laoti a le ettstle4 b7 e 

oall to ( 80LV8 < Be it•) glVA.Dg t)'pe (• ~ tlre> to Bt • 

ttov tb.e p~:o~ tt1U retua to the Mlbsoal. 

(Itt ,,,) • ~ .• 1\:\a-&1 c.. D • ,.~ >I 
a.le ta.a is appUeAI (80LVB>IJ;2t f) le caUe4, 

zeatl.tbcf .b the two < 12 M)• Buia R ie ot the tnt <o Oo). 
. . It 
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Bence it ls :eetwe4 t\8 '0 . . &tl') ) . 
\ ~.-,. 

Bow ~· pa:opaJ~a wlU. »etu.ft to the aa~Jcoa:&. (1tt ·ta) 

(1tt t2) (a .,Cal\ t.a-&1 <-D •> -.~a" xt ./ti a" '2ft-a'<- Dt) 

tfllfte rr til . C.a/ .. J 
;1 •• 

.i.e~ a f.z a" ,. • B.' < D «~> X G. .a "• ~ a 1\ 'a • a1 < It 
. ,. . 

fbte su.'bseal &e eatabUshe4 b7 several eubcalls• 

the •400a.a1o. (a· t:: 1l) t·oUowa .et.Sce z has tJPe a. (a .1-· a) 
. 

occurs 1-• the hfpotheais an4 ti.nall7 ( ,._ .. , < » ~~> 1a-a' <- Dt) 

~.a eetab1lahe4 tluroa• 18 .• 1 at t; .• t aa4 a o.U to SOltVB • 
- . 

As a J:eetl.t1 the tJpe Of» te ohaqe4 to <o D1) ~ 

(ttt I) 

t.e eeta~Uehet ,_.._ ts. sar..vs twes It ae <O -~ 

aecau that Bt wae 81VG twe (•e,o _iv•> at (tt1 1t.2). 

tbu.e botll tMlJ«oal Of (1 tt) have bee eatullehe4 aa4 

tho pr~ all eetwm to 'the secon4 eubsoal of tho fun 11M 

ot Umlt llet~nnto. 



.. 

Ibis mlb,Oal ,ie qulotlv e·atabliehet uetns at1G ts.1 

aBA ·tt.t aat\ (IO~VJ <It It>• .a,. f.e ee1JJpect ae (ia'-'eeetloa 

<o Jr.;) <• oo It> • ReCall that u2 M4 boaa sl~a tJPe 

(o -~) to es..,llah ( t t t 2). smoe pns-a t1oee J~ot 

taow wJd.oh ot b. 4ld Jt ia the ema11er~ tllo late•eecu. oa ie 

g&.wa aa ibe aaawa, atte~ i.t hae cbecttet tltat ·tile lDtuaeotlon 

ia Aon .. eaptJ• 

AU-et the •seal ot tile tun appUoatton ot llmt.t 

beu:I.;;Jtlo at ( tt) taa•• •e• et!fta,JJ.Itua4• Si'Vi!&B sa aa .uswer 
to (' t) ~the st&'bats. tut1a cf- • ra/at1 ', · 

the abatltutlOn IJr/XtJ ~e«:Jtablieh tbe fiJ:et twO pute 

ot tle ooaolusi.Oft· to peove 1he thbc1 pan, 1he pi:O&J!tl'tl 

ut.es 

' •hiGh a:esal ta e the Z'GtJ.PlDB of' » as ( u:te:~:soctt oa 
(0 D~ <•oo »1) • B.eeall that D p~ev&Olls1J had t3'Pe <0 »t) • 



ii'.M 
'' .. ' 

' . ' 

· -. · ia ·anabUI!Jb. b.r at1t 1e.t. on a call to soz,vs < e · Dt · 
wld.Oh' tft)oa Dt as <O oo>. · : tfhla' has no oontd.lnltJ.a tovaede . 

- tile pnof I.e eomplete. We .lint her:e the tlaal · 

aeelped. -to tbe 'VSd.altlest 

(o i ) 
11;21 

<• »} 1 

gt <o L) 

theae p~:oote ma7 b.e seen long ant 4»:aw. cu.t bu.t the~:e 

ue e$aentln11V the stope a ll\lm&n provo~ wQ.tl4 baw to fOllow 

in fi.D.41as eact e&ib1 tbg a proot. 



4t1 Df zoaa&&&D 
'fteoash•t ou · Ueou:ssiOBt ill tbie ohapte~:, we 

• • ••• aeswae tb.at eO!Dm\ltaUve pJ:epeztlee ot "Y •" ar.t.6 <o> .. 

8114 •P• are atoms ut 4!1lote t111th &Jl4 tal,.ool, eeapectt.velr. 

AAJ' .. _, peeaioate ~01 toUowe4 b7 a teme ie aa atom. 

VeU..toaed-t~ •e all 6114 cmlr thOse flrd. te ezpreaslons 

4ofbe4 'bJ' the toUewlaa two .-lee~ 
• 

(a) .aar atom le a we11-£oaed•t0Ziml~a. 

(b) Zt A ani 8 ue well•tozmet•'lemulae, thea eo ue 

•·a &!br&!& 
Let A1Dt • be veu-tomet-toll!11llat.h We -., that • 

,., poalttve in A l.tt a.t l.ast Ofte ocov.~:~ence ot w la 4 le 

poaltlve. w ie negative ta A itt at leaat ee OOCURenoe ot 
• la A ie aesativth. the one oooaz»eaoe ot v in • te poat.Uve. 

Ve 4etezmiae the pola#:t<Cr ot the oozuai tl tuete ot a well• 

tomea-tozmaJ.1a as tollowat 

(i) It w le JOeltive (aesattve) la A, then w le aesattve 
(poe.t ti vo) in 



(11) ~~ v is positive (nesative) Sa A, then w &a poaitive 

(J'legatlYG) b 

(:L.U.) Xt • OOCftlre in A, then w ia positive a.lld aepU.ye· 1D · 

(A 4es>ll) • 

J.et A,. • act a be well•tosecl fOJ!I\1llaa. . . 

A {a/wj &eao,ea the weU•torme4•fO.ftl1lla Obtalrle4 br 

~:epl.aotDc et'eJ:J oeou~r.reAoe of w 1a .A bJ a •. We S&¥ ba•e 

aeplaoemente vltk more the cme componeat, •••· {_A1/w1, •••• 

••Aa./•aJ • We tatea:pret Wo ao a almult&Deou.e replaoement 

.aot.iftg tluit both the A • s ami v' e a»e 1ie11-tome4•~0DI\llas au4 

tor t ~ it ' ~a, l flt '• v1 ctoea not occutt ill v1• 

4•' ltC\llCS!-98 . 
. We 4en.ote 'l'e4ucee to• )J' ~ aa.4 •cloea DOt re4uo• 'o• 

br ~s?-t, .J'.et A,B,O,V,a be wel1-tome4•toma.ll.aa. Ve bave 

the· toUowins re4uottcm nleet 

,_,., ~ p, 

(! 1\ •> • .......,. •• 
(f '\J V) ....... t, 
(! •> ., ~ v, 
(w •> !) -> '~• 
(I~ tt)· •-> •• 

rv'l --> I 

(l' 1\ W) ·~ p 

(lr~ W) ~ W 

(.J o) w) ·~ t 
(v .> J) -~,.,• 
(71 ~>. w) ·~..Jw 



' ' t 

, .. 
If weu-tome6-tdmll11a la a ft4uoe4 1orm 'I'IJheaen.: ao 

~:e&ucucm. nle ·CU be eppl.ied. to ''• Ia ·a~.uu.-.· to·~ 

ad -+-> • we will nee4 the tOllowlns meta-UofJd,atlo 

zelatloaaa 

(1) we use A•tll (A ~~ .1) 15o teaott!) tit.at A utt D have 

(io aeli 'haft) the same tntk-wlue ade~ all aoeipmete 

ot tntb•Val'o.es to tb.eb. atOIDe• 

(11) we use A~3 (4:4B) to clenote tbat A an4 B ue (are aot) 

S,ntaoUcal1J 14ent1oa1. 

tile abwe n4uot1on ftl.es .aee eesentlall)r those tnth• 
'I I I j 

tu.otional elmpltt1oat101U'! that one woultt ex.peot 'Vben 4e&Ung 

w1 tb. the oollltcot~:vee 1D ·OlD: formalia. Xn 'he neat fOUl: 1emma .. \ . . " 

ve ~relate the process o.t ~ee4\\ot1<m. wl th the tnth valtte an4 

eptact!e tom· ot the well•tOI:med•t~ ·1nvol"tte4. 

, Bve~ Well•fOJ:me4•fOmula W bas a ~!eduCed. tom 1 Vt euoh 

~bat eithez V1 ~~, f.m V'-= P or t ati4 F 40 Dot OOOUt· in lf' • 

i.II!L 'el•l 

itt all tbo atoms ot a trell•tormect~i"om\lla Ware t _, p, 

thea the ~e4Uce4 tom og w la eithcu: t o: g. 
' 



,, '-

.... ,.,.4 
:r.et A be aa7 'weU.~om.e4 toannla u& {A1,Aa•••• •••Aa~ 

be the set ot all tb.e 41st1t40t atoms ta At let a be allf 

'If AoiF(t) then 

Ia this section we menta.• theorems 11hich relate 
' 

the aeplacement of -.w.U•1-.mea.fOZimlJ.a br a tiftth-ftlue 

with tile zesul tiD.g value of the eattJJe wel1-fo.tmeiaotoJ:m\\la 
' . 

aa4 the polarlt7 of the eub-weu-f'ozmel :tomula. these 

. theo;:es an· zequ,Ueil to~ oompleteaees (29] eo 

-" 

Gl voa weU-tomea.-toam.la A •hfte t ~11/:tl P 

It A {F/wJ a:l'(f) then w le pOeitivo(negattve) ta .A. 

lt A tt/w} .oer(V:) tb.ea w is n~~Jl.tlve(positl•e) in A•_ 



,, 

Give well hztnE:i formala A tlfhere t t...4- A ~ P • 

. It A tB/v} ~ F(t). then • is poaltive(Jutptlvcr) ia .&. 

