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CV6i!IB!-J 

-- ll&tute not fll1V lwea •JD~Btl'l', It &lao lona ;ertodlc:S.t)". 

BlOUih b1o10Slo&l .,ttwl AN mown to -sat at.noe antt.qutty• 

,at tbl exl•tenoe OJt bio:LOSioal GMt.lJ.at .. bU been 110oepto4 

GftlJ aoentl.J'. A ~nt view wu tbat •• 17'._ "" 
ctue to external peaoato etftote like tt.- daill' o...... ot 

upt And dark or atalli.JI obt.Dpa iD ~,_.., eto. ·l'bto 

nn.,.. -.t.n17 exJ~,~eoatd tor .osoS.llati•. tavire lena s-1'104.t 
' 

~aeoau~a htsb tl'eCluet10;7 •auatlcna. Uk8 •~ t.Dv01ve4 s.n 
Jltartbeat, were OWIC\alr en~'OU8 in utve. Ob3eot1Cll8 

!Me been Nt.ae4 to tt» .U•tenoe ot enct,._oua ld.olewle&1 
____....,M- - ~ 

•o11Jat-.. bJ oauwctsnc tt to extemal taotON Uke ,_, 

&n4 Dlsbt ~c! t.t bU wan oz-ttlotDct aad at.aouued ve17 

IIUGh. a.at tosr t!a OYldtDOe 1n t&YOUJt flit ~&'CJBloal. 

•lfNika • 18 beJ'Cild dCM.tbt tlft4 tt.R &N -....- uaaplaa 

fit JlftOdSO oP NPitltiYe pban.,_D& ln J.1'fibs 8J11'*-

rt1. m.p. a; NfeNnOU 4Uoted tbeft~ 1'211 optDin8 8ft4 

ol.U. ot tlG~el' Jetala at oertaiD mtewasa &nd •o1U.... 

ti.Cinll Sn tbt populati«l f/1 t.nte..-otlnt~ ld.o\.oa1 8J1otea 

, ... two •vente ln.dtaate lUll bl01QS1oal m• !a ..... 1\, 



a 

•tabollo oaot.llatCIIW. Btre ee ftnct~ ..SU&t017 v&'l'l•tl• 

in tbl ooooentratle ff!t tbl ld.oohellloal•Jtote• ln¥o1ftd 

in tJhe JPeMttGD. fteOOntlJ' tbeH bM bleD hd.s.D Jt.ae in 

t.nt.zreat in bloomllloal ..OS.llat .... .,. a~ntal and 

tba.,.,toal eotenttats c1aa1 to ebl Mall••• ttat ._,.. 

•••• undlr ~ cd.l'cnaatanoea. OlD ~rate tuncta

.utal I'J't~ frC* wt'40b.t it b 8JIIOUlate4 t~t~~ lllrlJ' 

PI'OJII'ttea ot tbl oell &n4 ~ oCNl.ct bt ..-eulate4 an4 

OCDtnlle 4. Cba!lO• &n.d ,. b&ft atudle4 OIOS.11at1Cil8 · SD 

tbt omoentratl~ flit n• (D1Jh•JhGPJitctl1w maoleotlde) 

lD ,.an oe11a. ~tl«11 t:1t A!'P &ud ..-111 arntMala 

_..&lao •s&mplea ot !l\ooheld.oal ~S.U&UG~a • .,or · 
~•ntal wcrk retoftrlOI [1) aheuld be o~ulte4. 

Tba oCDtrOl etua.t.ea in oeua b&'fe Ja4 to a tun._nta1 

Nault tbat tilt oan ... W..tlcu ot __.__,..ul.ar 8P!'~..ea 
&nd tbttr aottvtU.•o ~ .-plated bJ' 8pao;tfto oantPOl 

••bald- llwol.Vine teed.baok •Yioea. t.alualll' · tt. 811&11 

1101eoulea ot tha -~· a,atem aot u tlJI teedb&Ok 

•l&aala •. 

"'41Ek• :rn oJ'bii'Dltlo tena, tbe tnw-.ttca t.-.D 

tle ,..u CJt tbt blOlqst.oal .,. •• ta ~ u a tlc. 

t1 iD:fC1!PIIatlCil &rut •lt•swauJattan ta •xatlalnact lD ~ 



' 
flit t•cJbaok. J'eed.back &~apllea , .. , a •'- atate tn a •aoc 
fit oauplecJ prooe-• QJ17 ut llaoJatlllt• au •OdiJ7 • ewUOJt · 
UDJc. tbua o~ tl» au'bleeluent cute-. lba prooeaa tan 

be .. ,... .. nted ln a ...,._ fta. 1 • 

I •w.r I ) I mANSJ)lJCSil I ') [ outPut 1 > 

t 1 ( 
JIIDBAO.I JIIAHCB 

l'eedbUk oan • ..-stt.ft .. ••ttw. tD tba oue et 

-.au." iMdbaok •• .,ate• ta•• to -.&ntalrl • tnON

tta am auppt7. Jb tbt- ot ••"" teedbaolt lt ten• 
to out dawn tta .a:t INP»lf &ncl alw&p Wtu to nop at a 

,..~ l.nel. It ~d lt trt.ea to Rtum to tb&t 

Nati.Ds atate. A oCIIme taatt.~JM ot tbl l'Mdblok ocmtr01 

a,ne• la tbl ap~ ot OIOill.aU.ana. N.a t.a al.lfo 

.-wed f.ft ... td.oo118at.oa1 reaotd.Cil8. cr. t11 tbl ••' · 

~t blooblldo&l NaoilCID ia tla -~~-· ot 
~. i'ld.a .aa.ottc u oCDtro1~4 w .. 4baok •oblardam 
&nd oJaarq ah•• .al11at017 beh&VSOUP lA 'bl oeoentr&t'lCil 

fill tbl .. _..Oleo\&1.11' GJicd.•• Slwo1ft4 In tba Naotttn. 



tta •••1 o~ fit tt» ..-otte sa ,._ .- to IRA to P"to1n 

to •tabo11te anct.lt tN 1ann .... _.. .. ttat tbl •taJKUt:ea 

... -- upc .... uti.Yltt•• lD ....... JIIIJUWI' &Del • .,. 

ftP~ate turtber Qntl'Mill or proaln. • • a.aouu tbt 

_..ill •JDtblda teacticu lrl •tatlll to •• ao f.Delaht iri 
tilt fMdbaok OCiltrol •• hard. .. llWOlftd u St. 

IE'*dl 8ptb!•H. b -in Ullc ot JlfA (DeCII,J'rlbf8uolai.OCOS.d) 

Wbl1' than NPlt.o&UGl, P 'bl a:rnt!leab fll JNteill. JBA b 

Dol ctJ.Motl)t lnYOlYed &D tbl •JDtbaau ot ...-sn. but t.Ditea4 

, .. ••tlo s.nr .. uc sa tNnafel'Nd h -·-I' olau tJt 

•u~•. kDCMn u •-•• JUlA (IIIVA) Wblob ,._n •rn 

u tbl protein wiiPla*· liRA (nbarluo~t.o MS.4) sa atldla' 

to JlRA uoept} tl'ilt DA omtasne tbl .,.... 1'1.,_ t.Dateact ot 

dt_,Hbolle &nd tht bGae U8011 (U) batead ot flVId.M (tt) • 

DBA awea M tS. .. Qlate t• RNA aratbiiiU • It la a JHOOU 

4llfSaa Wblob tl'lt 8Jicd,ftC JNOlaotidt aequ1Ja08 ot tla JltiA 

dlotatea a .__. •• __., .... noe 1n ._ IBA, U &PJII&rlal 01 

tbl RitA obaill Wlll..,.. A &ppt&N at till OMP~•ntarr atte 

a t!Je llfA. 

Jn a maolaat:cd oeu. llltlfA le&fta t1'8 .-Jeua anc1 ••• 
&ttaebld to .,_.Soal~ lltA OCIIlttdnil\1 J&I'Uolaa • oalled 

0 
... ,. .... lD tba QtoplMa. All w-~•- cte'-tD bc*b 

PI'C~Min aa41'1*.-1DA (ltiRA). fbi......_. ot ._.. 

in tbe dtiA •JIIOlft.ee t!8 a.tno aal4 ~ ot tbl protein· 



s 

•• De QDtblat•ct• l'1»Je ta anotblr 4ft~ fill JlfA ot.1le4 

...,._. IRA (UlNA) ••• atiaobta to ••h aatno &old (tblro 

... ao ldn• ot •••> au bl'.lrlca ••• •• -.. ••• ..,..,. atoa 
• ta. .aNA ob&iD (attatlll4 to tbl rt~-·). 'ftd.ll la 4CDG 

-, _.. ot a •• .,. •• prooeu bttwn a -•noe ot b&loa 

• tblliRHA (t• oOdca) tlld • aeca•noe 01 ..... • tta WA 

('~ antloOdcm). 'I1W tuDotS• ., tbl abla .. a :la to CIIUnt 

_..,..17 tbe tnocatcs ooaptu or &ld.no aot.4 a.ncS tJmA &n4 '113 

telt.Jlat.e IIRNA eo ttat tbJ IIDitSo OOdt o&ll be ..... Pl'OJ8»J.v~ 

Vbtn tbe aadfto aot• ~"at tl18 I'J'OIII» at.tea 1rl tbl obltn. 
tbaJ' as. U.nMd toeet!ml' WS.th tbl l'alp fit ..,.. •• bJ' -. 

r .... tsm t11 peptt• bcc• &n4 QDtt~t••• p.poteSDII. 

!'bt protein tten • .,.. tu PD'J•• C• ••· aoa. an 
/ 

·~) &t 80. oeUulAzt 1~ WbiN tt; ...... 8CIIII ---

Wf.e ape olea.· !'btro &• a ~ep1&t017 • o•trol •ob&Jd.• 
to eMUJe tb&t PHtet.na a~e aptllaataed ID tilt apJil'OIII'l&te 

8aU'lta t• the ,.~ tunottelld.rc aatd INl"»U.oatlcn ~ tm 
.. u.. It tbt .. crct Of •tabo1lo Qtcdea U ..-u. ttal'l 

tbl aqulNd •aunt .. i:t. u.oeu _,. be tea.ok to tbl ••tto 
lCNIUa WbtJe lt ..,. &ct U & N)WeU .... U & OO.ft ...... 

(e---el With &po.NJI.IICU•)• !'bt.a in ~ NW to~ 

claftl tbl .,-ntblau fl PJ'Olleln and ao tilt a,ntbtat.a ot 

•tabello· apeot••. Zit whole ,._. .. .-.watu: an a.ot1l&t1Cll 

in U. ocnoenbatf.Cil at t.t. om.toal· apaes.u t&Jdlll Jf&l't 

in tbe reaotlon. 



Tbe tbi'M a-.,o at wblob •taboUM GaD •t•ot tbl 

aotlnM•• ot .._.o1eoulaa 1J7 apeOlft.o SD-..ott.cm amtl:D 

DBA ...... IIIHA ... ~ tbl pPOtet.D .... ftU alteR 

e&tbl• mfA w RNA .,.tblai• at tt. ""' ..... JI&'OtelD 

QD-.au at •~ ••<114 .• ._. AD4 •• ,.. ..un- or lt 
&l.teN •- ott~er aotiYS.'»'• auob u oca~ldllt~ at tbl 

lM' Rap • In fNil oue., .. WIU otldd.dl2' ,. ftNt .... 

ot oev.l. s. .-. 1ft .- aou.nu••• tnlr• 

!bl ,..... ot llJh'bUla ot pro1leta u teJN•nted 

di.Apn n•tloa~ bala1; 

R .._1<\SOSOME.~ 

e +- <!.EU .. ULA~ LO~\)S 

G 

ftiUI)l tbla 18 ant.deaU•4 IIOdll ot a MMboUo teedblloiC 

oCDVel. qole. Jet it U.Ol\ldlta t;a •-ntl&l r.atUl'U ot tl:Q 

N&l Qate•. ftdJI c0$1 liDcl t;bt •t ot ettuaUGhll to t. · . 
dlr.lWd ta 4111 to GOO~ [2 )i 



1 

In the dl.~. ~ Nl'" .. nta ow ol tt. •netto looua 

wbloh Qntblat••• .m:tA Sn. quant1tt•• .. ,. ... nted b)' xi. Th1S 

IIIHA thin direote tJ» e,ntba~a ot p-oMf.n · Y1 thl'OUCh tl'lt 

cellular •truotUI"e R(ribclaaea). Tilt proMln tben tre.vela to 

ace. oellul&r 1~ c, ,_" it e:urt8 an ~lutnoe upan •m 
•tabollo atate et.tmr bJ ·~ aotlelll _., bJ aa. otblr 

.._. Tbl reault Of tbte aot1VS.t7 la ,._, am-ration fJI a 

•tabolJ.o apeotea 1n quantity 1\. A ,art ot '\ retuma to 

tba ••tto looua &n.d etoaea the ccntt'Ol loop. Here (l.t. 

at tt. pnet1o looua) 1t u Ma~4 to,._.. .. tbt aotsvttr-
ot 'bl pne, proba~ 1.n -OOi&tlG:l wttb a -.oro.ol.eoule ? 

tl:le &JMlf"preucr. SCUl~a a .. ,...-. oparatcr looua extat 

~- 'bt omtrol ot fJ'r!etlo aotlvlty. 2h tbt sweaent dl.aou&S101 

tbat la &lao tnoluatd M a sart ot X,. ltaelt • 

~ rate equattaaa tor the oona.ntMtlCI'l ot tblt 1th 

epeeS.•• ot protein to ot tle ,.,. 

·~" r1 1s ta tunct:.on cttaonbS.na tbe ~&te f/1 a,nthaata ot 

Pl'*in &nd 8t t-elaten to tle rate ot tts dltp&cSaticn. 1'l':l:l 

atJiplea' tunottona ct~"J to Oooclf1n area 

(1) 

(a) 



flit dtar&<lltlan baa bOOn taldtn aa ocnatant, 1 ••. no Hlt 

cJIIQd.nc preMnt 1n tm a,ate•. Thl rue' teN 1n (2) repro .. 

.. nu IIJINA ocmtrolled protein •JDtblau. 

Tbt ctll'*ltr&ticn ot •t&bol1te 1\- aaa .... d to bt 

omtJ'OllecS bJ tbt oOloenV.t1Cil fll prooteln Y1• and eo tbe 

e4l\&tlGD 1a 

a 

A.s,n we ~ve oGDatdlretl •be rate ot dtpad&tlCI\ ot '\ to bo 

... tant. 

'!'be ocntrol equatS.m tor II'RNA a,ntblala 1a •ore oca:;U... 

oated due to tlW preaonce ot tt. (re......S.CIIl b.Y tbe) •tabolite 

tMdbaok. tlldiP tbe auuapt1cm tbat tl» "'"uor o•pl.U 

aota em thl DNA teaplP.te bJ• ~ abeca-ptS.co prooeu 

dld.l.ar to tbl aoti<rl ot 1nblb1tote an ena,.atto aottvttJ-1 

OOOdftn ~ 111r1tten t~ ..-u equat1co tt:ll!' IIJINA 1n tl» 

tOUOWi.n8 DGlline&r tOl'm 

. (4) 

fbt parAMeter k1 ltNol.vea an ecaUS.Ubr.S.w. oC~Jatant t .. tbl 

re&o't1m bet•en DNA and t~ "PN••c.. I'• dtta.tla ot tl&l 

dllll'l•&tic:~n ot <•>, Cl'lO -.,. Jll8ter .-eter.n• [2). Here ~-'t• 

kt and b1 are au oQltltant•. s1 1n equ&t1Cil (.-) s• tbl 



•••*• oapaoit,. ot tlle •tabOU.o pOOl ot l*lt aptelu. an4 t11l 

..... ["s,-81 ) sa 1M taaoJc to aot aa a,.._..._.. 