It. 4 {t/wJ ~ XJ(t)., then ·• la ••saU•e(post.t1ve) s.a A. 

SUppose tha-t 11. OCClU:a ia D eat A ·~ D. 

It ·w te poeitive(a.egatt•e) 111 B, then w ts JOd.tlve 

·(.a,aattve) u A• 

It A•IF(f); A_,., l(f)t aa4 A:tP(I), thell some atom 

a is both. pol!d. t!ve an4 negative! .!a A • 
. ,. 

4·5 . Di Rxopl P;ossMe 

We n• give a b.:lef' 4esoriptloa ·Of the _Jeoot 

proce~ct. lD eseao·e it lo the •oa-o1Auea1 analol'le to 

breactilh•fi»st: btnu, treaolutla. the iftterence 1!111e S.e Jmo1m 

&$ BG•~eeolutton_. 

. 
U ther cum taD. e. toms r., • •••• ~· •• ·~ a1ch tba.t t Lt, ·~ •••• •:L,J 



caa be.,UDlfle4 _,,. JafJl R l.e. {Lt •• •••~•lta}Rcfn Ve maJ &lao 

4ete=tae ·wb.ether L oc~s ta Ut.M tUti .,. j4 "':'h Oppoel t? 
pOladtJ'• sow CJlppoee L is pord.'tf.ve u v1m ad aesatA:tle ill 

Ufl• fhe tOllowiae; •ell•IOJ:med•formula 1e u .IO.reeolveat 
•••• > ' 

ot v1 allt1 v ~~ 

u 1a tl/£1 " up { t/L l 

If L le negative' ta u,a ., poaltlve lB v P• the •• 

have th.e ~oUOuSag 4~ BO.reaOl \'f;lftt 1 

BaCh ·Of· these mO•~:t;usoJ.\fents la a 1ogioal. c.OD.sef{Geoe 

of u1 :ana u ~. Ol.e&r17 v, . .a. U .~·· ma1 have OlllJ' flnl telr. many 

nc-zeeolvente. we mar tb.e~:etoJ:e oomputo t~e. set ot $lJ. 

BC•~:esol vent of pairs ot well-tcnec~-tarm\ltae ita .&01\'le sl vert 

set v of well•tone4.-fOJ:IM1lae., and a44 the ao-areeo1vente to 

the o~:Aclaal set• the A.nteJ:at:l.on of this p~ocese ff.Ditelr 

maar tlmee will pe14 a coa~a41ction ~OJ:· all. uneattsfiable 

sets u. 

Aa u e.Daplet toDel4er tbe two well•tomet-f~mu.laea 

J(s) t.a> !l(a) an4 !(b) _e> (Q(a.b)vtVJ1()1)) 



we mar tue {t.,;J.2,~J ·• t»Ca),P(tt).P(v)J • 

. »('b) ls posi-.1'te u4 negative b :f(b) <•> l(a) 1 lntt 
' 

ia alr aep"ive ia f('b) •:> (Q(a,b)'l rvJ(b)) • . We may 1attm 

r-~ a( a)" Q(a,b). 

Ja tbie seot1011 we will 4istna.as abet~mction mapping 

IJGJ on tlOil-ctltaaal tlleeem prov1q. 

lafWM.oaa Atl abatmotion ie u. eaaoclatlon of a· aet f(IO) 

of noa-o1maseo with .each aort-olauee BC (Moll that t has the 
. ' . 

10110td.aB peOponlcust 

(l) It aon-o1auae BCJ la a ltO•:restl:veat ot BOt aa4 BC2 anct 

I'.DJ e; f(BO') then the~:e mat BD1 e: t(liOt) . Bill BD2 E:- 1(102) 

eaob. that Bo-•esol.veD.t of Dt aa4 Da •b~WD.ea D,. 

(iii) H Ret eabsumea 102, tb.ea tor eyez, abetaottoa 02 ot 
' 
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B02 th.e¥e ia aa uetpetioa Ot ·ot BOt SQelt that 1 

ot ealaamee Jl)2• 

If t S.s a map pUis o'f the ae prope"t:iee thea • 11111 

eaU f ·• abstnette me.pplas ot ao.n-.olmuMe. uao 1t 

ID etUTO) we call :m te an ~bsttm.otioa ot .Be. A'bsk'aots.oa 

U.~Dal.1J &leo satletiee the propeJttJ that each 1ft) ill ~(J·O) le 

a taatolosr 11 BC is. 

the toUowtne ·:~:eeult stvea u.s a fatr:lr general metho& 

Of c onstnctiilS abstraotioru 

Stlppoae~ie a m.app~ftS fJ:Om lS.te»als to Utenle• 

I.et us enea4 <:1> to e. mapptDg tmm D.OD.-cl&u,aes to non-olaueee 

bv 

~IC) • {Cl>(L) lr. e.JC J • S.ppooe ~ csat1s11eo the 

touovlft& pzopenf.eat 

·(1) ci-( Nli)o "'~(L). fba't lo presonea com.p1emente. 

(2) ~(l).P. 

,,, ~(t)ctt. 
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' ' 
, ~~ BQ~ 'tbea c:p(ID) is aD bstaACe ot 4>(BO) • 

the <t- &a aa abstnotloa mappbB• to be p»eoioe, t le 

u abstraots.oa ,mapp1fts whe»:e ,f(BO) e tq;,(RO)} • 

S.ppoae flO' ia a 10..-.esolveat· ot Bet azi4 mc2.. 'fhen , 

thae edst At. A2 -.oh. tba1:r At c.. sot, · .&2 cJIC2 aa4 theJ:<e e:dat 

etibai:ltuttODoDt aDAoGI EMOh that' Atoet • {.Ji} ad ,.A!o(2 et {LJ • 

tor some lttesl r,. Let·o(,t, ci..' b~ aoat setteral sch eabst.itu.Uca 

eD4 L ta poat. t1Ve b lOt c(. t U4 aesattve &.a R02 ot.. 2• SU.ppose 

BCJJ • ((JCt {J/At3 ) o{t)R U((BC2 {ff/12~ ) at2)R 

We 4esl:a:e to show tbet ~(BOJ) '" su~smae4 b:F a 

~Gs019eltt Of «}> (BOt ) aa4 ci>( ,IC,2) • Bow 

~(BCt d-t) • ( ( 4-(BCt {l/At}) ott) [4?(1.)/P}) 
-

<i>(B02oG2) e (( +(B02 {1'/A2J) o(,2) {<t>(li)/IJ) 

'llma cp((llOt ,{.l/A1] ) «.1) U ~( (BC2 [!/AI) )ot2) 



le a liG4eaol•ect or <P(IIt ot.1) eac1 cf>(BC2o(,2) OJ: haa the 

PJtOJ• subset vhich le lio-~:eeOlftllt o-t <i>(BC1o<. f) ad 

4(B02o£. 2). uecoe 4>( ((met t !r/.&1} ) ol.1 )B) v 

~( ( (102 { 'l/A2] ) ot,Q)I.) te a BC•resOl.Yet ot cf?(ICtoL1) 

aa4 ci>(lf02oG2) • l'lae the p2:opee eUbsot 14liob le !!O•:teeol-vent 

ot q,(act o(, t) u4 4- (.1'02 2) • Note tba.t /. 

¢(BOJ)ta 4> (((&C~ {P/At} )o(,t)a)V<t>(((DC2{!/A2])o(.2)R) 

lloaoe I~H&OlYtmt ·Of ~(BOt elf) a'Ad 4(fiC20(j2) 

edeumee ~(BCJ) • Bowe'f'a <l(BCI oG t) 1,a aa :luetanoe ot 

c:£-(IC1) an4 <P (lf02oG2) ie • tit.stenco or <P(D02) bF 

prr:opo~ies ot cp • Beaoe b~ pro,e:ti.ea ot IG-J:eeolu.tton some 

B'C•~.eso1vmt ot 4?(101) anti 4>(BC2) eubnaes ~(NOJ) • Ia tbe 

etfd.lu t&ebl.oa we oou14 pl:OVe the tboo.- _.,. aeSWDlDs L ls 

oegatlve 1a .NOt ciJ t all4 postttu ln NC2£:i,2• 

WEt 4otll4 pJ:OYe ·a 1.d.mUu th~oeea lt we 1et 4 be a 

t:elatioa betweea 1ltez:a1s, · .and u we z:equb:ei ~ to bavo 

appeprlate· p~:o,penleGJt 

Qlppo.ee i' ia a mapptztg l~terala to llterale•- SUppose 



tkat ~or: aU 4~ r, ~•2: all lJ.teMle J., 4{"-'L).• ~'i>(lt), 

~(J)•J u.a 4>(f)t«• Xt BO ie a •oa-olaueet let cp(IJG) 'be 

{ ct>(l.) a L e: 1'0} as usual. Sllppose that U Dort•GleAse It), la 

u Snetanoo of aon-Cl.au.ee BC,, then tft 'all q;2 ~ F, theJte 

edet ~' E. P soh tl\&1; 42(1D) 1a aa 1D.s,anoo ot <Pt(BO)• 

lt I ie aa alts~tiOD mappiftB as 1rl 'the abOVe theorem, 

thea we sa1 f ~18 4et1ne4 ta t:e;:ms ot llterar mapp1.ag. Rot 

aU absbactiO'ft ue definGtl ~~ te~ms ot 11 te.-.1 ~_pp:lD.ga. 

VeiD& these theorems. we caa co:11atl.'uot manr 

abst:raot1oaa. we now sAve some examplea ot abetzactton, au 
ot whltlh caa be obtained from the abcrre theO~ttllUh 

It IC te the non-c.lauee {lit •. • ·~1 then t(BC) 

le tBO'j ., 11he6 501 ie the aoa-ctl.ause {Lf 1 •• ••Jik} aad. 