OOOdld.D 1-. aliso ,._.cL,b7 taldq tnto o..S.diJ'&tlc 01 

tba &Aea or tbt ~ellilrll•• the• tit -. • ...-uo atld .-.... 

bOlio .,..,. tn tbl equatd..,.. (2)•(') IIA4 (.\). tbt.t it oaa. ti.l 

.,.lifted to two ecauau ... (~te• (IJ) t• • ,ans.oulo 

•JIItOl••· 

f.- .• 
a &a poaetlt18 to of81:41W ••• •• eqatt .. &a (5) into a 
anale equatte and Snte.-te te .. , * ...,.lt 

at- • .X ~ bY • l lOC(A +I«) • ocnatant. 
. . 

(S) 

'1'ld.l equattc.l tteftnQ a ol-.4 ~ •• ,..,Ill tba X•Y .,... Ctnd 

-=oe we oan lnf•• t~ tm a,aw. dl8fll'lbld b7 tla aet ot 

.. -.tscu 1n (5) t• CDCillator.r. 

1'M .,. •• --=·4 &bOn ... ..--.u.-4 - J.nt;rodtiOSna 

•lt .. Jln& .,. In •• -.u tc~uattau ~- eaoh y&ftable. 

tld.a .... tbat llRtiA ·ant protein. .. ~ .... , .... 

~f.Cil&l to tM&Jt o•oenU.tS.GDII lD tbt oeu. fhla 

-~~- s.a ... tt&Uatd.o tban tbl ••••• • oautaD.t 
.... u. ..... .. tee4baok at.-1 Oll'l &180 ...... Used 

- ,. qu&ntltJ' 



10 

II\ • St)~ 

wllne 1 s.a • poal'ift &n~aer~ { -r•oeut!J' it 1M lnn o_,eotuNct 

tlat 1 o• be a DCil t.nte-~ alao)tmd I:Nawr tlan CM. tie· 

,..,. , oan be -•satact with vbit s.a oaU.ct an a•MI t.n 
._,.. ~ts.oa wld.ob ll•• a qu&rlttt,- sceJatecl to tbe n••r 

ti11LDdi.DIIIlt.a t• t131 tM4\Maolc at8Q&1 • tm m.8ber C 

aoleoulea 01 tilt •tabolt.te talclJll ,an in,._ Nlft88IC11• 

ao •• ..... 1 tona fll tbt tbree atep o•tNl ecu•tSGDII oan 
.. Witten .. 

• ·- I I 

·A +lrX~ 
•1« 1 

••• ~ • 2., •...• nand t.1 • ._,.a,~&-. Jc, ·~ anct .,_, .... au 
.-1'-lve wao'l• oC!aehata. 

(6) 

(7) 



1t 

!bta - t~ aiQPlen ld.Dd ot IIOdtl o0181~•d. Tbt• 

•• 'bl ... ••Plea cumbol. ououtu. t!rDe.,. 1111'17 

·~1 prowma ttbloh _.. •taboUta11J' lrlaotl" C1rt*.t) 

an&~ eatmot paerate a teedbaok NlftUSC ap&l, ret •-• 

S8 a eantrolln ltll Qntblas.e. u. IIOdll t• tbat oan be 

u aLwn bel•• 

BIN •tabollte lft• Wblob U OGltl'Ollacl by·~ Y1• 

aota to ftJ1'8 .. not ~ tbl aottvltr til loa• ·- r,. -~ alao 
ta.t ot tbt looua tz• tlbl nNOtur&l ... t• tbe •tabOUOa.'Ur 

iaaoU•• proM!n Ya. b •t 11t eflu&t;&Gd •amtd.na tbl 

e01tM1 eobbe t• (ffor p • 1 ) 

~ • G ;t;v, - btX, 

~ • *lX, • J1Y1 

:a.· • Ki~, -~ 
dra ..... • ora • ~Ya 
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fta •o•4 .,.tof:l oan be oCIUIS.dltN-4 • a \trs.ve.n• 

tMSUat•• fte •Ol..u.tl• ••- tal'd~J! u .- ... .,., to 
.... --... •011111. 

At tbfA pala1J J.o' • ocutdlr oena&D JM~~.Dta CID tbt 

Ullltatic 111 tbe ••orr~~ 

AU tM ••1'1abl.Oa hla bMn taatet u oetlrlu.- .ar.t..ablee 

Wit'-'' eat1•tlDI. t~ .ue ot Xt, aoct Y1• D. s. poald.ble t:tat 

tl1a &aotmt ot IIIRNA flit a JII&IUoular tnf•tal*lcmal •Plot.•• '1111:1 

DM4 etoolllatio te,llffeaan•ttcn.. ••blna ~o baa ... n Mid 

abO&d .,. •• wtth .u.-pu.oatlniiiiiKA .,. •••• tm JMU1b1e 

s.ntluenoe ot •tabolltu at tt. 1'.lb4*.-l Jnel. eto. a.ves-, 
till •Odll baa tlw euonUal teatuwa till t!Mt .,. •• 8114 ia alao 

at.IIJQ.e enOUih to •tu.ctT• ol.MI ot bf.ooblldoal waott.Gile o~

tnllecl bJ' teecn.ot mooNtm.a~~. 

se..,..1 atteQta ''•"•5J blw bMn _. to - undlt.' W!Jat 
. I 

ocdltlGna tba •Jittera (6) pelda atab~ &rJ4 ,.ao&o aolUW.OJa • 

.._. 01 tbt &t;teapte InVOlve oc.puter a•tJAUGD. fiJI dUO'.t'lld.ft8 

t\Mt1CIIl MO!Id.Que U:S '*"' U8M b.r P.B. lapp [d.T] in tutlt &1'14 

••emd ordtl' •b'• • ._ ,.. authOr bNt t--.d tJat tOP p· • '~ 
,· . 

110 llld.t 070• llld.d8 frlr .-ral n. re ' • a. 11a bill ftuld 

an '**'u&lit~ OClftdl.'£01 tOJr tbt estate1101 fill atabJ.e 11111' 

OJ'IIAt• Ule ~ l.pJIUlOI --~· tu aJao IMn 4018 b7 llthM• 
._dl &Del R&o {8). tfll' •biti&J'J' , &nd lt 1M been found t;U\t 

~- n • '• p IIUit ._ IP'J&Mr tban 8 tor a u.t.t OJ'O~ to a.tat. 



,, 

- IIDablr ,.,.. [tJ, .a - authoJW .,. tCM\4 & reJatlOl 

lle ... D n. 1 .. • tbt mablr ot Nani.Cil nepl. 8114 p 1 .. • tbl 

ztt•llt• Oil a01eo$a ~ ta. lllld.blt•. .,., baft a1ao f0Ull4 an 

addltt.-1 ... t.-tJlt ..-u. tnte ..... JAU.. till· "&otic 

... tan •• 

c-suter at.IIU:&&U• ,_bien extn.llft~ uaed in tbl 

atu4J ot bl01Qileal eat ldooblld.oal •ot11M... BtN a. 
_ _.. •a. •.-euto yaluea t• tbl ,....-.. JNHnt u 
•• cUtte"nttal ectUiitlCM •JIN•nti.DI tbl .,.._ &nd atudles 

tJa .. laft-. fit tbl VAJU~•· OOOdld.rl 1M atudled [') tbl 

•• 01 equattC~U (6) .ltll , • 1 ln an ._lqsua o•pater an4 

t-.ut tbllt , .. ,. -.. ll'ftOdlo OliOlllatlea &n tbl ocmoeQwa

tlc ftd&bltta. 8d it p aham b7 botlb Mpp IIDd BPa '11&1 · 

no Gldll&tlan la .... ble ,. , • 1 (tw _,a). tater 

OOOdld.rl 1M &lao &dld.tted t~t bla Naut• w.e a.tt.taotual. 

fila oc.pater ••_...•s.cn "hlu a..- aotJ ,.,.,. cltpend&ble Uftlo• 

tbaJ' .. eupJOI'te4 t!G_,,_ll.F. 

In tid.• papez., bOth dlaorlblq tuftoU..a _,hOd &ftd tltl 

•thM or r..,&JUnw ~ wlU tJe atN.dled In NlMS.Cil to 
.. ld.•bllllo&l -.slUUOie,. • .......,.. •c1 o~--tlq tbe ..uu1ta 

.....,._d b7 ,. ••J&ottw wcna". 



...... 
!ftd.a •tboel • liNn uteMtYelv .,... r. atald.lltJ' 

~ and t.twea"-'t• « auet&SMd ~U.neo CIII011•ttal8 

SneqlnMftns ~ fJl oonti'Ol .-. aDSlJ'IIia. It 18 

..._..d elaftbaM In dltail (10.11)• P.B. I&JP [fSJ IN \1D04 

it to atu«r tilt D-..U.ar blocbaldoal o•bol eQuatlCOII 

btroduOecl bJ' OOOdlln Wlaft one ... .,. • ._talned GHS.ll&ttC~aa. 

!bill teobnlQUe U appl:loable to .,.._ ••• tbt ltfll• 

3.1De&r.Lt7 ta taOl&ted .f1"CCII till ,...., ot tilt ---·. !'ill 

wbo18 a,ate• ta M~d bJ' a bloolc ~ (ft •• 1 l. wmre 
CJ(p) &a till UDea. ttl'aJICil*lt ot thl .,.atea (p sa tbl attes-entta1 
OJI•tw fr ) &ald t(a) ia · •• nGnl.1aeal' eta.nt. a be~ tla 

lnclt .. n.nt Mr.l&bla* lbt J.i.nMJt ~ Q(p) ia Imam U tbD 

SDP"t o--o --r{---'>~1 t(a) 1-l __;< >,...____.( G()) I > f Haatpd 

na .. 1 

Ulinatta:r fuDdle~~. t'b) bUlo Sntereat u to •teftllrle ••tbOr 

tl8 8JIIttl• 0&1'1 exbl.bit JltftOdlO OMill&tf.CD8 • ,_ PJ,'OblU fSl7 
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a0 • ~ r t(J' +a oOIO)dO 
0 ., . ; r t(r •• 0 •• , .... 

0 

-a .• ~ r tW • X o•t)Ant 40 
0 

ana. • • '*· 
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ft proo1ed ~ With tbla •thed • l'lM4 till n~ar 
' 

diftewatta1 ecau&,lQ.\8 diHI'lbiDS tibl •*• BIN ttta NactiCil 

••• to bl lltudl.e4' u alvn "'equatlcd (T) With a 1l't1e 
.,.,.. in , ........... 

;a • ._a, • ¥a 
: . (t .• -) ., 

•••• K •} • a •f 8Jl4 aj • o•emtJraW.cm ttl •• 3th ol*m31 

.... 1 ... 

b abCin a,.len fJt n equ&t;l.,. 1M to be "4uoe4 ••· a 

~ ~ath Wdlr ectUlll14• lD an• tor till appUoatt.cn t1 ~

....... blre tunoUCD ra.thed. 



fbi ftNt equ&U.Ol til (1 • .-) oan be Witten u 

(p + t; )81 • i""• .. , .... p. tr .. '!' n 

at ...... , .. . . I I I . a .I 

(1 + •: ) (p + .. , , 

•• (1.5lt.n tm •oad equatte Oil (1 •-'>• ·• •' 

I . K. 
t !.Ill II .1 l I " 

.. r.fCII"'d.na dfllla• eu'beUtutiCM ~- D •Q.1aUOUI• thl JM.' 

eca-Ue ot (1 .4) beca.•• 

11 

(1.5) 

(P • .;, > '' + be) ••• c, + ~)an • !!I !i• ···!»-' ~~ u .. s> 
. ft + .. ~ J 

!be ob~Rcttertatlo eCNLUe f:l (5) ill 

(p ~ 1lt )(p + ba) •••• (l• + 'b) • 0 

-~ ., .. nval•• .. •t»,• ·'2·····~· 1111&0b .. au .... tlve 
td.Doe· b.j 'a AN au .-1Uw • 



tB 

(1.7) ..... 
(1.8) 

t(a) • ,"' ~' 
• ~«:a •' 

&net • • ~· ~· • '-t sa •• ••lin., )X. eta • •• t'hul equatlCl\ (t .?) . 
ia tile c1UfeNnt1&1 ~ca .. _.. .. nUDa t• a,.tem •. 

•• -Wid.DC JGI'iOdlO a01utt.ara eXI.IIU 8114 uaiq (1 .a), 
"-u&tlCD (1 .T) bloCIIIU.l 

a aM- (J' +a 0011 t.*) • ( fi +·•1 .. UJ +&a aiD lidS) ., 0 
. . ' . ~ 

Till balanoa eqt.~t.Ue ocneapcncttrc to· zerceth .._do 

111 ~4 bJ" aett~na .., • o. l.e •• 

am a 
., ·fA •0 

• 0. 
1 - 0(0) If •0 

Pc. ttrn blnlel:lto. tsbt bal&noe eq.U.e t.a (JUttbl 

p. ill). 

(1 .10) 
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Ullns tbe o,.plex repro•ntatlcn ot c• tiC &n4 atn .t. one {Pta 

tba tol.ladna eq~ti<n and ita caaplez ocn3uaate equation aJ..aot 

1 .. <a.a • t~) o«tsel • o 

or 1 .. G(tw) Pn(z,v(a)) • o 

.... -,._ 
llfbl .. pn(x.,-(x)) • _,I,.,'* Je ... 
Pn (z.,-(x)) 18 dtflr*t u tbl daaonbina 1\mot!Cill f1l tbe nctl• 

UM&ftt,-. 

Bquatt.cn (1 .11 ) oan be eolvect papld.call.7 b.V ttndlns tb') 

1ntel'Rct1on cl tbe tt1o OUJ'fta 8ttne4 bT 0(1•) &nd p' (1.7$)) 
in ~ oGIIplu plADe. U equattcm (1.11) baa ~o aolu;tea_. 

tMn no a.o111at1~ a:. pout.ble • un.l.Ha tm apteaa den&toJJ 

atJN.floantl)t h'al til) -UJIQ)tlen. uncial' whloh tbl• •thOd to 

&ppU.oablA. 

Now 1t t(a) h Q •Snsl• val..acl tunot1Cll• than ~ • o, ana 
Pn Cx.7(x)) t.a real. ~· pJ'OOt ot tbla 18 tt. toll<Minaa 

Cbl.nstns tbe var::tabt. to q • 7 + a c••• the lntep&l 

c~ttbdna ~ beoC~~~~a 
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~ • -k l t(1})d'l 
. X 

tie s.a •ro tt t (s) 1a a atnal• v&l•4 tunot101. 

P<r a,_tr.lo t(a). &0 • o. 
Cb t• oCIIpl.eX ~ both o(t•) e.n4 Jntx.~(x)J are plotted 

u w &net x tncn.•-• traa •ro to lntln1Q'. It tbe 4eaol'lb!n8 

tlm.OtiCift o01tour ( p ti~7(i)) OCiltour) tnterlleota tbe frequency 
n 

Nap_.. locua fl tbe Unea,. oQIPG'llhlt (O(itt) oC'Iltour). tm:A tbl 

talano• equat1cm. (1.10) anct (1.11) are eattatt.4 ancs a Um1t 

ople reaulta. 1 ... t~ •78te• exhlblta JWtr!Odlc C*lllattaa. 

'1'1» ••b111ty ot tte 11mlt qole can &lao be precU.oted fl'CI:l t11t 

ttpre. tat ua oc:mai<llr &st UAIIpl.e whcu: plot ta pven D' 
ftl\ft 2. A point &a 8&14 to be tnaldl tbt G(tw) OCiltOUI' lf 

I MA.G.HJA.R.'{ 

Ci (tw) 

1Yia· 2 



21 

&t sa to tbt l'llb' alttt t1 t» ourn. IMll palat ot till 

•,;\i.~(i)) oCiltOUI' «taeibla a atate fit tbl 8J8'-•• 'fbi a31JM11 

.... &lcq tbt 0111'¥0 UDU.l lt •• .. t.• a atable alapla~ 

PIILD' w a ••* llld' eple. It tlll JICIIb$ s. inddt •• 
O(bl) OCIDtOU. ttn \to OGI.'IUJ*lcllillftatlt ia .-tabla aa.t tba 

_,Utudl a lDCnr•a• ~.e. •• ..,._ ..,.. &10DI tbt pD(i!,.r,i)l 
1lDe Sn tbl dliWOtiCil ot iDONUJ.Da •• A .ble •••. ·~· 
wbh ,._ pat.nt ta n• CCiltaiM4 .ira tila 0 (W) omtour anct tlD 

a,atea •cna &1Cill .\b) j o....,.. lD tta dbeOtlCD fill ciiONUi.n.B x. 
In t~ ftpre A &n4 B ... SntetwotS.e Pfii,I\U .S.YlDa ftH to 

Uld.t .-Jea. ·A eJtJt}O~ Snittall.J' at polllU t and' Wl11 11010 

to •• 1en. tt8 dheOUan til dloNUS.q •• as.noe it sa OlltOt• 

O(ltt) octOUI'. A a,ne. at a w111a~.,. •o •• l'llht• 
t!Ja dl"otlCb ot ~ •• llin• l' M SU.l• O(ltt) Olli'VO. 

-. •• ~n••oue A oa ... ,_• to an waata~ llld.t 

070'-• alDM U tta .,. ... t.a ,.nwbecl to •ttbl• lett w rlsbt 

'' 11lU •we _.,. I1PC&1 A. Jbtereeotlc D eCIIWapadl to a 

~ lllllt OJ"Ola ••-- tbl JlftUI'l*tl• all aJ.Wa,.. tan4 

tl1a .,..._-to ... tCit&Jida B. ftl. val• 1!11 & at tbl tntaJBOotit:lll 

u•••• •• .. ,u-. f/6 •• •••ts• anctlt sa auob tta.t 
r(&) sa a1..,. peater tbiD •• -'lii~W~M a u.t.• o70Je 1d11 

~ •ue~ tile ..aue f# ,.lU.Yl• C •• oCDoenV.UCDC. 

Dlla UOIID14UI hU 8ft WJ7 1004 •urtpUw ,_.,. •o 
Slrrdtl&&te •• 0 ..... ill I:MtbavlOUI' fill - .,. •• I'Uul~ 
~ 

577·4~ 
~64 Gr- 3a1o4 
~ -
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t.• a vartat1Gl 1n tm yal.ue ot a ~ter (reaotlen o<llOto.nt, 

a&J). A obanp 1n a ~,.._tar oaueea bal:h tbt cl.lfiYea to movo 

re1at1Ye to eacb otror and to tJW oo-cr~te•• aoraetlm~• 

oaualn8 an 1ntereeotiQ1 to appear or .-nbh. 8aaett•• Cll]3 

Cine ot tbl curve mwe • .-kina tht 1ntel'JII.'8t&t1CI1 ot tbe ettoot 

ot the ob&np even ecsier. Without ~ns point b7 potnt 

nu.noal aolutlcm Qf tbe dS.tterentlal Mtat10'18, cme oan eot."ia&te 

tte behaviour to.:- ~t.r valuee aaore readS.~ by plottt.ns n 

tew paphll. The 1rlto~1 atruoture ot tl'J\1 •ca~t1Gl8 under stud»" 

oan be 1nter)1reted ro&dll)' by pephtoal •ana. 
Acctraor ot thla •tb.Od •7 be o~1Al'l&ed because cne ta 

a.pprOXS•at1DC tbe tunctlCil bJ' J'ourter tem~ ot aro and tlrst 

<rdllltr ally. But tbe linear ooaaponent acta in auch a w&7 tltl.t 1t 

auppreaaea tbe bi.S)Wr oc:.panenta and let tlW .. ller trequ.;no7 

o~nta to pua. In otbtr wert~~. lt acta .. a low pau filter. 

It bU been obeernd tl1at • fd:ven wll be~d linear O._pQ'!Gnta 

tbl 1• paaa filter offtot beo01ee cr-ater With t.noreaatna D1.ze 

ot tbe a,atem. Tld torr tba o&M ot &rb1traril.J' large u.nec.r 

Ot.aPQ\ent aptem, thoUSh tna fteulte cannob be atated wttb 

•tht•ttoal cert&int'l • ,.t 1 t oa.n be &~4 tbat aa an &p.PrQld.

II&UCIIl 1 t ta probabJ.7 noolJIII&te. 

Nor let ua PI.'OCOed With out pr'*lea• ftret w •tucf¥ G(p) 

tO!f} pneral na 



0 (p) - ----------"--
(p + b1 )(p + ~) •••• (p + ~) 

so 0(~) • 1 
(l1~ iM)(~+ 1•) •••• ("+ let) 

(1 .12) 

At trt • 0, 

Q (0) • £G'f;'.l I 6 
""•••• n 

o(o) > o o0 > o a1rlce ~ '• aa. poa1ttve. 
o (lC4) can be wrttten 1n tbl term 

(1 .14) 

&nd + s.a the aum ot tll':t pbaae ana~• ot tbe tnd1v1<1Ull n aPJotee 

(au.-rpcei t1Cil principle U val.M etnoe we a:re ocnatcter1Da tbiJ 

Unear compcnent ~). 

+ • t,+ t.2 + •,•. •• .+ •n • tan•1 ( I; ) + tan•1 ( W; ) + •••• 

•••• + tan-1 ( ~ ) 
n 

(1.15) 



htaD equaticm (1 .12) it 1a eaay to - ttat M(ld) dloreuea 

IIQlotcnlc&llJ to •ro aa w tnore-• from o to •· 

24 

Since b
3 

•a aruS o &.l'e pceitlve. tbii'Gf_.. ( t- ) s.a &lta,a a 

paai t1ve quantity. Illnce w alwap tncre-• aa (I) boreaaes ~em 
s1 nee 

zero and tbt curve G (1e) mcwee in a olockWiae d1reot1cn (tmeaJIU&as 

the ~ taotcr 1a e-14»). Tht tlnt 1ntel'MOt1cn wtth tbe real 

me 1• at w • 0 wJ:ero 0 (0) • ~ 18 JK*1t1ve. SecCI'ld 1nt.1:'00ot1an 
0 

Ncu bOth b
3 

&nd b) are pot1tlve. tlwJ~etcra M(td) 1e al.aye a nan

nepttve quantity. Ik1nc• ·M(td) ta ne•ttve anct thl .. ecn4 tnter

aeottCil ot a (tbl) 18 t:1th the nag&ttve N&l u:ta. Ae w goes cc 

1ncreaa1ng. magnttuciD at 0 (lw). i.e • M(w). deO'N-8 &nd O<lltsnuooa 

1noreaa1ng ot q, WS.ll c;1ve thl orouins ot o (1ld) w1 th the reo.l 

&X:la altemat1vely tn pc~1t1ve ( 41 • o, 2n, ~. etc.) and nogattve 

real axs.a. The oCiltOUllt tor a (1w) cr tl» frequency reaJ)(Xl80 locua 

of b Unear Compebitnt ill atven 1n ftg ••• 
\ N A,~lt\l A,R. '( 

REAL.. 



25 

To ftnd th8 llmlt; owole tor tbta preS.•· ..... to oalouJAte 

•• deaorS.bill& tuno\lca(l I<:Mlllna au tbl ,... •• ,. ocnat=arat. cne 

would pt dlttereD' O~tJour· tw ft cx!~(iJ1j ·tor dltterent P• 

We tiNt o.al• t;b8 o- w:tare p • 1. 

-nwret- t (a) • • t dr!• (1.16) 

In t;).d.a c- t(z) b A UnsJe val\84 tunou.aa. TbtretCN ~ • o. 
!bl «*btr toun•• ocamesenta AN. 

!J..f•·_· a., 
• • 

0 
t'+CVJ + ta;XJo•l 

• t- t" as ... Wblft & • 1 + ":21' 
and b • y 0 

- !!l_· 
1S 

• ' 2t~t 
( (1-ty')•·(ctr)•}t 



(1 .18) 

t)l1n& (1.1)) and {1.17). tbe b&lanoe otequ&t1Cil (1.10) pvoo 'I u 

a tunct1on ot x. 

1 _ L .2~ • L. o 
co [ (1~y)D•("2x)•]i 2'3 

• 1 

(1. 19) 

i'!a dllf1n1ttCll ot Pn (::.y(x)) c:s.vee 

Pn (x,y(x)) • i-

Pn(x.~(.x)) • ~ • ~ x ( t + ~)'' 
~ ~ [(1~,->-·{"ax)• 1t 

• ~[ (1~r)•-<c:r>·l~ .. 
~~[(1+day)•-<~>·JI -2d1(t~y) 

(1 .20) 



OUI' atm ie to~ Js:ti!rtzJ) ourve an« flDd tbl t.ntwaeottma 
tfltb o (lt~t) ooatu:~~r. 

To draw f cus-ve., W dO ,.._ tol101fllZal tl:d.nPI 

a) Plncl out tbl UD:Lt or t aa .x • o. 

b) Show~ 1a a IIICilotCbloal~ moreuSDa tuDotl<ll ot poatttve x·. 

) 
,,.. 1 

0 Evaluate tbt ... at, t4 r .. .. .... 
. ll 

a) r.t v + "o u 1t • o. t..e. 70 ie tbl \'alut ot 7 us toncll 

to .n-o. 

lim fJ~t.!,-ta)) • ~~~w m 
~ • "O 

NCit from (1 .19) Cll8 pta. W:l. tb X • 0• 

(ooJo)f' + cla7o> • 4a • 0 

0 oVo + 0 clo • tit • 0 

., • ~ t.; v"o< + lJo e'l:'a 
0 . 00 

Bql&tlat (1 .19) &180 .... 

"-~ . (1+ \7)~ s 
'T ~ ~ - 4a (0 ;,.·,. 

bmtcre equation (1 .20) beeo.a (uat.na (1.19) Gild (1.22)) 

' (x!.,txJJ • t~,r~·- stilvrJ nz 
n 8ft o.; • 2c.t, (1 + tfa7) 

(1.21&) 

(1.21b 



* (a i )• (1 :~, !'a! )• • eSt 

(Oof)a 24a~ • 2 (OoJ)8 ~ (1+ 4aJ' 

• ~(o~)(1::::a!) + 41)((ooY)(1+ c;:>, • ~) 
..ada <oor>• to or<, + ~> • .s, 1 

• • { (Oof) (1; ~y) + ct1 ) 

(Cc]l)a 2~ 
(l"rUL 

'l'ald.na t~ Umlt aa u + r 0 and •lna (1.21&)/aeta 

1 1 <t, + 4... (1 + L:f )8 

Um P( f •• 2 d... ( , Ji } • • 0 3i12o ,.,.0 y -c .~ -

(1~yo)• 

28 

(1.24) 

(b) u we can ahOilf t..'11lt tot' &a < xb. Y(X.) te laaa tbln u<;,> • 
tbtn f(x,i(x)) oan bO ehoam to be DIG'lotdcalty SnoN .. inC ~ttm 
t4 .x. Ckle oan do it by caloulattna J _,d abOW1ng it to be pa.ittve. 

but teN anot:twr •thod 1a uaett. 
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Solv1ns equattoo (1.19) rw x u a tunct1Cil ot "¥• 

(1.15) 

'l'h1a 18 an 1noreaa2.ns tuncttm ot y u ~ s.a )*1ttve. Proo (1.2')• 

1 • _ (or!).(1 + ~7) • t; 
J(yJ 2~(ot~Y' 2~(oof)0 

• - 1 (1 + 1 ) ... ":! 
~0o Y 2~{oof)ll 

(1 .26) 

..L 1 ) 1 1 ) • 2o (1 + d~Y < • ~ (1 + d....7 . 
o en o ~b 

(1.27) 

(o) Prom (1.19) it ta obv1ous that aa x • •• ,-(x) • •· ~ 

;:: pn (x.i(x)J ~;:: mr. -~~~ (1.28) 

. 1 
Thua - ~ve .fOt!nd out tl'Jt beba'Vlo.tr ot thl r,n ... (~x-.'3-.(~x""'') ourve 

u x Snore-• .trom o to co. Now 'n (x.~(x)) atarta ot a negative 



nu!DbW (equat1CI1 (1.21})) aatd 1nore-• O<llt1nuoual.7 alc:ag tl-e 

nept1 ve real &.x1a. ~ 0 (Sld) locua 1*1 been a hom to •ptro.l into 

tbt c:rrts1n 1n a olooku1M 41reottcn. Tbua U an:y tnteraectial 

bet.Hn the two ourvea cocl.ll"t* tt ta ot tbt tCil"m ahCMn 1n P~ IJ. 

M tnteraeot1Cil ot tllia type gS.vea riM to un~~table 11ad.t cycle • 

..L 
p 

'1!n.W tot' p • 1 &n4 8tllh'61 n, no •table 11mlt cycle reaul.t fer ~ 

va.t.a ot tbt para•tel'."8 b-1• 8t .. a &n4 k tor tbe reaotlcrt system 

tttacrtbed by equatt<ll (1 .•) • PApp 1n b1a papar baa &lao cooolcad 

that torn • ' &nd lJ even UlUitable 11alt QJ'OlAa do not ap~eo.r. 

Since JII"OteS.n ayntbeSiS h ·~0 a three nep prooeaa (&ooorditla to 

Ooodld.n). tben t.beft ulU be no 11mtt. oyola tar p • 1. 

Fern • '' 

G(p) • • 
(P+ ~ )fp. ~) (p + b') 

00 • b.tb2b,., 01 • b1b2 + ~b, + ~b4 

and c2 • b1 + ba + "' 

1 

(1.29) 



,, 

0 (iw) • 
1 

. • ----------
(1(1))$ + ca (lw)• ... c, (1w) + 00 -ttJt- c2J' {• c11Cl) + 00 

• t I 3 L 

(o
0

• o2tP )•1 (w&-o1bl) 

• (c9- ogtf!! ; 1(t#'~1 c.a) 
(oo-oatP )a + (JJ- o,c.J)• 

1Jl(1td) • 0 

fill- o1 • o ar u • o or v'c1 ( w ta ~1t1ve) 

rctJ bt • o. 0 (l,) - t- and tar II) • o, • G (1w) • c :.010 I 

0 0 1 2 

t'Pom (1 .29), o1o2 • {b1~ + b1b, + b2b,) (b1+ ba+ ~) 

• L + !leo 

wbere A • b1 (b1b,+ t;b2 ) + b:a(b1~+ tab,) + b'(b1b,+ ~b3) 

and A> o. t~tore b~'• are ~1t1ve. 

'l'hlin"et en -1:1 < o. 