LS, 18 4et1aed a.s f011owst 

tOIJ, ~ 1 ~ k, 



., 

II 1,1 ls ot·~u tos ... P(t1 ••••• t 8 ), tha Ll I.e _.vz.. 

thue f(DO) ie a. noa..olauoe ta the pzepoeiUone1 ee.leu3arh 

. ' . 

Pen: rum-..olauee BC.j 't(IO,) • tBC'J wheH tiC' ls the 

aon-olalet iD whlch all lectloa aad pe4ioa1e a,ml)ol ill BO 

.bave· been ~:ename4 ia eome evstematio wav• The wenem1aa aeea 

not be one-to-one1 two 4tstinet pred:loate e f'Wlotlcm 8Jmbole 
' 

JD!\F be zoelUilne4· to the euo o,.mbol. Howeve~1 a p~etiO·Bte aplbol 

.an4 a twlottan eJSbOle me.r not be rename4 to -~· ~~ Sfl!lbol • 
. ' 

la rv P( t,, ...... 'n). If r.1 l• fit tae tOftl "''( t, • ... ••a> 
' 

and J G: Q, thea Li,le P( t 1, • •• * t 8 ); otherwise lii J.o 111 • 
/ 
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J• aoa-olaoe BG, t(B.C)o t ao• 3 vhet:e so• t.s .H 

1d.tb oenata cu:~ata of Odtaln fu.nouon o~ pe-e4lcate 

spit;; ole 4e1ete4. »• exampl.e g( tt • • •• a) mer 'be zep1aoet 

bf s( t 2,. • .,;. 'a) eveQ'WbeJ:e. Bote tba'l the p~opoet. tioaal. 

abetJ:aetla ls a special. case ot this (All uswnea'a o~ au 
paetUoate 8J~Ul>Ola ue 4tlete4) • 

ra DOJt.Oiause NO; t(IO)o \_BC•} vhUe ao•· ie fiG 

rith.the one~: ot the arpltle.ata ot ceartai.D tunottoa e pJ:e41oate 

apttola eh~ecl in some sre'tiemat.to •r·· 

• I 

»etll\itiont SUppose It an4 t 2 ce abetactione• Wbe oomposJ.tla 

ot ft 81l4 t 2 4euot&ct b~ t 2t 1 4etee4 bJ 

laft(IC) ca u tfa(BG)tiD t: ft(BC) J 

netll&1t&o.aa The ida u. tJ abebaottoa is a mapplrls f a.oh that 

t(JO)• }._:tiC 1 ~or all. acm-olauses BC. 



at& t,;t,c. whezt t is thO 14(fttlt1 abetMOtlOth lt tm 

al>stJ:aoti.OB haa au IA••~:nl the it J:eallJ' baa aot ttu:ow 

aav U'f atomatton al)at the set ·of cAaueeo. lea:. e.-mple, 

'" t•1 ~ellemiDS ot p2G4leate $1illtol to aa laverUble e»e't.zaeuoa. 

· tl\o ~c:npoat. u.oa tit two .uetnot:ton u an u etnott.a. 

Detlatttoat ·Xf ft .11'14 t-2 ut .a'batnotia, the~:e Wii.Oll t te 

4euaea. "' t(.IC).t1 (.RC) u t 2(:ao) tot: a11 a•-elauee so. 

lt t 1 a.a4 t 2 are abetractio~• their md.on 1s also 

aa abs:tfteUoa. 

W& n9V ehow bow abstraction ca be used. to gut4e the 

eM.Hh to:r: a pa:oof of a D. Oft-clause Be tzom e. eet s o~ Don• 

clauses. l'uat n show that if the:~:e 1e a pJ:oot ot DO hom a. 
thea there la an ttattst.:aotea. proor ot eomet'blllg SUbSWDJJ)f.Dg aa 

ab.st.rao_tt.OA -ot BC fzom a'beta:aotion ot a~laueoe .la s. we 

thea 4esc~De p:rooecl\lzea Wbieh, glwa aD abatraoto4 p~oot, 

at,empt to l!eGOMtaot the OJ:1slllal proot. 

It f ls aa abeuaottoa mapplq U4 · s ie a eet ot 



&appOse B I.e a set of ••·~see 8114 r ie 8ft 

t.l'betnct.t.oa mapp&ag for s. Sllppoee BC• .ls a Boa-el•ee 4er1va'b1e 

bGm s b7. BO.reao:Lutloa eaci o• E. t'(BC') •. tile thue ie a 
' 

aoa-oJ.e.uee u• 4eJ:i"'Vattle from t(a) bJ' fJC.J:eeo1ut1on suCh tha' 
•, 

trsota B.r 1a4\lo1d.cm. on the 4ep·th of the p•oot uo• •-. lt IC' 8· 

the theorem :i.e t~tte eime :we em choose DB' to bo D' •. Buppoae 

DC' is BC••es01TeDt &f NOt aa.4 102, wwe 101 u4 HG2 oan be 

deaYed from s b7 proofs ot depth leee thaa. the 4epth ot 'the 

p~toot ol Btl'. Sitppoee .Ullt ad 02 are abstz:act1o:a· ,of BCt ancl 

102 reopectlmr. BUch that some ·Be aesol vat D ot 81 an4 

sa stlbSilc:tes o•. ~he nOJ.\-olauses 8»1' ad m>2 mtat e:d.et,_ b,

the 4etiai tlon· of abetraotiOlh Applrtns tbe thecmem ll'l4UoU velr 

tb.ae must ed.et ft.Oil.Olaueea at aa4 D2 4e~twltle (Dr appllifts 

uo-~esolation q.4 ~:ecktotieo). PJ:• -.t(B) •ch th.at Dt EMbaut1ea 

.Dt and 02 tNbsumts tm2. It rouoa br the pz:oJet:t1ee o.f 

Sllbsumpt:lcn tb.at eitlu~r &1 subewne.e D OJ! BB2 sub!DUnes D u 

eome 1fC.~:eeol9Jeftt D ot Di en4 :tm2 ellbfllmee &. R•oe e1theJ: 

D1 $Ubsumta RD' u &2 eubswaes D• a som,• BO•J:esol'V&t .rm• 
ot Dt eaa DB2 nbeu.me e tm• -. ttds oomp1etea the p~:oot! 



soto tAa~ tile 4eivat.toa ot BB• Dom t(S) wiU 

lla'V'e 4epth aot ••• t• the 4epth ot tb.e 4eaw~loa tf BCJ 

t.:om s. 

·lf s le I.Moaeletent eo is t(S)• . . 

. 
pzope.:t1es ot a'bstract1oa mappings. Slnoe NB' SU.btllmea .&D• • 

L"'B' smst NIL; also slnce IB' 'ia dextuble f:t'omf(S)t t(S) is 

:iaoonsistat. 

.. 

bUt ito taalft value for ue ie · u the .latomati.OA tba' a t~oot . ' 

,.., t(i) cao. gi:ve us a.bat: the etactu.re ot a ;posel'bl.e p~oot 

1ra:om a •. Po exai\.'\ple see Pis• '(a), '('b) ad J(o). 

we now latJ::odu.ee aome temiaolog lllUOh w.U1 belp 

to ~eorlbe aact .a;na1r:ae -..t.011a pftceeu.~re fO): ""'- abeteactet 

pzoo~e ae a BQ14e ia the eeazoh to2: a ps:oot foa- a non-elsae 

10 f.:om a set s ot non.o1ssea. We ·oonsleie• na•cltm.oee that 

ue VQd.aats to be lteD:tical. !hie ocm be aocompUme4 bf 

chocaias ftft.&bles. s.a rum-elsee in acme eanOD.loal •ar• 



' ' 

se·· 

SUppose t la 'the p~oGl.tS.onsl. .abst~tion. 

tlale P( t 1 • ••• ta> la "J)J.Qco4 \J' J etc.. We ba;re -· toU.owt.na 
-

Ustn.ott4 pJ:OOfl 



l'ote that we .loet the 11t•al. P :b:om t»•-Q}; 898\ 

tbOP.lP the Utortd. »(b) J:tD&\De S.:a {i(b) • Q(o)f • 



fts• J(o) •. 



\ 

' I 

. A1thfM,sh teet1J18 if two aoa-ol.GecuJ ue .aaat la a. .sone~Bl 
p·olp;omteU.g e(Ulvale!l' to .. apb leemOJ:phldll1 ia jraottoe •• 

teat la aot 41t4cul•. If WAft. ants ue· aot OOttei4a:e4 tc; be 

ifleatltal, tbea ihe•e mlcht l>e man7 mae possible lt-2eao1veat 

ot tn aOJl-ol.aoeee, at.aee maag l'lo-t:eeolvet mt.pt 'be '\fBZleate 

ot eacb otl'leJ:. 

. 
ldJBll&llt A ~~~uolutloa proof f is a. tlil1te set of ao&ee 

tosethe~: w.t'th a set of t:d.ples ot thoae ~oieth Al.eo. each 

aote B hae a lal»el, ftitten 1abe1(B), wuoh is au.ta-ol.auee • 

.10 tvo 41etiaet l.;al)ele of nOOee ot t ·llla1' be vu.tu:t. but the 

same con-clause mar label mee tb.e:A oae ao4e ot t. Xt 

<ut, B2• B'> le a tJ:ltle ot 110dee ot ~. ~en we :aeetuJ.•e label. 