Now 1 - • ~-,---:ac 0 - A • 2o 
0 

+ A 
1 > -20 

0 



Z.tween 0 (1w) &nd J;- I bellOe theN ta no Um1t oycla ot azQT td.n4 
n 

atabla or lmBtable. 

Por n • 4. the came th1ns h&ppana. Theretcre tbe rea~lta ot 

tbl tiret paper ot ttapp a,.. aa tollONa& 

1) w1 th p • 1. 81nor&1 n • no atab~ 

oso1llat1an 18 PQI81ble. 

and 

11) wltb p • 2 • Q a ,_,. - even unatable 

010111at1on i8 tc;caalble. 

amce, atnce b1oct.td.Oa1 ceo1llatore .acute atable cao1llat1.ana 

c:ml:s'. thtretcre cne Wit oonai~r p peat~W than Clhe c ..... 

ft*PP 1n b1a eecoo4 paper [7] baa c.&lt with tbt o- of' p • 2. 

tat ua dhCUU bia waulta. 

ibe fNquenoy %i01JPQ1M locua w111 be the a&mt ae t~ p • 1. 

bu.t tba deeor1bin8 tunot£01 c01tour •1U be ditterent. 

In tbia oue, 

f (z) t::t 4, 
'1 + ~, 

(1 ·:52) 

G(p) • fP+ fi1J(P+ ~).! .. (p + tg' 
'lbl upreaal Cdl tor & 

0 
anct &.w are 

•. l f'lZ . <J 48 
0 

'JC 0 1 + ~ (7 + x ocwe)• 

... • !. fr: ¢q cs, 0 C8Q dQ 1 I IT 

" 0 1 + ~ (y +a oC8e)• 



'' 

To cter1ve the ~ tntegr&t. • IJilltJa use or tt. toUaJing 

atandard 1ntesr&la • 

f.. 49 
v + ooeiii 

0 

v aR&ndv > 1 (1 .,-) 

1.e. ,jv2-1 1• ohOIIen &om that branCh fJI tbt two value tunot1Ql 

whioh 1s alwaYB poatt1ve wbtn v 18 real lind peater tban Q'tO, anct 

1 1 0 

1 + (a~ ooaa)ll (a~ ooee + 1) (ct+&J ca. a • 1) 

= 1 • __ ......_1 ____ _ 

(2+ 21a)+ 21t!'OC:.t (21a-2) + 21f0009 



a • !J.. f" 
0 tt 

0 

• t- rf" 
0 

•ct, 

. ai 

- ] 

_, • (•1)• t<r tba t'1ret term ana 

.1 • {1)• tw the HO<*ld term 



•o • t- (•1~ + •-1~ J. 

• g~ COB~ . 

i2 
ooeyol:Skte• • ( ~ :;r: +

1
) 

2 2 ..;~., 
BillY Q if - K 

(1 .e9l 
&net 

where o • v'cS,aY &nd f) = .;y. 

Subetttutt.ns a • 2 + 21a. a' • -2+ 21a an4 b • 21,. cne geto 

a • !L rf• c.-e s q • fu gqat 4i • l 
' • a+S 008 a•+ b ocae 0 0 

2:1 a' a 
• r ~ •a.~; - ~·- b") ) 

• ~ r 2is· 2 _ • a + as.o . 1 
21" ~ -2-.21a)0 •(21• >-} ~2-+21a)R • (21• ~ 

• !!1.. ( lg _, • - J.Sl t 1 ) 
~ ~21~ )2 • (.-2~1a)8} v121J)Il • (2-t21a)•] 



(-t)* tallm wt tram tbl ftiat term alld (l,. trom tb8 eeoc<! term • 

• ~ ,,,., > t4._-a!·Ut u~•Jt (ipt1J at.!•CrltJ.sa)•) 
• - K 

( 

wl18J'e K 1a st.ven bJ' (1.,.,) 

4.. v'11Co)l + ,•} (1 W + (•1 + ta)8} • ;!i [lo((i) .,/« . + . · .I£ . · } 

• ~ (2atn yi • eo oa.~ ) wheN 81ft y6 ADd oa. ylt DeN 

• .Jlt Slven b7 (1 •") 

bftt«~N -, • ~ tin yh - ~r oa. .,h J 
~ 

ss.nc. tbt s.nte..-.n4 ot a0 ta alw&JII poests.w thin ooe yh > o. 
B7 equatt• (1.,g). a1SD ot am y 1a -poeS.tlft. Tbua ~ as 
OCilftnect :I.D tbt tllft ~t (0• f) colJ',. 

,.,. .... h tl&lacoe •ca•ttCD (t •. 1 o) oaa be wrttten ror 
thleoaMU 

o-1-~.· c1•t•x) 
Yit 



• ../~. Kt 
; 2~ [8111 yh • y'4ct)' OCB yh) 

(1 .~Ja) 

C);la.rCing tbt vartableo to w • V • z • ~,* • 

equat101a (1 .41 ) &nd {1.42) bac0111a 

o • 1- -ll!fP"'"A ........ (4 + w-a+1 >* • s(w .. z) 
z K 

•.• v' (1 1 a.x) • v'(' ~· £i't1 ) (1.44) 

~. . 1 x• , 
2ct, v'~ CC Ii-;r·l}t -v'•C I+ Jp+1 )i) 

,.inS tt. 1dltnt1ttee 

&ncS (1.44) 

'lbl~tcn ~ - 1 "i I!'~ I i I 

{K-w+c•1 ) • a (K + w-a+t) 
(1.45) 

(1 .lt6) 

'-'- ln1ttal ueumpttG'l ot y) x > 0 n01 become• z > • > o. D 18 

to be noted tb&t ·~ts.CI18 (1 .4,) &nd (1 .4s) oCilta1n Cl'll.J' tt1o 

&rbltral'y poe1t1ve cQllltanta A &nd H. wbeftM •ct-t1~ (1.41) &nd 

(1.~) 0Qlt&1n8 tbNO ~-~ &nd oo. 



PiNt Cll8 aaun dttermlne :l.t it 18 pc:aaS.bl.e to uae equa.ts.m 

(1.1t') to tineS z(w). tfbln tbta 18 111PClUll>l.e• a Uad.t CJOlO 

bebbiour 1a alao 1aapaU1ble. ror • paeitlve and tlXed, a(t,.:a) 

tn equatton (1 .4)) oan be treated u a tunctlG'l or •· To o.h<:.W 

tbat a(w,z) 1a mc:alte111eally s.noreuln& wttb s.ncre .. 1ns .,_itive a, 

whlre a > w, cne o(ll01dlml tbt tollOtiDS exp.-u1cn and protJOii lt 

to t. mcnot<mloaltv d'IOnutns, 

1 

ss.no., 

tbiD K te an tncreus.n.n t\m0t1Ql ot z. v &ncS ~ both a~ p001t1ve. 

bretcn z i .1ll 

rAt\ M • [1 + t' ft~1 ] 

-K•(w•s+1) ( l.:f1 ) 
I· Ii' 

• ·< a + 2'! + 21 ) < o. 
}ttl 

( ·: ~-~) 

'lheretare Jll 1a a JICI'lotQlloall.y cttoreaas.nc tunctien at •· 

!b~Mt~ s(w,z) • 1•1mcmotcn1o&117 diONUtns tunctlCil ot n). 



Htl*t a(w.z) ta a •cmotcmsoal)¥ inONMS.nl tuDottGD ot •:~ 1d1')n 

S > W >OJ &Dd lt iDONUeB to 1. 

At w • o. J(w) • ... 

•• w > o and SnoNU!nS. J(w) t.nore-• IIGI1otcnloa11J' to +1. 

,, 

1'bua J (w) or 8 (w •• • t1) sa rwsattye tor • at tlw t.ntel'\'&1 w a 0 to 

w • •m• Wbt1'8 •m 18 $ft.necl b7 J (w m> • o. 

81Dcea tlw tUDOt1Gft J(w) lnore-• ••-CI'do&lll' tMNtcn tlW root 

"• J.a unt.caua. •. • ~· btnoe "• 1a a Cl\lllltltJ' ot pbploal Sntezteet 

u S.t h ral&te4 to tl'lt .-xliiUJil poulble a.plltu• ot tba OIOlU.tlcn. 

At w • o, thl value ot • la a 0 aa4 K • a+1. 

bat a:-. 

s(O,a0 ) • 1 • "I d'A • o 
eo <•o + 1) 

•• -1, + 2~ + a0 • 2A8 
• o 

!bU sa • oubio equatte. Met tbe aolutlc sa 

a0 • 5-c (1 + 21A8 ) + ( (1 + 2TA8 )II • t J1ltf!l1 

+ "{1 + 21A*). [ {1 + 2TA• )II • ')1/.! )'JI1 

(1.50) 

2 -; (1.51) 



uet.n.c •quatiat {1.41 )., t:hl b&l&nae equatlan slvea tor x • o as 

tOUCif•t 

• 0 

Tbe aolut1Ql 18 

7 O U tbl value ot tm b1aa term When lt • 0, i.e •, tNJN 1S no 

a~~oSllatlon. Thull y
0 

1e aame aa tba equ11iln1.um valta ot s
0

• 

40 

(1 .52) 

How we nH4 to atudl' thll 11nd.t ot t and 1ta mcnotcnlc1t3'. ~or 
t~ we muat find tlat &Jnvattve ~ • Pram eq~tlon (1.:37). L{w.z) 

oan ba dtttn.d u 

• • • 

• • • 

L(w ••) • J_ (It..w • &+1 ) • L :;::.. cautant 
a~ . A• 

(1 .55) 



a~ • te ~ JU:tt1 )[(X + i (w-:~+11) 
~ aK" 

bretare equ&t1Cil (1.!35) give• 

•h. •. [ z{~;- (l-z+1HK t 2Jw~;-t:1lJl ) 
.... -If' - ga (w+1) + Kz <•-•-1) - -~~ (w-a+1) + aa (w-z+1)!! 

:a{lt8- lt(wwa+1) • 2 (w4+1 )•} 

·----------------------------------

• 

• 

IP + Jt8 (w+1) + Kz(s..,+1) + 2a (w•s+1 )(2 ... +s•1 J 

s(xR + K(w-&+1 • 2w + 2a - 2) • 2 (w.z+1 )-) 

as + a- (w+1 ) + ~~ (a-w+1 ) + 2z (w-.+1 ) (a ... +1 ) 

a(K(K-tw - a+1) • 2 (w-z+1) (K.._ - a+1)} 

~ ?:> +- "K '2- (""+-I J +- \;_:z.. Cz._ -w H j +-:<_ 2liN --z t-1) (?-w +I) 

& (K-tw • z+1 )[K-2 (w-z+1 } } ·----------------I!' + 1!' (tr+1 ) + 1\3 (a...,+1 ) + 2z (w-z+1 ) (a-.+1 ) 

41 

(1.56) 

To ca.ive an expreatcn tor ~ , the llmlt ot tbt deacribir.c tunct1cn 
. 0 

aa " • o, oQ'la1~r tl:e equat1Cil (1 .•s). Both t!w nWIIIr&tor and 

cllnOid.n&tOl' are ~o, wbln • • o. eo we •PN L 'HOIP1tal •a ru~. 



A • p:;t1 • I 1.. 

dW { (v-z+1 >- + 4aJ 11 

1-z 
.d.K j • ..:..__:jl • a

0 
1a tbl val• qt a at w • o 

(if w-o r.r.c; 
aj a II •o(1 +tlo..Zo+~l)[ 1 +ao~ 2·o4 l, Fllll 

dW w-o (1-.zo)$ + (1+ao>- + •o(1 ... o){1+zo) + 2•o<zo:1)(1-so) 

• 2zi(~Q 7 t) • •o<3Zo•1) 
(a

0
+1 )(2+ 6~0) (z

0
+1 )(1+ :5Z

0
) 

TbaM exP"aaicna *" UH4 to tlnd the value or tlw der1.Y&t1vu ot 

the n~r&tt»- anct tbe dtnoad.n&tor ot •qu&tic:o. (1 .45) at w c:t o. 

DenC*lnator • D • (X~I-tS•1 ) ! - z t (K+ w-c+1 ) t 

f • ~ (a~. 1) • t ai(<tin;!; \) 
(K-w+c•1 )f (K-tw • c-+1) 

~.-=a +Z - 1 

I i • t c •· ·2· * o (1+ m + • -1) 0 0 



~retore trom equat1oo. (1 .45), ua1q tM above relat1Gm~,. c.ne pta. 

Ull !. • t • •H(af 1 )• 
de P Po y2 z

0 

(1.57) 

L •B 2~ ·./§ BA• 
F; • vf" Ct ;- • ' z~o 

0 0 

(1 .58) 

It w111 new be shown tbat ~ dtcn- Dl01loton1call.1 with 

~inS poeittve •. l:n ecauattc:m {1 • .\s). a1nee z > • > o. thlretcre 

tbl n.w.rator ta atwayo pc.1ttve. ~ •l.sn ot ~ 1a dlte!l'd.necl by 

tM denomlnatar. lf we oan ahaw that 

K - (w•a+1) < 'K•z(w-s+1) (1.59) 

tMD t 1a &lwap JW&&tift • 

b ~~eault 1a tuet o~ tar the oaee • < 1. 1.e o < w < s < 1. 

4s(1-a>- < 42$(1-a-tw)• • • • "> 0 

.t;s(1-s)• < (1+a>- (w•a+1 >-·(1..z)8 (w•z+1 >
'• • (1-tS)0 

• (1-a)• 



0%' (1•Z )• [ (W•Z+1 )8 + 4z] ( (1 +c)'l (••z+1 )• 

caa (1-a)x < (1-.s) (w•z+1) uas.ns (1.~) 
-

~ K - (w-c+1 ) < Kz + a (w•a+1 ) • 

Hlnoe (1 .59) 1a aattartect. Th1• reault alao holdll tr:r tM cnae z • 1 • 

'1'ba tblrd. o&M 18 tta altuaticn wbln 1 < z < w+1 • It tol1Cl't:J that 

1 - z < 0 < w+1 - a 

Since K &nd (w+1•z) are poe1t1v.. 

• •. K(1-z) < 0 < (a+1) (w+1•z) 

• • • K•b < (w+1..,. )a • (w+1•z) &net (1 .59) toll owe. 

b praoottor tbl cue a • w+1 tollowa tt'1vtall.7. alDoe IIC*t Of the 

te~ 1n ( 1.59) dl-OP M. The l&at o- b wtwre w+1 < •. 

NCif • .\z (w-s+1 , < ~. (z ·1 )tl 

_. • ( (Z+1 )• • (~•1 )8 ] (W•B+1 ,. ( 4z (&•1 )8 

ar. 0 < (1+a) (\has+1) < K(a-1). 

~ (1.59) tollcwa. 

~ •: K •v'lw•z+1 F + 4z1 
l &n4. > 0 J 

b tue cuea of.te4 nbore ocwezw a11 ~a1ble •1tuattc::na. Htnce 

tt u prcwect tbat tbe dAmomtnator or ~ 111 aldra negative And eo 

t 1a al.wap pce1tl••- U a > • > o. To t1rld t~ mcnotQlloity ot 



• K'•tl ) I- t •, ri.l :t 2Z - .... • .. • , ... u 
fi'W'lt' 

• K{at1} .. (lfiJ!. t ., •• 1} 
~,;aga 

We can p;-0'1• tbat l PJ 0 !AI a mCI'lotord.oall¥ c110reu1q tunctl<O• tbtn 

cne .can .. ,. ttat ~ te a. rna:1otcn1calq t.ncNulng tunot1Cl'l. nut 

as.no• )r 1a alw&~ ne~tlve • thal'lltore 1t tum& wt to lltt & 0Qlotctn1cally 

cttonutns tunot1CX\• we nMd to abCif that ~ ta &l.M&J'8 negative. 