(BJ) .BO•»eeolvent ot label (Jt) eaA 1abe1 (B2). tbe :n~o4ee Bt 

a4 12 ._,.be t.4eatloa1. We J:efer to the aet ofiftdplea ot 2 

11,- B.ee( t) atid the set of aotlea ,, locletJ( t) • . BaCh td.ple is 

callecl a mo-resoluU.Otlt We aequt.r• that it <Bt, 11•• JJJ>e aee(t), 

thei1<12t lft • B'> E aee(t) .• , A a.Oie T *' ls •• the tb£1!4 

Ot.Jmpoaet ot &CJ' triplo t is oaU.e& lDlttal. li.tde of t_., tbe 

label ot soh a a.ode le called ea lDl"lal. aoa-co.auee ot '" 
A ao4e that ls D.~ the tuot e eeooaa compoaet of er WS.ple 

ot t 1e oa11e4 a t•~ aGile ot t. the 1abel of aa.ob a. a04e 

· ·s., oalle4 a tee!Qal aea.o1auae of t. .r.t.aanr. we ntaf.n that 
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· then be a tW.oUOD 148pth1 mapplfta lzocm rtolee ot t lDtO 

aoa-ae.pti ve lates-s. mtel:& tlle.t1 

(lJ) 4epth (B) u ·t•ta maa(4ep~(lt) 14Gpt!l(BI)t 

· <.Bt, ua, .o> (;; aee1t))• 

· we. OaJ.l 4epth (If) th$ 4&ptb. til the nocte lf• !tote that 

a. dugle aote br t.taelt,. witb a. la'bel, .t.s a pemtastble 

, , B'C.J:Goolu.ttoa pl'Oot. fte edstence ot a 4epth tunouoa taGUJ:e 

that oo a ode te uaea. to te:r:t.Ye 1 teel.t.. Thue ·the proot sa net' 

•l-oog.e·•. we eometlmes ·%eteZ' to the tl'J.ple <Bt .1 52, .,>. of a 

paoot i -b,; <BOt 1 NOB, SCJ'> , whse BOt c= Label( It )t 

.&12 .= Lebel(B'e) ad BOJ • J.a'bel(IJ). 

Rt!CfAI.:,s.mt It s ia a eet ot ·aon-olaaes; thea a uo.~:eao1utlcr.t 

pJ:oot :t#om s l.e a sc-.,eaolutton proot ln wtd.ch the labels o~ 

all.lrd.Ual a01es ~e aon-ol.ausea lc s. 
- . 

this ie a. e:aampl~e O'£ a BC:•&'eaoluttoc. proof fttam 
I 

.It, P1, o> 12,P2 •> '' • liot the proot f be dertlled to haw 

aoaea Bt • Bl• u, 84 .s.. .If.,. !he 1a)e1s ar:e Jt, Pt • ~a.· 

R2 • »J, PI~- JJ ~:espeottvety. we waite llaDO to muoate 

that BO le label of nOde B• the taplee ue <Bt, B2* 84> :t 
\ 



<Ba, .m., &4> ·• <B4. BJ • . BJ> :t <U• •• Jtf) thte o•rmespon4e 
to the J»OOft· tdd.dl S.O shOlll lll aa •. 4• 

Pt, .l1 •. Jlt, PI=> lJ an tn1tle1 ae-clauect. the on,. 
tazaual cOde :ta thlo esemple la B9 GrJ4 P' ie the oa1r 

I • ' . ' 

tealaal. aa•Olauee. (the~:e mar be mOJ:e ''ll&a oae te~ 
. ' ~ ;; i ' 

uo&e ox: fttll.Olaso 1a eome examples) •. the 4epth or rn. 112 
~ . . . . 

a4 1' J.e o, the f.optl;l of ,84 ia t aaCl the 4ep'th ot 15 ie a. 
' . 

b&U!S&&a If ~-- tm4 f2 az:e UO.r:eselutloa proote, w m te 

·!1 wa uttoate tha' aee (tl) is a sbset of a.,s( f2) f.\D4 tllat 

Docle (t1) is a &\baet of Ho&e(•a>··· \fe Ml.l f1 a Slbpcoot ot 

fl•· If all td Ual aoclee of tt are· ale_o lait!al. aotlee f2t n 

oaU t1 an irl1tia1 f.ftlbproot ot ~2. 

. . 

b.C&al:tlS!Il xr tis e. BO.reeoluttoa peoot an4 (1U,H2,0>~~~(t) 

the we caU Bt a,.a sa predeoeeeera of.,, ve call B3 so.oceaeOJ! 

tOf HI et ll2• 

PIOMJAm• ~he 4e,pth of BO.~!eeolutlon. prOOf f is tbe mad.mum , 

4ESJth of BflJ a~e. of 2. the 4ep~b. ot lfC•zeaal.\\tlOD<Bt ,sz,ms> 
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/

.,. 1'2_ ... , .. 

. 



- .P1 

. 
\, 



,, 
ot t le thetteptb ot fl' u £• If la'bc4 (R) =BOt we oft• 
r:etetr to 'ttto deptb .ot NO lilatead of tbe 4epth oa u.. lote 

tllat JlO mar have .lllee tb.ao one tepth. ia '• 

. . 
ee labal or aome aod.e ot ~. then •• aa7 tlla1i ao o.ppeaJ!a 1ft T• 

&peatbs 1n~o•at11f• we saj' thai; BO loa aa elemtD' ot '• 

• 
p~ot t te uf.que, thea we 4·eflne Ret11lt (~) to be NG·~ DO\e 

e.a' BC mar apt•" at more than onti alAe .o:r !, but IC ·muet 

appeu a' Ute terminal nele of ~. 

l.eflp.j.:tlea• :fbppoee sis ·a oet ot non-clause an4 NO ie a 

aon-ol.auee. A BC•.:eeolutton p~:oof ot BO f~ 8 Ia A &:Q,. 

l!eaolut&on pzoof t tcom S eu.ch that uo ie the label ot saae 

note ot f• 

adil&l&.a• Stlppose t !I.e e. IO.reaolutiOft pJ:OOf' t·mm s,. ~!la 

we ea7 t io a mlaimal. NC•z:eaolut101l. p:oof t.t:om s it 

· (a) f bas eactlr one termlaat no4e an4 

('b) Pe eaoh aon inlttel acde B of t, then •e no4ee B1 1 
. I 

B2 01 t aach that an ,sa,B> f Roe(·t) ant <aa.Bt ,J>G Beet~) 1 

8A4 ao other triples ot t have lias a tht.J=d eompoaent 

(In ana. sa m.a7 oe l4e1'1t10a1). 



Dote that +t t lo a zniaimal p2oot faca s, them aeou.J.t(l) 

&a 4efiae4• A mWmal. p~:oo:t aee4 aot be a:otatmal 1ft the U$\l$1 

af.lloth It eOU14 be that the te=laa1aoa-olallee ot !i appeu et 

mae thaa one aoele et f• tbat te eorne lemma-a mav ~m.•e beeA 

«m:ved mee tba.a OBOe• we .,. f I.e a mildael. fi!OG:t ot sa 
fi:OII I is t h a mialmel pJtOOf £~ S a4 le$G1t (f) • O. 

' 

, Jaaplee ·Oi a-.texmbt4. proof are ••a ia ft&•?(a) eaa4 1(b) • 

· thea we .• , t all4 1r• bas sam.e .ellBJe & t there is a emU em 

1 ~ • liGUetm atiea la t ad aodes ~~· mOb that • ~ • Me 

the tollow!.as .J:ope:tleat 

/ 

(a) Foz: all .Doles B of t there edsta a za04o 8 1 _ ot t• 

aaa that tr z s• aa4 101: a1.1 noclee a• ot w• tbe~:e 

e.a.ste e nole B ot t tMOh t11;9-t B ~ 1• ·• 

('b) iapp.ose <.at,sa,Q> to a BO.»eeolution ot t (that &e 

a elemoat ot Rea( f)) sad <.11' • Nl' • BJ'> le a 
m-eEJo1•t1o.a ot t•. 8tlppoee Q ~uJ• •. thea eithe• 

Bt ~ at• u4 B2 ~52' or: Jit ~821 ea4 B2 Btt, 

Both. .,. be tne lft mt = sa 01· at • o sa• • 





• 1 ?:!. .lJ' .• · ~hea 11 i.e lBt t.lal. u 1 itt •• la tra'Ual 

u t• • 8Jl4 B ls te=S.aal ia t 1ft u• ie teminal. in t• • 
. 

(4) the eelation • Q6 • ls a 1•t ~G\atlcm. betwea t-=raltlal 

aetee ·til ~ an4 'I' • 

Ia this oase. n eaU. • ~ • a ~P• co.aeooDAeaee 

betweea t ani t•. Paopatr ( t) 0'1 shape oo~:reep0tl4cmoe ls 
' 

aot1lal17 a losioal couequeaee ot prOperiie.e ( .2), ( 3) -.4 ( 4) • 
. . ; . ' I . 

tile baet.c 14ea ot shape co:n:eep·oa4eace Ae that 1.t t sal t• 

ue eap•eesed eete ot BO•nac•lutton proot tzeea, thea theze 

seta of tree~ wt.u have the eama shape (tsaodag the 1m.e1e ot 
the aOilee 111 the aeee). we nt.te f ~ t• it • ~ • la a ebape 

ocn:eeepOAAenoe 'betwen ·, aa4 t•. If ~ ~ ~· thea the 4epth ot 

f' en4 t• a»e equal. 

~re ie ea eaample ot shape cor•eepOdeoe bGtwec 

pr:oore haft:DB 41ft coat • etmetua• ·• 

the aoae i:elate4 bJ' a dlape ·OOfteepolt4aoo aa :toU.Ove 

( see ris• 8.) • 

,. 
n.m, 
ltO,Bf4 



. r 

' . ,, 



IJ Slt 

54 Dtt,Bt' 

.Q Bt6 

., "'' 
1"1 .me 

• ldt 

atp,p~$$ <N,,B2tfG>(,-Bes(t) atl4 (lt:·t,n~•.BJ•> e- 1lee(t•) • 

aen ue ;_, <at,wa,e> ~<st • ••a•,ut) t.t Bt ~ si • • ita ~ sa• 
'a..,'·~.,. -&tIt· ~ .~ •• _:~~~-t· •• ., ~ "'. . 

tt ··w1·, ~a ace so.reaolutt.:en p~oota a4 • % t to shape 

oone~onAence, 1>e.tweea. ·t1· &Ai f2,. thea we aar sot~ 502 Ut 
' . 

tllen ea. at acde st ot tt ad ao4a aa of 12 •• · 'hat . . 

BOta4alu~4(Bt) aa4 BC2-Jabe1 (ff2) 1 antl at ~ sa. 