~--:a{(~ + '1'2K) + (~ + 1'ttK) I) 
W~l'll D • J:t1 .. ·~ 

1'1 - _.,.. - &tJ11 •1w - 2&. - as- .. 12z'l - &-a 

•7h + 7w':P + Tw'lfl - a..-a• + .,a z 

'ra • ,. + 5W + aae + 6zll + 6& + 2 • 5W.. + .,.. Z 

-r, - .. (..,a + ~1 - rz;'l + 2& +' +2ft) 

'.1'- • .,a (-w + Z•)). 



Now tlret • •how tbat 'ha 4enca1nator ot I' 1a pc:attiv.. 

r.et D • tt. clen~tor ot f. 
• ](S + xa (w+1 ) + me (z-w+1 ) + 2a (a4+1 ) (w•a+1 ) 

Jt4' + t~ (w+1) + D(s...,+1) (1.60) 

ta poa1t1v•. Ir • < t1+1• the re•inina term ot D t• alao positive. 

tt s • w+1. tbtn tb18 term vanlebea. leav1Jl8 cnl.7 tm ~lt.tve 

expreaaicn (1 .60). r.; will now bit eh<lfn tb&t D 18 p0111t1ve if 

w+1 < •· BquatiCD (1.4,) dtflnea the tunot1on a (w). uas.ns that 

eqQ&\1C11 w s-t 

tet M bt det1ne4 b7 

M • ~ + r,.e (w+1) + X. (a.,..1) + 21S (z-w+1) (•It) 

or M • K(K + KW + .. • 2w + c-wz + 1 ) • 

Per the oaae w+1 < ss. tbl quantit;v 2a(a-w+1) ta pceitlve ~d sF- 1e 

,_1t1ve. a1e ccnolwt:a that M ta etnot~ len than D. 

U _. + RM + w-u: > o. (1 .61) 

than 'ba proof te complete. 

Sinoe 4a U poe1t1ve t!leretare it follows trCIIl tile 4et1n1t1on ot X 

that. 

(1.62) 



b abeolute value br<loketa can be dropJ'84. a1nce we are c<r..n1dtrins 

tbe c- • > w+1. '1.\x)retore tt tollcara tbt.t • 

.. + ~ + ...... > 0 ••• "> 0 

'ltW8 tbe tnequaUtr (1.61 ) le At1at1ed ~ tbe denomlnat~ Of e 
u .-1t1ve. 

Cella1ctl:r a qu&nt1\7 B Slven by' 

B • (~1 + TaK)D + ('!} + ~-X)N 

·~ N ta tbe n~ratar ot f, 
B • Z, + ~K 

x, • & 7 + .-oae + 801• + so.• + 40:1* • a.a 
+ &a .. 2.\wa8 

- 120wa4 
• 1!J6lta8 

- .-a.a• 

- 2.\-.1::3 + 1•4.az• + 12owaz• + a.-~: • &Si' 
• 

- 16wt'c0 • 16C::WSz• + 2"""• • 561f4z8 + 12ow•z0 

+ 2'-e.c - •a. t~z• + &•a 

&114 La ... az• - ,:2r:0 - 49.1 4 
- 32s" ... a.a + 4owz& + ewa• 

+ -.(MzG • 4a.ttas • 8Qw8z • + a.r'z • 161f$ .. 

+ ~.t0 + 16w4z - 4a.•ztt + 8wllz 

1!» m:lnimum ot the t'uoot1on E <l'l the :l.D.tewal w • o to • • a. 

(1.6J) 

w!Wft :s.t 1e ncn•DIP.tive, t.a in'Mat1pte4 Vi& a nWIIrioal t:oohn1que 

~ tound to be tbt ~lue E • o at w • o. At s • •, 



r., • G4a" + 4&5 + a.
~ • -)2:S ... &I!' 

K • (1+4c) 'i <(1...-a + •za >' • 1 + 2a 

48 

uas.na t~ lnequaU'Y b0W14lnc x, ane -• that E muet be •trictly 
.,_1ts.ve. 

The num~l"1o&1 r:ethOd employed b7 Mpp 1n h1a papez- to &4 

the lld.n1DI.IDI ot •• bU be-.n develoi*S b7 M.J .D.- POMell. 

Thua trODt &11 tie Naulta oalcula'*S above, <me ooncludP that 

t 18 IICilotcotcally eovtutns w1tb 1noreu1q poettive w. 

In tbia caae (p • 2) tbt treQtWnor J~eapCXttl looua re~ tt. 

- to the oue with p • 1 • 'lba JDOCSUlua &n4 argwamt ot G (iw) 

dlc:r:N-• manotCil1~ &a po~1t1ve • Snore-• and tbe ocntou:r

QU-ala lnto the orf.g1n 111 a olookw1 .. df.teot1Citl. The aat~llest 

Nal Y&l~ ot G (teo) 1D achieVed at ita ttrat crcaatna with tlW 

••tive real axJ..a at ~~ncy • 0 • 

The CCI'ld.1t1Cil\ OIIR&l-7 tcr a lllllt 0701At to exlat 18 G (1•0 ) < ~ 
0 

tllina (1.58) tor ~ • tbl limit oyole ocnditicn beoomaa 
0 

2:~ 
../5 ~. to (two)f > 1 

v. know that a (O) • ~ • tbe .,.quire•nt tar 11m1t OJ'ClAt odittan 

bloc. a 



&~ O(tw
0

) 
R • ( 111 0 ) j . 3\~} I > 1 

~ HA.•co 

0(1• ) 
Now w w111 b&Ve to tinct tba llh1t11n0 value or J 0 (%} J 

o1l!!l • ; ttij ·~ .. T • ~. l tiiii J ~ J~ J~ { +1 ~ 

wbtre ~J • tan'*1 (+ ~ ) u 1n eq~t1an (1.15) 

n 
•D 
.1•1 
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(1.64) 

1'bt lMt atep tollcwrJ fJiau thlt tact that bJ' d8t1n1t1cc ot o_, .. a~ t.1 

18 abfap poa1t1ve. 

'l"he object 18 to .Uild. .. tbe •ZJMn1orn aubJ•ot to too 

o~traint tbat • • w0 • 1.e. tlw ~- ot o 1a s • .t tJ = '!1. 
J 

Ptr a1mpUo1ty'a n~e_. take the laprtthll, 

lea; 1 g~W 1 • 2: loa co. ., • ~ h<•,> 
~ Tar 

Wblll'e h(+J) • lca;(cOD ¢,1)* ~(tl • -c•Q# & Ms&tive q1ll.nt:l,ty Which 

llap11ea ,_t h ta o~1oate. T.bua tcr o < e < 1. 

ettbr) + (1-e)h(:t) ~ h(Q 7 + (1•i)x} 

with equaUt)' holcSine CJ'll)' wtan r • x. Applyins tb1e relAt1Cil n-1 

ti:alea &net the Oedtrcint en tha ~nt Clvea 



~ ¢1 + ••• +. 'It L h(+3) ~ nh ( n n ) • n log OCMI n 
r-r 

G(iw
0

) 
'D'ld.ng anti los atves t}1) bound en I 0 (o) I 

50 

(1.65) 

when ~.1 • 4'.c tor all j And J (equivalently bj • b_,). tha maximum 

value ot the object function 18 obtained [cos g. ]n. The following 

table pves the maximum values 

a!ble 1 

n (CCII : 'fl . 

' .1250 
4 .2500 

5 .:5466 
6 .4219 
7 .4819 
8 .s,ao 
9 .571' 
10 .6054 

R&pp hall atarted trom n •' beoaUM Or1tt1th [1'] b8.d already 

ahown that n • 1 and 2 • the~ are no periodic eoluticna to the equat1Ql8 

for pca1t1ve reactia'l oQl&t&nta. 

At the extremum o
0 

• bn. which 1B unepec1t1ed. r.et 



s)h 
U(A) 0 pI p 9 

./'l HA•o
0 

~~ 
• I a .. 

(HAc • !!1 v'!!gO 0 1 r 1 • t ) 
o ~4,~J"oo 

uaina a 0 • ~J'!· equa.tied (1 .52) and (1 ·"). we aet 

U(A) • ~ ~ :.rg. 2-(L + ( L + 8 )011,0 
A A8 A" 27A• ..) 
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(1 .66) 

(1 .67) 

Aa A Uncla to 1nt1n1t:r- the l1rl1t ot U(A) ta two. Prom tba fact 

th&t 2-u• (A) 1a ~lt1ve, 1t 18 clear tb&'t 2 ta tlw -.xl.BUJ value 

ot u (A). CC118ult1n8 'll'blAt 1 • lt 1a ... n 'bat tar n ~ 7, tho tdlld.mwn 

valu. ot R 18 l.Ataa than me. Thla slvea tlW reault that ctven that 

aU. tbe reaotlGl oQllltan\a (Happ t~ a •t S ot all tba roact1Cil 

ocma-.ta,. 1.e. s • (tt,.a, a, •• ··~&a.1 ,b1 •••••bn)) ar. P<*lt1ve 

(t.e. tbl Ht s 1a perm.i .. 1bl8) and s > w > o (which ctvea omd1t1an 

t~ poalt1ve OCiloentrntlCiliJ). the~ are no l1mt CJOlAta. 

U11n& tbe tabl81 Cbl oan ... tbat at&b~ Umlt cyo~e (a1noe 

t 18 a diONUinS tunot1Cil ot paltive X, t~ limit OJCle ti1U be 

Hable) euat tor n • 8,.9 ar:us 1 o. beoauat tblre ft > 1 • It it oan be 

•horn tb&t (oaa ~ )n 18 mCilotcrd.o&llJ' lnc~U1n8 with lnOMC.SinS 

.-1t1ve n. then thl reault can bl P:n4tr&U.d to all l.&l'flt n. 

A-.sn we ccna1dtr tJ:e tunot1Cil n los(oa. ~ ) and ahcw that tt 1a 



•••aoallr t.noMUi:na with tnaNut.aan. n u &Jao t!JD sa.
Ud.Dc to abaw ,., t loa o• x (wbaN a • I ) la JICift.otord.oall.F 

... uSna wt.tb t.neeaaSDa a. w._ .. 
o<a<f, aSDoe a>2 

_.. tuDottan oan Ill .,. ... '*' u 

. t lOS o• a ··l f • Mnq. 4'1 · 
0 

tbe l'18bt ~d at4J u tl» •• value ot •taft'l t&Jdtn ou-.r 'te 
·,s o1.wo.~\'. ~-\-\;~e_ o-,'V\J 'Vv-.:01'\Ck>~<:_o.l~ d;.e.<!YQ.<A~\"'-% 

inUWal 0 to z. '1'l:e fuDotlCil ~ith iacrellliba X, &iWD tba~ 

(1.68) 

o < a < f . lD otJbt:- weu, tlll tvDctlCift D 108 ace f te raClotcmoally 

t.raoftUin8 wltb iDONutnl x. Tbua atQJe liad.t QJ'Cle8 NDul.t 

tcaa P. • 2 wbtn Jl .> a. . (1 .69) 

fte l'Jill.d Nhl\• ttbioh J't&»P hU cJedftd ill a aena.-1 proceclure 

tor ocm8truottnc a IAIWI oJAU ot .,..-..DJ.a I 8lV!DB ·lldt OJOt. . 
btla'flCNJ' IPOII Gn8 8\tOb •t·. 

set Amt.n auoh tllat R(Aid.n) • 1. •• u ~~ i sa ~14 
ts-4 aD4 U(A) 1.8 aa1n ·to be a 11C11lotonloallr IACMU1DC tuno•sca 
with Snoreaa1aa A, ~It > 1 tor &11 A >AmiD U(A) l8 IIOQotCilloal~ 

UGNaain8 tt a-.u(A) ta taatotcmoal17 •cwutna 

a.u(A) -r L + c!.. •. ,a. , >Vi11 '•r'-. , L + P. Jlh 1~ A• A4 2"/A8 A• A" 2?Ae 
. ~3~ 

1M t\motlCID K(A) def!DM bJ' 

x(A) + L • ( L + .a" )i 
A• A4 2TA• 



s' 

18 a ,.s.ttve IIGDGt-call.7 •oMUlftl t\lb.Ot.1CID. 

Pram (1 .TO) • 

• •-. 2•U(A) •[ L + K(A)]~ • (E(A)]0 
A4 

!be ftaotlcn I(A ). •n.d ,. 

(K(A) + !. Jy; • {K(A)]'\1) + .S(A) 
a.• 

(1.71) 

111 a •oreutns f\met1CI1 ot A. a.nce, ·~ J(A) • 2-U(A). U.J:!Ittore 

U(A) i.8 a ~HDotcnioaJJ.v bcreus.ns tunotte 81Vlll8 tl18 Malted 

Nhl,. 

'l'b8 oCilditt= rw limlt oJOle oan • •JN-ct t.n WftOS or 
1.0\.V.~ 

a pb.Ja1oall.7 N&l.h&blG qu.&ntlt}r J' 0 lD tbe UPJU81GD ( 1 .67) (ill 

notbiq but tba equlU;! value ot 811• 
~ . (8 >' ,12 0 &. . 

• •• u (A 1 • ~·· , P • -L • a r (o ) (s ~ 
4, ./.ta -, 0 D e 

!blfttcwe tt. ocn41ticn tw u1atenoe ot •~ llldt qole sa 

~ C8n>lt ~ I > 1 

w:t.n bJ • b t• &11 3• (1 :ra) beoomt•• 

Atte• clerlvinl tbl ocrdi•Snt ecauats.cn. lapp bail diaOuaMCl BQ'Dt 

~U~~ario&l teeta ol t1'e waulta obtalMd - !dm. 

(1.12) 



fJb8 t011owma va3.UH ot tbe o~Mnta .,.. taken• 

K • ,o~ooo. o • 1 , s3 .• 1. x_, (O) • 1 and b3 • 1 

tor all 3· 

'11118 .... ct, • ,o,ooo. da • 1. 00 • '· 

-. exampla abam waa at ~ bOW"&..,. be._n llmlt .o,.ola .&n4 nan 

UJdt OJ'Ole ettuattcno (n • T and n • 8 .,na•). Par tbl above 

va1uea A • 2121,.20, Qnd. U(A) le etrtotl.J' IN•te• tl'llan '.9037. 
Wlns 'ab~ 1. ~ fin• that r.- n • 7. 'M val-. ot R te o.gsM. 
tma , .... ebOU14 t1a no atable llmlt orole tor 11 • 1. •• n =- a. 
R • '.0556. lDtUO&tlns ••t tbaN abould bl a etabla JJ.ad.t o.,oJ.e. 

Tile valua ot ~ (-.) u a tuD.ottcn ot tt• 'rf'M eaoh eptem wae liven. 

•0. a • 1 thiN -.. no atable •otllatlz (tlauN 8) and tot! n • 8 

~ wu u;rmptotloa11J" et&ble caolltatsaua (tifP.IN 9). 

to 

0 100 ~ !00 400 500 

-b f .. 

seven ctt..mena1cm.al .,. •• 

EY § 

0 leo.· ~00 300 1100 5"'00 

t .. 
lf.Sht dt.•na1Cil&l eptem 

£11 ' 
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tM Clll~ dttterenoe ta SD .- tre•nae ot _. men reaotl~ etep, 

tbe zwaotton ocmt'-tfl aft tbe .... em. oJe•b'• atole :u.mtt 
OJOln eXlllt t.-aao'tlCl'l .,.. ... ••re tbl JDbibtt1e fit 11:0 tid\ 

.-p Ncaul1'M two •olO~a ot SDblbS.'e (p •.2). COIII*I'ba Wa 

~ wtth tilt Jmnlm8- otp•1• wbfte tbeN Ulatel no 

a...SCIIUo ao1"'1cm fflll!t .a:J,.l n, bpp OC1b01Ulllled that "tbb cu.tt.mUCib 

beWIIb a a,atea that oaJl o.-olllate aact Gall that oarmot ill 

~m4• into U. ,._,to atruotun•. D 4oean't •PI•4 <D \be 

._1"10&1 valuaa ot tJ.w .. aotl<ll oenatan• 1tld.ob .. extMmOl;v 

••''''" to Oba:DIIea :in •• -.llloal ••s.rc.-at. 
POl' l&ltpr .,..,, tt. depee ol aoo\ll'MJ' SltoN-8 8Ul.ce tr. 

U.• ocaapcment aota _,. •tftotiM~ u a lor.,... tt.ltt..,. Rapp 

hU JIIN41ote4 t!Je value ot tt. treqUIIJl07 t• a Q'lltem or n • 12. 

K • 9• a • 5., b.1 • '• 8.1 • 1 •• x3(o) • 1 f«' &11 3. u O.SGB 
wt.wu ,._ aotual 'YILl.Dt 1a o.e.s,. Bftte fA m• tbarl 2,, xn thb 

-· (ftc. 10), tbt ~,.., butl• up alatlJ' to~ atable 

Ulll' o,-ole. But tJe _,elOJe ot tbl ~ote17 1a ort.tloal17 
6 

or---~1oo~----~----------~------------
2oo _L '5oo ttoo s-oo 

' , .. 
,_1.,. ar .. lOMJ. •ra•• • .,co> • 1 

aa. ,2 



.,.Ddlmt C11 tbe t.nltl&l OGild:l.tiona. JrHJdDI &U tilt Val ....... 

aoeJ* ObAnalDS x~(O) • 0.1. tl •• 11 •aQlta 
6 

5 

t 1 

0 100 '300 L!OO ~00 

-t • 
twelve U••tcnal •JRe• x_,(o) • 0.1 

EMa 11 

!be U&.1•otcr,. 1n tb:.t.G •- oU..ba up to s.s OCiloentrat10Q ll'l1h 

aDI -..n """ ... tq tbl Qatema atabl8 lbd.t o,.o». tll1q ~bit 

&bore Nault lapp bU Ulouu.d h• tbl ld.oohtrdoal .otU&tare 

OlD lie UR4 U. dmtlOlQfDHl tl'iSPN• luPPGII8 tbt w•lft U•r.. 

atODal ohelld.oal ceoUl&tv ill oouplacl h anotblr a,.atem ...S. sewed 

u an -.plltu• deJI11Clet blaP• td.tb • Vt~Prln& level t4 '•'· 
lD be ttrat aptell t::3(o) • 1) 1t ws.u ftiOh tl:a lavel an1z; at 

t • ,oo. but tn 'lW MOCilcl .,. •• (x3 (o) • 1) tt oooura at t; <.eo. 
So • tba bUill c tbe above reault:a .. oan. o011olude tbat tbl 

deacrtblle tunotle teobldque te oCift'MtS;r aPPJ,led 1D tbta Pl'OJ)lh 

2M Mhlta fit •~ •ocac~ .. ,. .. b7 aapp ,.., bl ·~ 

aa (tor p • a). 



a) Par n "'1. tt. ~m or 41tterentlal equat1al8 do not 

~aeaa a UIIS.t OJCle. 

b) Por n ;t 8_. atable 11ad.t orolAa exut. 

o) 'l'ba ocn41t1oa r011 a Um1t 07ole to utat 1• 

1 < 1 ~~;a>Jl2·[ L+ < !..+ 8 )010 
A8 A" 2'{A0 

.rL- < L. § • )~11.11 
A• A4 27A• . 

where tbe exDrt.Uian 1n cUPly braciOit 1a mcnotcn1o&ll!r 

51 

1noMUin& With f.n.cr.&atns Pt*1ttve A • Thta tnequ&llty 1a 

aattatiecl b7 4\U A creater than a m1nlmum tor vblob equality 

OOC\11'8• 

4) ,_,. Octl41t1on £~ 11m1t oyole 1a obta1ned 1n terma ot pb'raio&~ 

Malls&ble {8
0

)
0

• tbt equ1Ubr1wa value ot tha nth o~t. 

Por a apeci&l ea.a ot bJ • b t~r au 3. thiS reault CW-l')llt1ea 

to 

1 < ~ (Sn~ [ooe:~ f 
1 

•) The exprreutcn for- tbt equ111br1UJa v&lue ot tt. nth speot•• 

1• alao obtained in terma ot re.attan c ~tanta 
d.t 4! • .4 

y • (8 ) • { ~ + ( •• J. + 1 ) \.h 1 y ;J 

o n e ~oo ~co 27~ . 

Dlo (R; .s, - { !i + 1 )0)0 
0

o ~c: 27~ 



t) It hN been tOUl'ld cut with rePN•ntat1v• examplaa, tljlt tbl 

quaUtatlve behaviour ot the envelo,. ot a •olut10t can bt 

e.x1a••lr •na1tive to tbl 1D1tt.al valu.a evan it 'bl tinal 

Ptr10CUo aolutial epeoittec:l b)' the •t 8 ot reaot1Cb pa-ra
•tere remain the ..,. • 

NC*. atter ~leld.na Jtapp•a I* PIN en tbl uae ot de8Cl'lbin8 

tunctlan •thod to tm b1ootwm1cal a.olllA'or problem, we tdll 

so «ar to the Iq&J~Uncw technique ot aolviq tbl equat1caa &n4 

cU.acuea tM p&Jle" tv .B1h&a .,_.. an4 Mo 1n tb1• oamaettan. 

-----



£HAPaBR III 

LYAPUNOV e\NM~XS 1 I'IB tmB IN Bl~li!JlCAL 
OSCILLAa:g! l7!0BtBM 

ccna1der a ~oal ayatem whoa mot1m 18 governed by 

a. ayetem ot d1tterent1aJ. equattona 

(2 .1) 

wt.re x1 are continuous tunct1Clll8 ot tbe variables x1 wbioh 

r'JIA:y be reg&rcild aa tte s-neral1ze4 oo-orct1natea. Suppoae tl'lat 

a eolut1<1l at tb1a system 1a known to be 

.x1o • xlo (t) 

which ~1 be ocnaic1ered aa a ncmeerturbld aolut1Q1. r.et x1 (t) 

be the aolut1on oorreopm.ding to an 11lit1al value xi (t 
0

) ~ o.:. 

it will be o&lled a ~:b!d tolut1(1l,. a,~;w .. n the new ·And 

tt. old aoluticna. tl:8re ex!ata a relattcc 

(2 .2) 

where t1 ( t} are called the perturb&ttcne. 

<be aaaurzes that J~J are aut:f1o1entl7 anall to be able to 

neglect their higher powere. u Cl'le inaerta (2 .2) 1n (2 .1) 

and develope the tunoti<l'le xi around tba nQlperturbed values 

~0(t) to the tiNt Ql:'dln" 1n ~1• Qle obtaina a ayatem ot the 

vartatial&l equ&t1Cil.G 



tn wbloh tbl oo-ett1.o1enta ot ~ are s-rtial ctenvattvea of 

tbl tunot1Cil18 ~ with :e•peot to the vartablaa x3 into wblch 

the ll<rll*rtUJ'Ibld value$ "lo have been replaaed atter the 41fft• 

Nntlatlon • Sinott ll1,o le the known aolut1CD at)d x1 t.a tbl 

pen~bed aoluti<ll;t an lmpor~t o- art.aea wban all pertur ... 

batl«*l tunot1Gilll ~ (t) • o . t .. t • •• 1n wblch oU. x1 (t) + 

zs.o<') u to110W. ft-om· (a.a). lh.tbs.a out the atab111t,-ts· 

c&U..d. aagnaDa!&e ~~·· More detailed· treatrant oan be 

tou:rul •J.aewblft [12}. 

ma-.. .fiWt4t and Jtao (BPR) have •• uae or tbl above 

•nttcnetl rqappnov lrlalJIIt• to tt.nd tbl Umtt c:vole behaviour 

ot tbe aet ot dltf'uenttal equations stwan b7 equ~ttcm (7). 

ln tbltr tirat paJir [ 8]. BPR baVe anaJped tbe n • :; · 

o- (wbloh oan N,111!'989nt the Jll'oteln. •Jnt~ata reacttca) w1th 

&rld.trarr pOMer ot t~ vari&bla s, coourtns 1n the DCilUnft&r term. 

Tlll7 have proved tbat p ahould be pe&ter tban 8 tar tba Qis

t'ence ot tbl U711Ptot1o per10d1o aolutlCilS. In ad41t1c.t to thla 

thliy lave alao dlrlved a oCDatraint ecauatlc:tl re~tlns to tl:e 

var.lOUII rate oa.tants.. Bspl1o1t an&l)'tf.o&l aolutlana are al.lo 

obt&U.d • 

. l'n their .. OG'ld plptr (8]. BPR bave ~ztall&ed tbe l'.IJ'lttlr 

in tbe tirat paJ*r ttll! tbe n-atep teed•baok ocatrOl eyatem •. A 

..--.1 o~tUtian b1lS heen dtr1vecl between p &Del n tor QJ'mpto

t1oa~ Jeri Odic a0l.ut1ma to exut. The oClbatraint equat1Cil 
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ta aleo dltduoed tar t~ n-atep PI'OO••· 
tet ua d1•ouase t!W nret paper now. ~ .. t or equ&tiona 

;t • A~ • t:, 

~ •ax, -~=a 

~-Y~ -a~ 

(2.,) 

Per 11neanz&t1Cil b1 Z(JaJIUJlcw '• teohnique# t1ret thll crlttco.l 

poSnta ot tbe equatta.-..G are obtained by 88tt1n8 
tii r . o. 'l'b1a 11"• 

and 

~- ~ X, 
o- • ...L.. L • ...L. ..!... L 
I a --1:! t: y ~ 

A ( !l!A )L + 1 .. ( lid. )if+1 
ay ;, .. oy :J 

( if+1 + ! x_ ) o a :t a l 
·;) k ~ b'a,k 

(2.4b) 

•• 

~ te tbl crtttc&l cr o(JU1Ubr1um CQlcentl"at1Cil. ~1-.t1Cil 

18 dCM by .. tttns 

., << ~ 

(2.5) 

<e.o> 



Tbe ttret two equat1a1s in equat1cn (2 ·") Nter to eptpiWtio 

~rcoeU.a WbtftU t!» tb1r4 equat1Cil rapre•nta a •taboUo 

JPOGeO. It t• tbiNf~ pc.a1ble that thl Nlax.&t1Gn t1De 

tor x, ta much leu tban tb&t tor x, an4 "'2. CQ'l•quant~ 

lC.t aa4 Xa need not ~ val~• clc:a to tba equ1UbJtlwa 

Y&1la I 1 (1 • 1.2 ). but X, "*Y be ol~ to S, ancs •o equation 

(2.6) h aat18t1e4 • 

• * 0. b .. b s, .. , II ., , §P·1 k .. Xs • e, 
(A+k :P) (1+ ~ d • ) 

-, A+k •p , 
a~nce p~-1 .a,.k << (A+k ~). then anotter b1nCID1al exp~asicn 
sf.vea (n.O) 

• 
•, • •be1 - Q~ (2.9) 

(a .1o) 

(n .11) 



• 
~.Yea- a~ 

0 

" y 

(2 .12) 

2) 
• 

!bt rJ&trix equaticn c • Ma can bl eolve4 by 4188an&l181ns 

r.l. r..t T • cl1agCil&liDin& natnx tor M. ~n 

(~e)1 Will be 11M&r oomb1nat1~ ot a1 • rt ~ ._ve ~o1114tort 

bebaV1cur. 1t ta neoe~ tor ('l'a )1 ·J-1 to have <*)ill&torr 

be~vt.our. Htn«lfl t~ authaN bt.ve • -~ tta t M bave tt1o 

pnlJ' 1~ ·~-v&luu (ocnJ.t.) and the tb1r4 <110 

te ~eal. 'l.bt tb'Ne otaen-valuea ot M are 

J.11 • +1I. ~ c:: -11 and ~ • R• 

where I and R are both wal. 

1'ba o~terutto etr\lat1 01 1B 

1 u.E•MJ • o wbe~ E t• a ' x ' unit tratru. 

1!18 etpn .. valuee aatl..Oi)" thla eq-ttan wb1oh ••n exp&nttt4 

ctv••• 



M b7 '~• l.e •• 

'1' M ~1 
• D 

D • \ 0 •1I 
(ti o .no

0
) 

\0 0 

1!b1a Sa a neaettve qUlZ1t1t7. 

Nou• aublt1tuttns cme at the t-stnarr roota 1n equat101 (n .,16) 

&nCI ool~ctirla tbt reflla&4 1-.s1nar:r pctta, 01e pta 

1fl • (b&' + b& + p6) 

cad ,.- ._bea.;JW 
U&uDdnc I /0. 

JI'Oin (2 .20) • CD .. ta 

Q • (!ttfJ {Rt§) '.Qtjl • N 
oy . 

lea -p-1 
N•p ~ 

(A~ )I 

(2 .ao) 

(2 .01) 



meR x;P + aNAk ~ • pk& ~-1 
+ NA• • 0 

squats. on (2 .AJo) can bO UJIInded u 

SCI'*'rina. 

••x; + k'iij ~ {· aA~ • ( Sft )• 
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(2 .24) 

(2 .25) 



!:rJL_ . (t»+,) (b+6) (e+6) 
sc, • D~6Ap c (> - b.& • I ] 

(2.26) 

StnM all tt. parametottJ are pa.1t1ve, t~tcn thl JH*S.t1vity 

ot tlw equtUbr1um O(llCetltrattm X, pvea 'be ocmatratnt • 

(2.28) 

'l"l18 ldn111WD valu. ot o 1a obt&tne4 117 111n1mllltns J'(b.J,&) • 

I• o •! • o •lleau to tbe ocmditt.cz b • ,. • &. [S1noe 

ttw react1cn ~tere _. au ~1t1ve. tba .. o<D4 dtii'S.ve.tivea 

*" al8o poalt1ve, blnct lt oCil"NapcncJt to minima]. 