StlpJOGe a ls a blaaJ!I e,~a.tf.oa on -.on-c1aueGI.h 

We e&td. R to a td .. tlal :relation on ~:e:eolutton proot ia the 

tollolfins tfaJ1 

.·· 



:10t 

. . . 
theee · edna a Gke.pe oo•eap oateue • rXJ • 'between u Bn4 1J • 

. . 

•• 'tbat BO t;::!.J JtG' lmpUes lt(IJC,BC') tOJ: aU aOft-olalse NO 

p u •" .au. a-...elause me• Ia u•. 

appose Bl .a 12 ue bla~ ·relatton on aoa.cl&uses 

.ad v ad u• .~ NC.wesol.u,toa pnot the 1ft)·.,- (ldtB2)(VIU'') 
. ' 

it t!leze. is a ·~· ooaespoa4eaoe •. ~ t :QetW&ell v &4 u• 
; 

aob tllat 

(a) it B is tm iliitlal. ll06e ot U aD4 B1 1a the Udt1a1 

a04e ot ·u·• aa4 a ~ a•., thea a1(Ja,el(B), label(B• )) 

is tme. 

1DL~al a«lf) ot v• erui u ~ N•, thea 12(1abel.(V), 

label.(V')) ie "true. 

tld.a &Uovs.ue ·to ep•U7' a 41tforent ~elats.oa 

betve• ui.tial -~~see t~:betweea nO. kitl~ a-.. 
~ -

oi.&Usess. xn t~e ei~Smple above 1\(t,t,•) woaU be tiM~ &_I 

R(ICt, !i09)t a(me1, BCt'l• l(BCJ2, I'OtO), R(BC2,. BOt4), 

B.(BC'• SC12) eto. ffeN al.l tme. .A1so (RtaU) (.,tt•) w.U 

be tne 1$.' .Itt (BC2, BOt 4), R1 (Net, BCt') • a1 (BC2, ICtOl eto, · 

wellG tne ant U U(BG4t ll01 f), B2(BG4., BCt5) etc w•e tne--



iOfi.Nts&llt Let R be the l&mtltf ··eiatiorh• tbat is 

a(i'ICt t BC2) is the iff BGt ani· 502 -.re the eeJ)ff 1UJ1\-ol.&US8• 

~h- - • ., peoote v ant\ 'lJ. ue leom-.hlc itt a(u,v') .le. 

tate. tl'ni.o ieC~r.ua:phlaza pll~ota haft the same rum-olatsee at 

OOJ:H.spcn4lfl6 ~todea, Jlltbamta the atweta~:e mar 41Ue~: ttl 
. . -· . " - • ' 7 

,aa esaent.J.al tml"fh Rote that .if V .. (Uitl. V~ tsome»phlo:• '*+" have 

tile~· 4epth. 

·thle is u l.aeomple'ter theOJ:em p,ov.tne p:tooed\lre · 
. . 

ln~ae4 on al.tetractiol'h · SUppose, t. is a ebetraotlon mapptng oa 

·a "' ,s .Of a-...olanse$. Suppose t to a pr:oot ot Be• teom a, 
aD4 Sl)t e: t(ftC') • We ka0t1 br theo:rem 4•9 • t that tbeae is a 

' . 
p~:oot v ·Of f( G) ot t1.101Dt na-ol•e• fiB' a'bsmlag Im' • It 
1dl1 :b&que tlg tum oat tbat ! am\ v ile.ve the Bftl:llG ehape . 

(see .fts•t). fbez:etor:e, one wa,. to set:U:Oh to~ pJtoots ol so• 
fl:oa s le to eeanh for pl!oofs u ot some aaeh aae . ..,clauee a• . . . 
tacm f( 8) ea4 tz7 to fS.a4 a p•oot t ot Bo• frOm s ot the eeme 

/ 

ebape ae v.· the paoota flfGm: t(S) ue •abetraote4 p1:oot• which 

belp 'to pt4e ue trl the eeazch tor p):.oots b:om s. . 

we malle tlilo ;relation bc:ttwea t et\4 U p.oiee1 an4 uee 
' 

it ao the baels ot· a tluto~Ull pzoYifts p~o,.._ •a4tia4'', 



'' 

f(l) 

f 

1fC' D' 



·IE!Ihl.V.ta• atppoae t to a abetnetloa rcapnna. Let 
at (D,BO) be the ztela•li02l BD e 1(11) 0114 let d(DtBO) be 

the aelation •n subSWlllQ& u eleaeat. ot t(BO) •. we wite 

~ ...... fl• vh._e f le the p2:0pOsittODa1 altsUae14Gil• ftS•'(b) 

t.R eeetioa 4•9 ~Jives a pt:oot t aofl )U.tiUDS l.lfl abstnott.-. U 

$tl0h.tb.Btl ~ ... , • 

the p~Ne4Uft •mltlmt.•,, es.:vm a abetraotet ••"' t 

sob that t _..... ·/1• Sappoae s le. a set ot noa-aauaee aa4 

u 1a a proof tzom f(8) td.th eaob Ao&t B !D. u., •llUI.Da• keep$ 

' a ae\ uoa-o1auoes(D) ot aOll-olauooa BO havias th• tol.lotd.b.IJ, 

PRJ•tlest 

theze la an lblU.al, sa.b p•oof ut of U ant mitdmal. 

pJ:OOf it faOln S sOb tbat t1 . ....,. tJ' Gll4 IUCh tlhat 

BCdeM\1. t( ft) aai B is the udfllle t emlllal node ot t.rt • Bote 

that 10 :ls 4~1w4 hi:m s b7 NC reao1uttoa (see ·lig.10)• 

[aosurae that ra an ialt1at nOll•• B of v, ra.,...auoea(B) 

o { RO E a it label( B) e f(BO)} ad tba.t na olase (B) o tta !lOll 

lat t1a1 a04ee B ot U] 



1--:' 
. ' 

'· :'l.' \ .· 



tile (then ea:Let "-'•8 rt,I'2;B ot u am\ 

:aoa-clau,aee ni .uea,ac ath the' 
( t) <ut ,ua,u> <= aea(v) 

(2) sot E aoa-cl.~ee(B1) a4 BG2 a.oa-olmleee(B2) 

(J) BO I.e a sc-:eeeol••' ot Bet atl4 :102 

(4) Be ~ ftoa-Gl~s•e (D) 

(5) Label(B) eabames a el.emeat ·Of f(BO) )II 

ue• ta:om eet s o.f aon-elaasee usin& abe.tz:aotloa 1. to Ao tbia 
' 

we clloose lfJl:' iD I(BO) · eDt. e.-u'te the follcnd.ns steps •oa 

Aid, a, '•.. uatll a p.:oot uc• is toaat.. 

'(t.) ltet V ~e the set ot 4epth 4 BO•~aaolutloa p»oota 

Dca t(l) (CGJlented ·e:lbauet1¥el,-• 
. ~ ·, 



. 
moe tl'Jaa ·tme temtrtaa D.o4e. 

(J) lld.tlal.lH no.o•cla»se. (B) tor no&ee 1i of Yt. ae 

eequue4 •r 'Utltt4 • • 

. ( 4) a&tlft4 ( vt • s, t) 

we oan tld.a pzoeed\ln .•poofeeaJ!Cht•. Bote that lt 

ie S.UCimplete. 

SQppose the set ·s of iaptit noa clauses ia 

:t(a) "Q(s) • a(s),J(a),Q(a) ae4 it tbe prop0t4Uaa1 

abatzactiot'h ltlppoee ve are looltias :to~: a pzoot ot a( e) 

tz'om 8 n gmeate pmote from f(S) ot something tMb811mtfts a 

a4 then appJ.r •atfb4'. · Bote that t(B) • l·A Q ·~ BtPtQ• 

Asswaios that tba abet~:a.ctei SJBCO is seaz:Che4 eltbauatl vol7 

to 4ep'h 2 ve Obtaia the -.t>etacted pz~ot Vt W.hh la ahoe 

ia Pis• tt(a.). 

"u ao4es llt aa4 BJ tla'N beell 4aa twMe ft:e clU:ltJ" . ' 

t-o ueo 1D.4fU14' we first set nOJa-olase (It) to P(a) 1 acm-olause 

(52) to l(a) " ·Q(a) - B(z) aon-c1ause (IJ) to Q( a) U4 



acm-oleaM (84) 1 · aoa.oJ.ause (B9) ,aa4 ~on-olaaee (116) to q. 

(the emptJ ee't),. Whfa •a4ttm.• 1s euoute4 .1t wlU ad4 Q(a) 
I :. 

o &(a) to uon-olau.eee (54) ,P( a) • 1.( a) to aon clatee (SS) 

G.1l4 R(a) to •-•~14\lH (B&) taoe •. 

. .. 
f(a)" J(l:.) .. Q(o), PU•l'-' ll(t)., I( a) atu\ VG .ere urd.ag tb.e 

prOpositional.. abst-.ots.oa. Sllppoae we aJ:e loold.ras fo~ a 

pzoaf ot Q(o) v lt(4) t.tom s. we obtela the abatactecl p~oOf . . . 

u at 4epth t .t tmtoh · ia shoe sa Pig. t t (b). 

~bon 81:'4fla4' ex~outee.. it will seno~ate l(b) f$> . Q(O) . ~ 

at H4 a4 J?( a) v Q(o) will. not senen.ted. A.t depth ·a, 
Q(e) "B.( A) WiU not be generated b,- '114tb.d• twea th~ tt . 

4• i 2 Y. .811 ftA, tl!ftft liMa\ aLe:== • .callll~ta 

the AlQoathm •t~oar s~h t• can be modttJ..et to teet 

lt a aon. clo.uao 1!1'01 ie a lostcal coDse(l\lenoe ot set s ot nOD. · 

olaueee. · this ·•n be done ·bJ' mald.ag uee ot the t0110w1b8. tact 

[24) ·~· 

lf uo• is ,a lostcal coneequ.eftce ot s, the·a thqe .ls a nOll•clauee 



I ,, • 

••• Q 

n.s. tt(b)· 



111• cles:l'\fab~e f'nm s bJ' R•~teaolats.oa aeh that DO" IJQt)61Wiee 

me•. Alao it D' la aa uet-.oticm. ot JIG* • the2e •W lte •. 

abatJ:aOUOI'l w• ot BC0 lllCh that D" dlbl'JIIDGS liJ)i ... ,. . 