• •• 
Hence p > 8 

(2.28) 

(2 .29) 

So t• a three atep fae(t back ocntrol ~rooua tba POM!t~ ~ tbl 

OCitlceJ'ltr&t1Cil ot tbe nthtbttor molecule Dlat be peat.r tbAn 6. 

lh. otbe:r wcrdl, more tbl&n 8 110leoulea ot ~ Uh1b1tor tal roQU1re4 

to aQPN•• the xt • :=a NAOt1cn. 'l'bt authOJW have alao fOl.trld a 

Nl&tton tor k wlth au the ott.r reaottcn sarametere. (2 .lro) can 

be WJI'itten aa. 

au.nc (2 .26 ), cne aeto 

~ • ( ~)P £ 1• {!ttf ) !ft:t) (R1J 1 ]P 



( • )P [ 1• (b+aJ~~)(etj) ]p 

• •• 

• ~ { { 1· '~ltt:t><b±§l l-1-1 } 

A .k (2.;;2) 

k • Plt! ( lftr )•p [ 1• .U>+t >~tjHe:tJ) ].P•1 (~)(1>+6) (~«l) 
(2 .;;,) 

wbl're D 1a stven b7 (n .1 8) • 

'1'JJ.U pvea, 

1, • 0181It 

} 2 • ~··1lt 

f,. c,t~tt 

(2 .::;4) 

wbtre c1• c, & c, are _.b1trary OQ18talllta. With the bllP ~ 

d1Jtcatalta1ns matriX 
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~ {~1Il ~ .t!!±1;tcUe.+1I} R1 

1'• ~ ·'b:11;} ~ !!!·~~l (1-1~1 ~ 
ay 

(2 .,U} 

~ 
t!!+b} 

~ ·& a 

wbtt-e K1, ~ ~d ~are again arbltral7. t»iDs tbttaot that 

(Ta)1 •}1 alcmg wlth (2.,5). Qle 8(tta tl:e equaticwa tor c1 t 

•t • • 1 COB (l't·!~ ) + a.ftt CtA•bBl 
t(zll-tR") 1 (12+ ae) 

wbtre A1 • [J.8 (~,.aa )0 + (bza~6R)• 1*. 

e
2 

.. 11-'2 cce (It·:<)~) + oeftt q~l!ftl 
I(xti+R8 ) (xe-t~ta) 

(2 ·"ST) 

Wblfre Aa • a { 'J!' (&-fn)8 + (R3• za )8 }t 
) 

._ • - •, coe ( xt·1<-~-cp ) + a.Rt m 
:; I(za-.R•) ' (ztt-tRa) 

W!IU'e ,., • ay [ ;te..nn )t ) 

tan•1cf,' • JVI. 



Pram equat1Cil8 (2 .yr) a. oan ... that tbe aolutiCila are net 

purely pe-riOdic, it iS a auperpoa1t1<*1 or two t.rn., Qle 

purel.J ceo1llatory end tbl other an u~ttall;v damped quan ... 

tlty (It 1a a negative ~tity). AayQtot1o&lly. the expo

Dllnt1&1 term dia&pPfara anc1 pure <*l 1U&t1m remain. 

To oheok thl veJJ.dit;y ot tbl! aaaumpt1cma involved 

( (2 .6 )· & (2 .a) ) 1n tla ana1.,-.1a, am baa ohoeen aomt nUllll:era 

(leeS by Goodwin 'a art !.ole 1n "AcSv&.noea 1n Enzyme Regulations 0 

Bel. c.w.beter, Vol. :;) for thl vartoua ~ters and abotm 

that tor b • , • & • o • y • 1 • p • 9 (mlnimwn allowed value) • 

a • 500 and A • 1 o, tl-e 1DILX1mum ot a, UJ'm)ltotio&lly 1a 

(a_) • p. ~ • k 
;; max l(to...n•) 

anct I, • §l- • 'j 

:. ., << &, 

Bquat1<1l (2 .,,) beoor.es 

8 k·-· 9 

tbU a1ves 

c 1 >·10 • 1.s~ x 10-s 

P!]~1 __..........,._- .24 
A+~ 

.•. Both the auun:pt1Qla (2 .6) and (2 • S) ltere aat1at1ect • 

'!'bay have alao obecked the v&1141ty tor cuea wlwn thl expo

neM1al term 1n (2 ."S() u nCil-neg11a1ble and found out that 



1t 1a at1U aatatle4. *l'be a mall val~ ot k Obtained by 

tbtm bU &lao been 41soua .. d. Tbty nave Wttarlaa4 that 
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• •lnce X, ~ s- tblretore x; 1a .. huge quantity. Htnee- tor:-

tbl nCilltnear term to bt •1sntt1oent, k aat bt amau. 

In their MO<nd paper B P & R have OCil81dlre4 tbt 

.n.dWP prooeaa 1n which tlw nth ccnati~nt aota 1n auoh 

~ tblt the x1 • ~ react1Cil 1a aupJ'I'QM4. Tht~ l*ve 

81Deral1M4 all the reaulta obtained 1n tbl t1rat paper. 

we diaouaa t!*.~ -.ccnd. J*}1ar naw. 

The n-ate p "aotlGl network are dleor1bed bl' tht 

•J&tem or equat1Cillt 

• • • • 

. € 
Tbe "or1t1o&l pointe fl :Ji are obtained bZ' •tttns r . 0 

1n e~t1m (2 .,a). t:l:!.ch atves 

(2 .:;8) 



n-1 
D S 

ap+1 + !. 8 II# a 1-1 
1 

n kn l: n 

• • • • 

n b 
1•1 1 

(2 ,.40) 

(2 .41) 

• 

• Equ&t1Cil tor ~ 1a t~ Unear1M4 by do1r:\c &pJli'OJrl&te -lor 

eert•• exp&na1cn aroun4 tfn lllld kaepills tel"tDB Cllly upto tiret 

Ql'lll1er. Th1e give a (as bet ere) 

~ • •b1a1 • ~ 

pka ~-1 
Q. -- .. 

(A+k!!)" 

(2.42) 

(a .4}) 

Dertvtna t~ above relat1Cila the tollowin& ... umpti<IUI haVo 

bMn taken aa v&licl 

&nd p ~~~·1 << (A+~). 
In •trix term, equat1Ql (2 .41) artd (2 .42) can be written e.o 



• 1.3 • 1.2 •••••• n •t • '\j•J J 

-~ M s.a now a 1001 &n-.natmal matrix• 

• •• 

M• 

•b1 

~ 
0 

• • • • 
0 

0 • .. • 
.. b2 0 

~ ~ 
• • • • • • • • 

• • • • • • 

• • • • • • • 

• • • • • • 

• • • • 
• • • Sn-1 

n-1 
n 8t • o 

1•1 

w lcc_,<2 J) 0-& -'\~ d t~cyo'A-<A.\ ~l ,\ "- . 
\'bin e~t1Ql (2 .•sl can be written aa 

• • 
where J • fl'c u.ncl J • Ta. 

• 

• ..Q 

0 

• 0 

• • • • 
wbn 

(2 .tts> 

(2 .46) 

(2 .49&) 

(2 .l~9b) 

lh c:aWr that a1 h1We s-rto41c eolut1Cil8 (OJ:" oCilNquentq j. 1 
be c.cillatory • t~ mn.trl.x M muat ._v• pure 1-aln&r.Y ·~

valuea. Since 1t 1a outt1ciet to b&v• urm~Jtotically pt'rtexl1o 

aolut1CIIl8 • tben at least cne pair or eigenValue• ot M ahould 1» 



PLaN tmag1rlaey and tm .-.•tnins awa oan bt eitbtr agats.vo 

real or complex with nept1v• N&l ,.rta. 

4 • + 1I - (2.50) 

wtwre I 1a real. 

'.l'lleNtcre equatl<ll (2.47) can be writtlln aa 

exp ( 1 '2:. e1 1 ~ n-1 
~1 + Q n c1 • o (2 .51) r:r 1•1 1•1 

wblft (b1 +1I) • 111e
101 (2 .52) 

w1th 'lt • <t1 + z8 ) Q and 61. t&D·1( f.) (2 .. s:;;> 
1 

0 < 91 < ~ (2 .SZ>) 

PJtom (2 .51) • .. parattr..a tbl real anct 1ft'&C'SnU7 J)&rta. cce sets 

(2 .ss> 

Tbl .. two •quat1<118 stve (aa•Ulld.ns 'lt ,to) 

't:_ o1 • (21+, >n. 1 • t.1,2 •••• 
r:r 



Q. (2 .57) 

(2.50) 

Bquattma (2 .4o) and (a .sa) gtve 

•tnc• &11 other quautitlea AN ~:.lttve. 'l'o t1nd the mintr.ruo 

of P• the tunot1cn ~ ta m1n1m1 .. 4. 
1 

~tting ~ ( p ~ ) • o. m • 1.2,. •• .n (2,.61) 
ODI:D n 1 

QDfJ seta. (AppendiX (A)) 

~-~+IH:~l-
m " o L.. tft 

(2.G2) 
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Dltterenttating (2.56} with reapeot to~ an4 uatns (a.s,), 
cna cet• 

• •• 

su~t1tut1Ql of tbia equat1Ql 1n equattcn (2 .62). stvea 

(,-~+~brJ 

wblre ~ • I K, L 
ilti 

Prom (2.6)) and (2.S:J). 

bm • I"/K:2 

1- • CQl&tant. 1li 

(2.6~} 

(2 .GJ:.) 

Tb1a 1a true tar &11 o. hence tht m1n1na1m oc:rNapcnd1ns to t!• 

1\mettcn (n 'lj. /'& b1) 1a obtame4 wban• 

(2.6G) 

(2.67) 



HIDOe n . 

·rdn • [ 1~1 seo 't l~~~.n 

• s.on (!) (2.68) 

(2.69) 

.•. Bquattca (2.60) tlnal17 as.vea 

(2.10) 

Aa in thB oaae ~ n • '• a oC~Utvaf.nt CD K 1a abo 

oh'aiDed beN • 

Bquatlcu (2 .4o) ant (a .58) oan be exJd,oltacl to slve tbl 

tollowina Nault • 

• D 1l. •1 
IC • A ( ·1+p (p• n-- ) (2.?1) 

Db l 

76 

asaoe p u ocmatrat.ft84 bJ (2.70). tbeNr .. tm ex..-.ut.GD ~oP 

kill e~t1Gn (2.71) 1aada 'o a •• OCilii\JM.b.lt oo tba •• oo

ettt.o.t.ent whl.oh oCDtrola tM hed•biiOk. W1W relevance f!lt tW 

Je8\ll' Ja tbl ..,. . AD tor tbl o- ot a • , .. 



Nw. atnoe we bf.'ve diaoueaed thl Warka or R&pp &n4 nm 
t.n dttas.ta ... oan ooopa.re tha •rita &D4 cta•nta or tba 

•thoda uaed 1M resulta obtained. 

It s.a. ot oouroe, undwbtedl)r trt. tbat tqapmov aneJ.:T• 

at.a ~ as.ven t~aultiJ 1n a. fJlOJie e,_pa.t and atra1ght t«-t~4 

.a7 tlan tbt duoribtnG tunot1cm •thod. 

Rapp. 1n b1a tuo ,apera. baa ct~r1ve4 tbt eoluttona Of 

tba •t ot d1tterential equat1cm8 NJN•nts.ns teed baok control 

•rete• tor p • 1 -4 p • 2 cnl.7. HI taa alao 1ndlcate4 thO.t 

tbe ouea ot p •' end,. are 1n prqp-eaa. P<r each value of P• 

COl baa to so tbrCIUSh ted1oua !Diltha-.ttcal oalculat1cna to 

•nw tba analytic t~ tar thl dllaor1b1zll tunaticm. b 

t.ntepala and aolutf.ana ot equattaaa bloame mere 41tt1oult en 

one coea to higblr JK~le• ot p. Apparent~ 1t -• that tl'O" 

can be no atralaht t~ct pnex-alteat1cm ror tba oaae ot any P• 

~ tt. otbar !:'*lei. BPI\ have derived. tbt seneral ccmtUt1Cil 

tor oeo1ll&t0f7 aoluti<aa 1ft a aim~ bu.t t&U-ly r1gat'OU8 'f.ta:t 

by •Ina Lyapmov ~ia. Their reau1u qree totall)" with 

bpp'•· 

Per n • 1. the IM~ty (2.70) Slve• 

P > Sea" ( f ) • Bec7 (25°~,•) • 2 .CT/'2 



&nl. tor n • a~ it ctveo 

T.bl• two reaulta ahem t~t tor p • 2 • n t:Uat be equal to or 

SN&ter tbln 8 tor a atabt. llmtt CJOle to &pJII&~. 'l'hua tl'e 

reault acre-• with ttApp'a equat1en (1.69). 

Prom BPR '• ana~ta. tt 1a alao o!Wtoua th&t p oan 

18 

~v•r be lee• thin t21.0J .(aeo o • 1 at n • • onl.r and o < o1 < f 
and p 1a poa1t1ve) • 11mce there can be no aasmptot1c&lly Ruble 

"r10d1c aoluticn tcr p • 1 • 'l'hU reault &lao ~· w1tb t~ 

I'UUlta ot the ttrat pa,Jar ot Jt&pp. wblre ~ MY* tb&t no atabJAt 

l1mlt e101e can re.ult t<ll' p • 1. semwal n. 

Both R&pp anct Em ~ 4er1ve4 a Nlaticm ttr tbt equt. 

Ubnum value ot t!W nth oberntoal apaot.M wblob acta aa tbe 

1nhtb1tw ttr the tM4 ~k ccmtrol JJrOMU. 

IULPP baa ahCMn ill equatilln (1 .5,) tl*t thl equtllbl'iun 

value ot sn (1.e. y 0 or (s ) tor p • 2 u •~:~tndent co thD 

NMt1cn parametere ml.y. BPR. 1n equa.ttcaa (2.26) and (2.50) 

haVe stven expltct:t .aolutiana tor tbl equ111br1um val~ ot o, 
azut sn &lQl& with the oaoatra.tnta (2.29) and (2.70) ca p. 

That •ana• wbtn p b dv•n• <DI can ttnd tbt value• ot ($_) ;; 

wfJn) expUo1tly. In :Rapp'a •per 7
0 

_. (Sn) (tor p • e) 

bU been dlrlved &om t~ •rceth balarloe equ&t1CD (1 .AI-1 ) ~b10h 

inVolve• tlw tntegr&l a
0 

whloh 1n tum U a tuDo\4~ ot 
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1 ( .e btre}. ~t 1ft D.PR 'a wO!'k coe can - eus.]¥ hcu tilt o(l1111-

brium value (Sn >e diPGndl Cl'l P• 

<me ot tt. JrinOiJ*l reault. obtalbe4 by Rapp ia that 

wban 1 ~ 1 1a kept f1D4 1n tt. tDaq-.11ty 

U(A} ~~I > 1 

etable 11ad.t eyo~ oCI'ldit1c:m. 1a al.llo a&tl.lltt.ecl tor all A 

(A • ct., ~ ~ o 0 ) .creater tban a AmtnS.oam• ••re u(A) 18 cs.ven 

equatt<ll (1.6'7). ~t naana tbt ccndltt.ta'l tr:r atab~ lict cycle 

u cttpendent em tbl valut or Am1n. Nat, A u a tunct1cm ot tba 

reactlco par&meteN ~~~ &nd c 0 wblch in turn diPind en c,. t:,. 

s3 '• &n4 bJ •a. ~ ti» valuea ot tbe ...-wrtt alao dltertrl.ne 

t,_ oonctttion tor ••ble c.otllatlcaa wbm the N&Ottcn atepe (n) 

are Ja~pt tilatd. 

'!'he u;reaat<al tfll' k 1n tettm~ ot otlln' ~aots.c:a pate.t:atera 

, laVe bHn obtatned by l3Jirt :1n both ot tbtlr papere. 'l'h1tl l8 a;n 

adrllt!Cil&l ocaat~tnt t1b1ch ocntrole tbe taecJ'back. Bquattma 

(2.,,) &n4 (2 .71) ahOua clearly heM k u •pendlnt 01 t:tw ot~ 

reMtlcm paramatva &nd alao em p. 