JfJ:OpertJr· (J) ot abetnotton. the:etoi:e,, then la a ;Not 

b:CI:a f(S) Of ,e aoa•olaueo RB' SltbSUmi»a ·e•. t.rheJ:otore BB' 
l . 

a'bowae D• • , Beaoe if we geaezate all &Uaeteci proote Of 

ttoa-olause$ D' S11b.sumltlg, ID' ana 0&11 ·•n4tb4• • we ma, . ' ' ' . . 

senente a paoot ot eomettd.ag -~ so• • It su.cb a 
pr:oot' I.e seeate4• we .lmOtJ tllat me• te a lostcal oOD.sequaoe 

ot ~~ fhle apparoaoh ls 1Doomp1ete~ 

we nO. estc4 ·the concept ot abetraotioa to 
• • f 

"multlftoa-clauee" wbieh are mu1 u-seta of 11 tenla. ~hat is, 

we allow a Uteftl to OOeut' mOJte ihtu~ once iD a tm1'tltl-...olBUee. 

the 'coaoept ·01" abetraetlon 1e e.4opted to multirl~••• to 

utab. •m-abstJ:&c1d. •• aappiag • 

. ltflli:i1Gt A nmlUet~ 'M 1e a e&t 8 togeth.er wt'h a ·tuotlOD 

a mapplas s t.Dtco the set ot poelttw intesette• we zefeJ: to a 
as Set (B) eu4: a<= s, s( a) .4eaote4 b7 mult (a, .8) • B)' 

ooava tton, mul.t .(:. Jl) ~f:lt 0 U a ea. 

Iatuitlvely• a. amltiaet ie a eet ltl vhioh elements 01111 
' 



tt.a 

man7 tlmee• •• oon•e tn R • we ·nt•e R as {llt *at • .••• •Bst *-.J · 
tifhep mu.lt = ~ ••, • also t :*X ia Wi.'l ttea as •· 

~~-~-., . - . . . 

We ottea l!epi.-4 an e4laru!f s&t A as a :mul tieet • ift 

cicb each eJ.aaent ot A oo~s eaotl.,. c,mee, f'Oi ia etch ao 

otlu;x: elancte ocCD~• 

PtUR&llfi!J If Itt .6114 M2 are mll1t1eets, thea their utd.OD 

Jit + Jl2 is 4etme4 b7 . 

D.st&D&t&a• lf M' a.D4 112 are mul.ttseta, thea va· 

wlte MtC-R2 (Kt is a; eu~1tlset ·Of R2) !f tC11 ell 

a... 11\ll t( ..,., ) ~ mul. t( a1.H2)') 4t_, 
., ·~ 



~'' 
R-'aa&l&B• lt R 1e a mult1set •4 s to a mapptq ~om 

set (M) tato a. s~ •• thea 1(10 ., ltl • 11 II( a), ·fbaa •1t(r .• 

s(a) )ell I1 . mllt( z,R) aai \a( II) I • •· · 
•• ~(JC)., . 

Bote that fOr JnV;~t,iseta M1 end, M2 s(Ht~2)-a(RI)-8(M2) 

it R2c..s1. Tills to aots tne ot .oriiDBZJ' eeto, uvew»• 

·pf!ttid.Ms• A m\tl:tt.nOD.c~auee ,._ u-clauee} 1e a moltleet ot 

! 11ten.1th !hat is, _tfith each litewt\1 tn the· l'Ut-olat.use, a 

,mul. tiplici tv ts kept, which te positive 1n'tqer telli.M how 

m~ times the 11te~:cl. occurs tr;, the multinon-clauee. we 

can wrt:te., a mul.tl acm-c1ause bf qltS.as eaob elemeat the 

~- of \imea it OCDtlts 1t'l the om.ltl a~le.u.se. 

At#a&:U!IC lt BO te e. multi. tum-clause and.c4a a substltut1cm, 

then.' HOot ts t Lo(. a · L e: C J wh~e ~ .J.e, cO\lnted the ~t.sht li'WllbeJ: 

ot times. that io m1t(:Lt, NCo£ ) • :LD<= so.L=ittt mu1t(L.,.IC). 

fbus. \BOot Ia l BO 1, aa4 11' NO o { !t1, L2 •• *• .L0~tha 

10o( tl {_Lf' ·t Li • • • ._liao(1 • 

bt1a&!t!D• atppoae Bat em4 .102 a~:e ma1 tl rum-olma.eee. Suppou 

At c.aot aDS A2c.JC2 (fhls m.-ns that. e•erv 11te1!81 oc~e ao 

more· times lil 41. thea ill BOt etnd. ·et.milarlr t@ AB). S.p~ctse 
. ' 



there ed.st su.liurtlltut~on o<,1 eat ~.2 ·euoh ilhat tor all Utezal. L, 

sot (A1 ott)= [It} aa4, set (A2o(l)• {Ia} * LetO(t aniD(I be· moat 

gme=1 noh aubst1tutiona. It L le poeitl ve in set aaa 
aega.ttve t.·JO! thea (HCt{P/At} )oLt + (BC2{_t/A2l )~a, ie 

8ll RBO•~esolvat ot HOt and HC2o SimUarlJ'it li is aesat11re 

in BC2 tm4 positive 1n met 'then (1101 {_ 'l/At} ) ~t + (R02{P/At} ~~ 

1a aft MiCwresolvent ot lic1 ac4 sea. 

O:Nba.ry ft.OJI..e1ausee can be v1ewe4 as .ml ti non-olausea 

1n wldch the mttlt1pl~c1 ty <If each U teral tn the n on.oelauee 

ls 1 • We have the follo'd.ng resUlts oonceming the J!l'eletto:n 

ot ABC r:esolu.tton to or41nar; BC•~eeolutia. 

&t.~poso BC3 le an ar:G.inary BO.reoOl.veot ot aon-clau.eea 

001 ea4 BC2. lrlppoee Dt e.ncl BD2 are mn-OlAuees eaoh that 

set(D1) • ROt and se' (Bill) • Baa. !hen there ls 8ll 

lUiC.reeolvent. &.3 of NDt e.n<l DD2 SI1Cb. that Set (.tmJ) • &aJ. 

tAlppoce aoa-oJ.auee 10 to 4erivab1e S' rom Set a of 

aoa.-olausee bN odtnarg No-·~:eeOl.utlOJh 2hea ·there ls a 

~lsuse D cler19&\lle from s l>N uo-zesolution ·tJuih that 



,,, 
Set (0)40 _(la 4edw.1d.on of P, w ooae14d aoa-o1a\laee ot 

s to 'ate 1.\11-olauaes) • Rote that it IO.BIL.t ••• DetJU. also. 

8\lppoee ~ause Jm' 1& an U<:-reso1\"eat ot s-o1a'a8ea 

ID1 ea4 11»2. thea come oJ:tlll\aJ:tV IIO•resolYeat ot set ( Dt ) aD4 

Set (BD2) S~&boumes Sctt (DJ) • 

ltlp;oee s 1s a en of mu1tl aon-olaaee.e aa4 mD-o1auee B» 

le 4ul'ftb.le from s by MNo-zresOlution., (F·• tbi4 4ed:vattoa 

we ooaa14et: the a on-clause of s to be mn-clausee). then thee 

ie an Orii.aat:r AOJ'J-clau 8$ I0-4.ed vable lroa S b7 OJ:Ilna_, 

NO.»eaolut1on• eu.oh that IC aubeumee Set (D). 

Jltf1US1g: Aa m-a'betJ:aOtion ls a mapping f f%'01l multi non-olaust 

to ( omllaa~) aeto ot mltl aon-olauees. sa"tlsfrlrls the 

t~llowtq: pzoOpCI'I'tieet 

(l) If BO' le ao MBO J:&solven"t of D01 aa.1. Ji102t q4 

m>S e.t(11C,) 1 tb.en there eatet &t <e t(:OC') and 

D2 Gf(BC2) such that ND' ie .q instance of some 

UC•»esolveat ot D-1 and 1m2. 

(11) t(tm.)=5IM 



,,, 
ft..e toUoviag two J:oftlta, aaelOSO&ae to theo~• 4.G.t 

aa4 theOJ:a~ 4·6•2 t-or or4iaazr alleteaotiort; show 'tba.t 

m-abstraetion are Oleo eaq to oonatnct. 

- Sap pose ~ie a mappiag tJ:Om Utnale to lt.teralEh Let 

ue enen4 4ato a mapping fz-0%!1, ma-ot.ee ·'tO .ma-c1ausee as tOllova• 

' 
( 1 ) <P ( "' :L) • "'<I>( L) toz al.l Ial terals 

( 2) <P(P) • » 
' 

(J) ~(I) o t 

( 4) U a ma-oleuse liD is an ifteteace ot th• 

ma•Olou.ee BC, the ~(tm) ie an iaastanoe o'l ~(DC) • 
~ ~- . ... 

ftea the mapp1Dg '£ detlne4 oa mn-olauees bJ' 

t(liC)ea {_¢(BG)} 1e &a m-abe~zaot10Ji mappi~·, 



,,, 

atpposa 'I ls a set ot mapplage tJ:Om 1etezale to 
·, ,1, 

. Utezalsc FOJ: ea.oJl~r:r. exta4~to a mapping tzom ma-cla.uae 

to mt•olauae ae .lc the prece41De <theorem. Sappoee that 

al.l~e: F l ¢("" L) 1!11 ~«i(L) tor e.1l literals :L0 Cf?(.P)c:i: and. 

c:f?(t)=t.. 1\lppose 81ao that U ma-elause Im 1e n 1Dotance 
' . ' 

ot m»-elauae BC, 1aa tor &11 4>2 c: f there ·e~ata <Pf E :P sGCb 

'tba't <i>2(D) is an iD.etaaoe of ~t(BC). De:flae cappbs t oa . ' - -

mn-olauaes \ly f(BO)• {4-(DO)a <t>EJ'} • !he t 1a an m-1\bet:r:acttoa 

mapplng,Bote that f(JIC) 18 aa •4inar, set of ~D~t-olau;;res) • 

. · It t le: aa m-abst~:s.otlon ae m this theov•• •e ear 
t is 4efiae4 in · temo · ot lS.t eral mapptasas. 