Thua thl value of k ctanpa with p ewn wlMl tlw otl:Ql' 

~tere are ke.pt ccoatant. To lmdlretaa4 tt we IIIU8t ct1ac:uu 

tbe p~loal •J.sntttcanc• ot k. 
• While cJ•rtv~nt: tt. nc:ml:I.Dtar term 1n x1 equat1GI'l ot (G) 

1 ... 1 : kX) (fer p = 1 ), G004w1n {2] l'M __ umed that tbl _rata

bo11te re-.1n8 1n a cteaey etate Nlat1ve •otl» eptgenetf.o oswo1n. 
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tlH&UM tlW rel&x&ttal t1mt or the at&boUc ayatem u IIUOh larger 

tb&n 'bat ot tht eJd,&onet1o ayatem. 1'ba ,arameter k • f' rote [2). 

y and 6 &t't obt&lned fioaa ttw oontrot-u- tor x,. t.e. ~ • 
vJei .. ax,. where ~ ts tbe PJ'Ote1n or en~. 

y involve• tbl sc.te ot en~ aottcn. the aubatr&te OCil• 

cenbet1cn and otbiJt cmatanta. a ta tbe ,.te oonatant tott tht de· 

~•ttcn ot the •tabolite. 'n. oc:natant 10 SA • ccmpl1oated 

tuncttcm ot ~ elar:entary ccmatanta which relate to thll e(!UiU

bnwo CQlatante ot tl'e Jroce-• 11kea 

l) Naot1<lrl between tht repNaacra azut tbl DNA templates 

11) reacttao ot P%19CUNON tOI:' JmA ayntblau. na•ty nuoleott••• 
wlth tlW r.... !Y,JA tempt-.tea. 

W) 1t thl repreaaar do not aot d1Not17 to resreu aftltA a,nthaa1a 
but do ao bJ oOtlbSnins with an apQNJrauor. tblm m alao 
oCI'lt&lnll the equ111br1um oanatant tor tbat oonapllo&ted 
reacttCil. 

We baVe a~ ... n that k s.a a t\lletS.cn ot tbt ot~Xt ~ 

•ora. but 1ta ell~ Cll m rdsht stve a olue ot ita dGpendlnoe 

.-. p • Oene:tall.J' tbt Pl\valo&l 1nter~t&t1Cift ot p 1a tbl ~ol.low~ a 

tt J~eJN•nta tbt nQmber ot moleculAia ot tt. 1nh1bS.tor :eQ.U.2Nd to 

blook tbt x1 to Xa rea=t:I.Cil• or tt ta Nl.at.d to the numblr of 

bS.zuU.ns at tea tor~ Cltl X.. Prom oooclldn •a diaouutcn Cll .m, it te 

t&h-1.7 oorreot to t.ni'er tb&t m t•. 1n a •7• relatecl to tbe bindibS 

attlnit:v ot ~ to X, • or ln Otber wcrdl. l' 1• re l.&te4 to tlll 
van~ ways the 1nh1!l1tc. reacta with x1 to resn-eaa x1 • Xn Naot1on. 



so tt -• to be nat'"l tor 11 to •pend e11 tbll nUtllx)r ot 

b1Zl41ne attN or en tr. D\lmblr ot moleoulM ot thlt 1nb1b1tor.J P• 

ceue.-ntlJ', tt 18 t'Gtblr ccmtnotna tbat k ahoul.d alao 41JX'nd cm 

P• -.t'bua tM relation ~ by BHt tor k s.a not anl.r uaeful to 

uaklt the ne1111near tcn'tl • tsnttS.oant, '-' e:l8o tala aa. ,..,\t>&Giv 
..._ , but alao baa pnyalcal ~. Wben aU tbt 

otblr "action ~tertJ are oGtatant,. eve then k will ol:"anp 

wi'h I• Thte 1e an ~t reault obtaSMd. bJ BPR. 

•»P 1n b18 eeo~ paper, hU &lve!l aatotbar impcrt:Ant &nd 

blolqs1c&ll7 etantttcnnt "ault. It 111 t~ d.epenclence ot tho 

envt"lo~ ot tht aolut1Cila en 1D1t1&1 valun. a t-. ah<Mn by 

taldna NPftaentatlve uamplea t~t. kHJdlls au the p&M.retera 

tbt .... , tte quaUtatS.ve l»bavtour ot tla envelope ot tbl 

1o1ut1cma c~ dl'Ut!oalq wit~ tbl obli.'Dae 1n 1n1ttal OCI:lOOntra

tifZI (xJ val~a}. Aeyii)J'totlo&ll.y both have the a&mt aort at curve 

bUt 1n G18 caae it al0t1ly b\lilctt up An4 1n tbl ot~r 1t ahoota up 

t• a ••1'1 ah~ ttel't 8n4 tbln amootbtna to the atab~ torm. Th18 

,.,. ~ ver:~ important 1n tbl o- or deqlopmental t~ • 

Cbald.oal <*J1ll.&tore oou.pled to 41tterent e,atema ma,-t~ tm 

•veto.-ntal •cblniat* to atart at dltteNnt leVel ot ocncontre

t1«te" Tbua t~ tlnd!ns b1 Rapp ta qus.te a1CDUio_,t. 

BPI\ 1n tbltb' f1rllt J*per (n • ' caM) haVe derived t}X) 

G801llAtory aolut1CilG CPl1olt~ (eq•ttcn (2 .yr)). ·The aolut1Cd 

ocmtain thl •18enval.leD I &nd R. Knowing tber~, ont can l'av'o tbt 



aaot llUIIIrloal aoluttcu ot t .. •cauats..a. hOm •CN'tlca (2.68). 

Jc:D.awlq a and b1 a:aa 01111 ftnd 'lt and o ....... tlJ' I tr• equatla 

(a.g). PW ll • '• t!Jt Y&l\aa Oh .. ll bJ' tbl autbo.N 1IUt 

b•t•o•i•y•1 

bftteft fro. equ&tJ.Ql (2.20) 7!' • '• • Z • ,t./j. 
o.Nq 

,._ (2.19). Jl • •)• U.SDB ,.._ vaJ..a ot ZtJI• till a01ut1QD8 •t•tla 
w ., oaa. a. wltwn. •• • a-ate» ....... tbl ~r c&D 

be teuact, ttbln 1111 tm 1'• .,. equal, b7 utiral equat1CI1 (a.aa). 
J'W l'l • 12 and &UJ•s; •1, ·-ti.Cil (2.68) aiVU (1 + ztt)• • .eo••( fl 

. . 
e I • 0.268. !'ldll Rl\11 ta tbl •• M obtatmd. b7 MpJ In bill 

-•4 paJer. so.eve•• it ta lnte~eatt,q to ftOtil ttat wbm tilt 

• te &a aU e~l,. tbl ~J' at OHUlatS.Cil UJ'IIJ*ot10&U7 18 

Sn•IIIDdant ot p &Dt tlw otber ,.._... UlrJI a,. A • k• as,; etc • 

&tt4 cii:Jinda c:alJ' • (I 1114 n. 

SSnoe tbe ~7 w 11ava oalouJAtH diJinda • tte 
aMuaJ'tca tblt , • .., sa •11 aw J&t.• f6 paM~ tmi8Sa&17 •oou 
t~ tbta u alld.l&Ja 'o tt. ap•auDIIttiCD in tile dlt80rlbill8 . 

,..., .... ,hat ot "*'Jdrw Jun tba run ~o ot t:a. Pwl'S. 

...-lon ot t(s). - aiatence fit aON tlJID cme pair ot 

~ rooU awoa14 til~ tbt edatenoe fll men tlJaD • 

INC'lUinOV ot GeotllatlC11,. Mel OCIIlMCll*ltlF 0. COUld e.x.JMt .. 

• ,..,.._. (If baNtnloa. 



In dlacrtbinl f'Unet1CI'l an&lpia it 18 · not ~a1ble to att 

tbt ..-lrttoal oao111ator7 aolut1<ma ot •• oonoentrat1caw t::tf tbt 

bitobtld.oal •J»Cie• involved. but 1t ctvea tbt orltertal t-f:tl'i 

..,.ptot1oally ata.bl.e aao1llatlC118. 

On the otbtJ:~ l'.a.n~ tqapmov &nal.J818 not cnly glvea 

expllo1t &nalyt1o eoluticma wmre the ap.-rance ot tbt t4rctl ,., 

(Jt 1• Yte.cf~1v•) am-a tbl exJ.atence or cSa.tltPlq (which .. 111J1tot1oa11y 

blo-• 1na1snSftoMt) &ivinS riM to atable pure amuao1~ 

a.otllAttana, but it o.lJio stve• a PDIIr&l oondS.ttca en p ena n 

tw tbe ex18~nc• ot stable C*)111attan.a. t'b.la. atter NVWJ1r:8 

*114 «Uacuaa1ng_ botb tle •thoda# we oon,.t.t tbllt I.faPD'lG'/ .. 8 

•thoct h &lgebratc&lJ.u more tractable &n4 atvea aaswr&l HS".llta 

o ClllOftSling all p and o. 
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•• r 

'It. <11 + ~)· 

..L < i <'1 + rr >' ) • .J... [ h- n Cl>i + rr >i l 
o~ Db1 llb1 m 

+ r$:- D'flt l: 1... b 2I H: 
1 1 'a! m 

• ~ [• l;- + ~ 1- I H: E J... ) 
1 m ~- m tft 

(a) 

POl.' utremwn. 

~ ( n'l.i > • o 
ou11 ~ 

(b) 

(2.62) 



as 

n'lt & . 2b a'l ax_ n..._ ~ 1 .•.ru.t term • ft'6:'" [~- ..:.m ~+em: m;: fl..+ I .· %-
1 t)tt ~ p p m 'li p 1~ 

+x~k:cz LJ+L 6mpl 
m p 1 '11 ~ 

(c) 

~ 
Stnce '\za • (~ + t' )~ 

:. ~ • l!! (2b111 6lilP + 2I H: ) 
p ~ p 

{d) 

o&lcul.atlcm ot H: • 
p 

Pr<WD equaticma (2 .5,) &n4 (2 .56) 

C)Q a.__ 
:t ~ • .E II) tan•' ( i:- ) • 0 
1 m 1 o 1 



b Is: ( r )('tn410ntea &11 
m term ~ludinB 

1 • m} 

~ (I - b H: ) + x' ~ b1 • 1- 1:- • o 
(, ra 0 1 '11 xa. m 

L. ~f-. 2' ~ H:- • o 
'Ct ~ ru 1 fl! m 

H: z~. L 
m 1 'ft tfo 

b H:. L. [ z :; ,-1 
bm (. 1 "11 <•> 

At m:ln111WD, t.•. wbtn boa • ~ • • • • • ~ • b• all 111• are equal 

&net olll be wr1 t ten as 'Q• 

t~~lna (t) 1n (4), at n:l.n1mwD, 

(}'lm 1 2 tt 1 za 
< Tb:' >m1n • r <2~ 6mp + Db" > • ~ (b amp + iib > p 

(t) 

(a) 

~-- n n ~ alL ( .t J E ) a Z { • ' 1 (2b 6 + 2I . ~) 
p 1•1 <t1 + ~) 1•1 <11 + J1l )• 1 1P p 



(b) 

&. (% !&. ) + H: [ !i;:- (E ~ ) ] • H:- !... + I h: ( !.... ) 
pm1'li o pi '11 p(. P 'l6 

uaq (r) and (g), «J.. l'ta tbt mtnlmum ot th8 double dertvnts.ve 

ot I• &a 

< 6: >mtn • ( -L - :0 r L- (2 >= ~ a! .. (2b1 a1P + 2I H:P >>rm 
p m rfnb n r{' 1 'I! ·~ 

• !;' (2b amp + !f! )) ( ' l l 



as 

Tt_.tore uatns (o), (t) ~d (1) tM NOODd derlv&t1ve bMQ;e8 

(at t~ m1n1mum) • 

.,ca rl-.tf.. .. U!.+L 1 
mP rf 'il• 'l• tl' 

- L + t! J + U!. - U!. + 2J" I J 
111}4 nt!Jrrf n11• 11114 nt/'r,• 

• ( l1 )n (& Ql~ ;t z• + ~~ 1 + lC · 1 
b mp 'l·~ 11~ 11• 

(1) 

(3) 

TM eecm.4 Mzt vatlve 1a a •tnx D'lmp• 'rbl 4t-.Cil&l •le•nto ot 

J)ftiP as. obtainec.t trw U ) wbln m • p, &n4 otbl• te~ 81•• tr. rum 

4laaon&J. ele.nta. xt ta obv10UII that au thl 4Uacn&l elemnta 

are eq\1&1 and alao &11 tm nCil-dl .. cm&l element• are equal to each 

otblr. Tbe att •dUScnal elamanta are a 



ua1ns equatlao& (2 ,68) 
and (2 .5}) 

, aec11(1.) 
• I I D 

b" 

b 41acan&l ·~~t ~~ 

b•[•cn( ~ ) - .. on( ~ )) '•fn"( f ) 
• Men( ~ ) [ . + ----

be .. on( !. ) n~ 
n 

l 

•tP I. • 1 ' atn• !. 
... on( a } ( 1 D I + J • Q ) 

n tPao• ( ~ ) n,t/' 

n. OCild1t1Gn toe-~ 1a tbl.t tbt determinant JtPmp 1 > o 

tO!} aU n Wha~ b1 • \>a • • • • • • bn • 

(k) 

(1) 



90 

Pra •qu&tl<tla (k) and (1), ane c10 eu111 - ttat au 

es.t•nte are ~lttve (n fA alw&,a peatQt tball 1 •d 2) &nd tbl 

4Us<mal elblnte &ftt larser than the nCil-41-.atal. caw•. U)t 

A be the 41aecoal elecant ancS B tbl ott•CIIIS<m&l Gl'JU. fien 

A B D •••••• B 

B A a •••••• B 

JdlJ 
B B A B •••• B 

• • • " • • •blft A> B > 0 
• • .. • • • • • . . • 
B a n •••••• A 

To •hot thlt lnDJ b paa1t1ve we 4o t~ tollc.t.nst 

CC1b1114er n • e .. 

n • '" 

..... 
• •• 

A B 
rJ' • B A • A••JII > O, atnoe A >B. 

A B B 
J)S. B A B • .,. - 2~ 

B B A 

B B 

~- 4 AB • "d' 
B A 



where 

• •• 

fit • Jl' - ArJ' • 2A'fP + 2IJI 

• As + Afll .. 2A8 B + aA•a + af/J • Uil 

• A (A8 + if • 2AB) + 2B(A8 + fl'· • 2AB) 

• (A + 2B){i\-B)- > • 

A B D B 

B A D B 
D" • B B A B - Afit • ,., 

B B D A 

B B D 

a,· B A D 
B B A 

D4 • A[ (A + 21'3) (A-s>- J • 3B(B(A•.ga )-2B(AB-a-}) 

• A (A-t2B) (A•B)" • ,at (A•B)[A+B • 2B] 

• A (A-t2B) (A-D)B • }Fi' (A·B>-

• ~-B)•(A" + 2AB • ~] 

• (A·B>-[A11 +AB + :5AB • ,a-) 
• (A-B)lt (A + ,a) ) o. 

!Att- aaaUIII that 

rf1 • (A•B)n•1 (A + (n•1 )B] 
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NOW ~ • B(A • B) 

R:5 • B(A • B)'! 

• • • 
R • B(A • B)n•t 

D 

.•. rf+1 • AD
11 

-% B(A • B)n-
1 

• A (A•B)n•1 [A + (n•1 )B) • ~ B(A•Bf•1 

• [A·Bf'[A+ DB) 

1'hul .... - t~t au 

·---
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