···-~··!'•l 
It t le a m-ab stnc'tloe 4ettnea u. tezms ot 1Lt ez:al 

mappirwe, thea. t c.1so eat1otles the :t011ow.t.Dg p~OportJt 

Ptn: all mn-clau.eea UC1 au B02, if ffCt eubawnes S021 

then ~o~ a11 DD2 e-t(B02) thcu:e esiste .tmt e f(HOt) euoh tha~ 

tmt ettbau.mes ID2 • 



'· 

tta 

( 1'01: ma-ol.auees, ,_ ve srq Dt eabsutafU) D2 if theee 

·exiets ealuatl•ttoa soh that tmt a<= D!. that .le -toe 

en .:L c: Dte. mult (L,Dt e ) ~ ault (L,D2)). 

4•14 laaBlftflc 9J I•W'tDO!&IIi 

tt:teee ~'bstraotions are obtauae4 tJ:om tho 

abatrae'bioa preaete4 1A aeotlora 4•1 'b7 ooaatiag eaob ., 

Uteral the d.Sbt a~·e~ ot times• 

( t ) th! '1!1&4. !t:!J.1s!raot&a . 

If 50 ls the mn-olauee { :Lt • • • •• • • .• • • • •LtJ t the 

f(&O) =\.<Lt&,L,,o •• .Lat)cL1e Re pcmnd literals, 

roz: ' ~ ' $. Jt J . 

( 2) :lhft PfJ!RO§l!iP•M..,a•@baS!M$1S 

·u NO i.s t.he u-olauee t~t • •• • .La) t thea t(NC} 

ie :rm Whe:t:e DD la the mn•clausefLt • -•• • • ·~ 1 &Ill L~ 

1e .ob.tatnee fr<m L1 b,- 4elet1ns eJ.l a.rswneato ot the 

pzedtoate. cp.bol. tb.Ua if 111 is ~( t,. • • •. ~) thea Li, 
- f' 

le ., act 1t It&. £e "'P( '' ••• t 8 ) • th'a t.1 1e "fP. 

llallar4t we· oan caetille .a..altnca.etlone baee4 on reaaaalng 

ot pnd.1cate • tuncti·cm. srmbOla, ohtmgi.bg the etpe. ot 

11tonl.a, chaagSng the oae~: ot ·the a~cument·s ot w.m.ou.e 



ttt 

·ftlflOtioa o~ p~eUeate _,m,ols, ott removtq BrfJU1'4eft\e ~om 

~J.oas. t.aot1on o~ pzecllcate spbolo .•. 

we can 4t#•e tbe compoo&tloa t,t2 ol :m-obst:t:aott.oa r1 
• arJ4 t 2 an4 show as betor,e uu~t it is a:n m.&bat~:ao'Clcm it t 1 
at t 2 ue. Alao, the tud.oa of 1:ittO a ... abst!'aot1oa is u 

. . 
m-abstrscUon. M~eover, it ts easy ·to ehow that if t, u4 t 2, 

ue m-abotract10D 4etine4 tn tema ot literal m&c~Pin.got then 

tbe uaioa M4_ oompos1t1on c:f t 1· and t 2 are also cteft.ned ill terms 

Of lite~al m&pplftCG• 

We ncw · m41oate bow m-abstJ:aott.oa can 'be uaed to . . . 

g\ll4e tho ae1r0h for a p~oo.f ot an mn-olauee liC ~rom a set s 
ot mn.cle.u~S&Q• We otd.t some 4eta1l.s because the 4evttJpmeniJ 

la analoga,e to ·tl.\at tor ozfliatu.y abatzoaot1on. ·fhe oODoept ot 

aa m-abet2aot1cm pzoot the depth ot an m-aJ>etract101\ p:~>oo:t etc• 

ue 4et1neu tn a wa)t tmalegoae to the way ttl ese coaoepte were 

4eflrle4 f~ otralna.q BO•:reeolut!.on. we 4enote the n04ee ot 1r1 

uo-neolution ot V by MRes( V). An MNO-resob.t&OI\ ot V te a 

t~:iple (Bt ,B2,BJ) ot riodee ot v a-uob that label <a,> ie ·aD . 

UQ-•eso1'\t'et ~ 1he IID..Clause label (Bt) e.ad. la))el (B2) • We 

ze~e that lf (Bt 1&t,BJ)eMaea(V); then (BJ,Bt,IJ) c: RJlee( V), 



tao 

ae 'betere. Also lt Rt an4 HI an two .v:elaU ou be·twea 

mil-Claueee ana. Vt aft4 V2 ar:e two MBC.aeeol.utioa proofs, we 

define (R1JR2) (VI t V2) e.e betOJ:O • We alt~eviate (KtR) ( vt • VI) 
- . 

as M(vt 1 V2). -If' t Is .aa a-abstraotloa mapplDg ucl. 8 te 

a eet ot a-el.auses. we wtte t( 8) to 4tmote the aet a~ E: sf(BG). 

Bote that t( S) la an or4lur,v eet of sm-clO\lees. 

WM&P&!D.I SUppose f ancl V ue MI'O•ztesoluts. oa p.roota. 

8\l.ppose t is an m-abstract1oa mapping. Let M1 (BB.IIO) be the 

»elation •a t(BO) • atJ.4 let M2(B.I,H) be the relation •tm 
laae aa lastance ia f(BO) • • thea w aite 'l ~ .p it 
(R1 JM2)(V.t) is txue. We tblDk of tJ as us abetS'aet1on o1 

the pzoot t. lfote 1ha.t f am v w.Ull'.ulve the same •e.po au 

4eptb. Al.ao, tt tr ts a proot tzom s, then v ie a pl'OOf from 

f(S)• 

•••• f·15t1 

Qlppose 1 la a aaialma1 DC•reeoluUoa pzooo~ ot aa 

mn-c181lse IfC1 tram a aet s of am.•elmtsee. SUppose t le an 

m-absuaotlon mapping. fbc to:r eYer, ma-olauee rm• Sa f(BO') * 
there ezlate an MG•resolutton p~:oot U hom f(S) auoh that 

w.,..... jJ aa4 auoll that ResUlt (V) is cletlne4 aD4 baG liD' •• aa 

t.aataaoe (see as,, tt) •, 
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~!his zeetllt a:elates to on:1u~ BC.zosolatioa· la the 

fOllowbg wa,a SUppOse aon Ola.uae BG• ia 4e.S.vable ftom 

eet 8 ot aGU-ola.ueee b7 ettaw:r I'C•reeol.uti on. SUppose t te 

em m-abetraot1oa mapplbg • ftm there edats 88 mrt-ol.au.ee DOt 

weh that set (BC1)elfC•, s4 aoh that to all D'E= f(BGt), 

a IUJD-clav.se ba"CCitt6 !W • as taetanee cl.evi .able t mm :f( S) 1>7 

RBC•reeOlutiOD. .bamp1ee are ,41eouase4 U! ftcet,(a) u4 1J 

(b) •. 



taa 

t(S) 

t 



·'.!• 

P(a) 

/ 

·if ve v.oe tb.e prOpos1t1cn.el 

m-at:.stJmOU on, we o'btai.a the foll.owlas m.abst•aotea pzooo:t• 

Pis• · tJ(a) 



t24 

I( a) "·J(b) _. Q(e) 

~ 
•<a) "''b> • 

J(a) 

I 
Q(o) tt/P(a)j N~(a) {1'/P(a)} 

1. 
fi\P(») ... Q(O)" P 

t 
Q(c) o>. Q(b) »(b) -~ Q(o) 

~I 
. Q(c) e> ~Q(b) {t/Q(o)j "P(b) ct Q(o) {1'/Q(o)} 

~-

Let t be the pl!opoei'tioaal 

m-abstnotl.OA as beto•e, we kave 'the m-abstrzate4 .PJ:OOta 

as. tJ(b) 



the oonoept ot abs,raotlcm, m-absuaouon l.oacle to a 

r.tew oompl.ete wss.to:m proot pJ:Oeedure tor ·ttu) fi.-et oriel!' 

pzte41oa:te Oelculus. these stzatepes make 1ase ~ a .aJ.mplt.tloi 

trcm a s&t ot noa-cl.auees 'to guttie the search tor a pcoot fnD 

tlle OJ:1g1Qal set of ••·clauses. the bade 14ea la too eonatn.o1 

ea OtttUae ot a pa:oot aad .tlU in tile 4eta11l~Uau:. thle 1e a 

global st•ateg. Each step ot Ule eearoh la ccmtrol1e4 ia a 

mean~. a~te:lval war by tllft struetue of 1be pJJoblem aa a 

&ole :ta1i))ez thaa b.y local. inl'c»:mauoa 8\IOh ae whe:thez two 

tUM&•clau.aes ou l!'esol.Ye accor41Jl8 to ontain etratefl'l• Al.ao, 

near 'the ea4 ot 1he seal!Oh the eibs~acted 11011-olem.eea a:ee- more 

~:est rioted tb.a 1B tbe m14dle because an a atJ:aoU on ot tbe 

• gOal. nOA-clause' m11et be 4eW.ft.ble ~&tom thom ln a teweZ" step. 

fllme 1bo search apace tede to _get small ae the depth of 

lat-eire-.e lncreasee towarie 1:ta·maD.mum value, eYe tb.ouf#l the 

atnteg is base« em tc waz4 ~easonleg. ~hle contnst tbe 

oonvent1aal etzategiee1 .SA Whioh the eea~ apaoe aeeme to . 

pow eap oneattall.y .in eS.ae w1 tb uo~eaetes depth. the \loe ot 

abet2aot1oa Aleo allows tor the poeolbUity of lavel.a ot 

e)str:aotJ.oa. each lavel keep!Ds l.ese J.D.tormauo.a 1tum the 

paeoeettrc lavel.. the eennh at each le.vel eaa •e dQ,l4e4 bl' 

tlle eearcb a.t the aeJlt blghet: laval ,of a'bggactle. ADothe• 



a4vaDtage ot ab etraottcm 1e the.t i·t au:,omatioall.7 selects 

~eom tbe lftput ae-clausea thOse n~aueee 'itd.ch seem 

eel•V~mt to the ctva paobl.Em• ftu.a we set the e4Yatoge 

<11 •sn-ot~ppcmt• et»:a.tes1ee. 

the pJ:ooedUM 'n4f'Aa4 • Vbioh ie 4e•e.to,.- 4oea an 

OOQletelJ epeoi'lr the <n:«er h wbioh these e•ep wUl. be 

portormea._. s.o-.4l.J" •aiftd* le not Coqll.ete. Ptret pz:Obla 

oaa be avot4 'b7 appl.Jinc 'Vt.u:.lOtte reeoluttoa avatealea euch aa. 

liockilll reec1ut1oa 8 ao that abstracted seanll oaa be ma4e 

.ailU'. SIAoe '•4tlfti • is aot complete, w might u ••U. ae · 

1oc!d.as ne01ut1oa e oome simlla• etratec1 ia. uat•aoted egace. 

Dote that what makes •nif1B4• 111Campleto 1& dle two cliet!act 

Uttral.s tu a .D.Gn-clase map o.ato the same l.1teral Uft4e~ ea 

alu:rt;l'utioa.. fheretore. mbimJ.GiD.B the ohauoe that distinct 

literals vlll map ato the t~ame literal aleo madmieea the 

chance that •lt4tb4• w1U be complete. KoveveJ: •t ie aot a 

aood 14ea to 4elete tautologies 1D the ab etnote4 ..... •. to 

4elete acm-ol~see in. 1he abstracted epaoe aabewned bJ' otbo~ 

aon-olauaee b ab.etn.cte4 epacth 

the touowtrae; pi411aee belp :1a 4eol4iog which abmaot10DE 

4H moat uaetal.t 

(a) tbe ab at~:acte& seazoh space d1oal4 be anaU. 
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t\bstract to the same literal, sh01ll4 be auaU.. 

the Jieaeoa i• (a) ts w meke the ab ati:aete4 search· 

ea81•• fhere aft eevenl J:ef).sone tor (b). 1t ilattaot 

U.ternls uwall.J" .map to 41stirlet Uteale1 the munbe.- of f-.lae 

preofa wU.l be alnimlseA· AlsO the nwnbet: or p.roota ! ach 

that ~~ ~~ dU be J.nirlim1&e4 •hieh .ehQQK make I J)J:Oof 

seanb. 1' mozoe etticient. ftnaUr, the 401et10D of tautologies 

1a 1tle al>stncted space :l.s less 1ike1J to .ellminat.e ueei'u1 

p&"OO:f'e... HOW$Ver 'the r:equ.lr$Jlla.t (a) an4 (b) are sQft.lehow 
-

c.u:m:tn.4tc.tor,. Xt tne abat:aote4 space '-a made small, tho 

ohen~e t'hat dist~ot 11 tQaJ.e map onto the 89me liteJ:al .t.s 

iaoftatfe4• th• uee of more 'lum oae abstr.aot1on at the saae 

tlme oan reeoncile these J:e(j,\ltzeaeats to S9m9 extent. Ia 

OJ:tl&t to o))tat.n complete atnteg1es 1nvo1 viDS m<kt'e tha oae 

abetn.ctlon, we nee4 to UGG m•abetraotion aDt1 ••1auees. 
. ' .- ' 

Mother wa,- to ncono11e J:equ.bement (a) ara~. (b) la to u.ee a 

fJeq'leace o• abetmots.cm eaoh ot WhJ.ob: olllr ellptlJ zeat~t10t 
the eeazoh • Buppoee we 8e .lookitls 1or . a proof of BU. tJ:OJa 

t 1 •••• ••• t 11(s), thea map tb.eee blcok onto pztoot_ of B'L fJ:om 

~"t'e••··~t~r.1 Cs) u•l •. ohtatn. a pnot ot Jlli t.e a. lf 

each 11 OD.lJ ell&tltly modifies the n·on-clausee, .~eiJt.lDemeat (b) 

wtU. be met. 



128 

. aoa-cle.uaes le tllat aevezal eucb mapplft3 oan be used tosetheZ' 

lb. a aatQal war iD the searoh pzroot.. HOWeve.•• tl:te aeaaoh 

st.ntegles 'based .. m-abstnottoa tun Ollt to be oom.pat1'ble 

with oUae: oomple'te ttesOluttoa eta.teSlee such as lookiDg 

resoluta.C. BD4 Rt-cie4uct1oa• Fu.~er woi:k can 'be 4one oa hOlt 

to 4evelop procetblre 1n4timlm• aaalogCNe to •cu$.ml• ~oe multl 

aon-c.1euses end Jmo-2:eso1tttloa. :fhie p~!OOc4\1re -td.ll. uae m

abetracte4 proofs as a ptde 1n the eea;Clt f01: aa ·DC.resolu tt.on 

pzoot. SUppose t le an m-abetracUon mapplbg. We are c1ven 

MHC•reeoluts.on preot u from t(S) u4 want to tln4 aU p~oote 

t twm s sua that t~ .iJ wtth ee.en no4e D ot v. we keep e. 

set 1Ql-c1ausea (B) ot mn..olaueee d.·er1ve4 .fJ:.Qm s bJ 

DO•l:eeolut1oa:o 

Oae 4lsa4vantase ot ma-o1auee is tbat the.w:e ue eo manv 
. 

ot them• -:he eet ot od.irl~ propoatti<mal olau.ees ove~ k 

Uattaot p»e41oate tW'ltibo1 le t1Dlte. but 111& •t o1 pzapoe1tioaaJ 
,, 

ma.clauses ove;: k _41e~Ulet pre41eate srmbol S.o iatlnf.te. flU.e 

ooalO. reslllt iD a large~ eearoh space to11 the vad.oae 

ebet~o.ction baaed thecmem p~ovlag et»etest.ea. Bow bow to 
• I 

.wet:come thie pJ:oblem to some ctepee, while aeto.J.niD.g tbe 

advatase of m-ab st•acti mut. to aohleve this eae oan use 

' I 
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bou.n4ed ma-olaueo [JS] • fh(ff e.~e ma-olauees in. 14\ioh leas 

1nt•matioa e.'bout the aabez o:t ocma~~ces of litaale. ill a 

aoa-olauee. ie Jtept. One can p.»ea-eat ab atJ;Qotl on •·4 oomp1ete · 

theorem pl!'ovins atzaategl.es baee4 on bGDJtcl:e& a.olav.eeth the 
' . . 

e4Y&atage ot bOt.m.4e4 1'9.'1l-olauaea .1a that tb.e abstz-aotea. eeuoh 

space is. otten tiftite and oaa be eeaJ:Ohetl eab8ustivc4r vlthor.r.tt 

eaoeaelve eff'c&-t • 

uow let u.s 41seuaa ·1be concep-ts uDdorlyiD3 la .81e4eoe•e 
' 

p!Yoots of lJalt ttleoteaa. Dle6aoe pa:ovecl lJ.ratt theoree 

without the 1nelus1on ot axt.<me (reteJ:eAc~ theeeme). s.'hls 

ts 4ealnble beoaue 1ft automatie theOft!!l tu:overe,. ta.e ald.omo' 

ba:ve to be selected b7 hwaaa to~ each tb.eore 'beiftg p~vect. 

Of ooaese Ble4sOG inol.ude the limit heta~·1etio 1te4f Wblch e.ote 

Uke aD. oms, but 1 t does aot hlft4e~: the proot ot Othe2 theoreme 
. ' 

tho l.lml' b0'4d.st1o ~e i.e llee4 to pJtOYe mar the«*•• 

a'bOU.1i :u.ml.te, it .is 2athe:tt aa iateree'tins teiclt• But mea 
' . . 

lnteJ:eat1ns tm4 ;t.mporte.ut that th.e taot that· l t woeu some . . 

p.Oblema le the priAe1p1o \'tebla4 it • the pzirlciple atght be 

eta. tecta 
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tJO 

emoas nieh 1e a. force H toco:ntsoibu:tf! a11 it -oan tOWtmts 

esta&.Ueb.ing, c aa4 leave a ~emala4er: to be establiabed trltb 

the help of other b.Jpotheau •. 

the ftl.U.e ot 50l:l a • forotDg• · teohrd.que le '"o t014. 

ftJ:et if one oars mel.J' llUike._.a ~contr4bllte all it oe tow!:t\ o, 
then H is DOt neectea to · establish the remaill4e. 

socorut, l.t ~s 1mpUe1t 1D ·1be aotion ot •t•ce• that 

· ·ce~tatn facts are uaod. to make an i.Dfe»enoe lD a oGmp'latat.iaal. 

ma.un~; For example the llmlt heu.datie. •uses• ·mat11 facts 

e.bou:t alsebz:a tMcb. aa the tri.aqle J.aoqt.talltJI but tbeae faeto 

de use4 to compute sometbiftc• .1'1~ to ma.tte random tafenRces .• 

!be :ttmc~ phel'lomeaon has appUcatioas 4Ja other .a~eas 

~~ theorem provl.rJ& whe~:e two o~ more hJP~eels a, ,a2• •. •!Ia 
ue needed to eetab~tsh one oonelueioa c that oazmot be 

logioaUs d1ri4fUl• in eucm appUoaticm.a the ueer mllBt peovi4e 

a h~rist!c 'Ml:U.eh will enable the computer to 4etem1ae how to 

~et a partial .resUlt. from B1 u4 . l.eave a l.'emiUrut.er C' to·· be 

pzo~4 b7 the otbe~ hypothee~e. 

\ 
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