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JBfF,Ql31£1:!9!i 

1 

S1sntf1cant nseerch ettort em ~----- ... - aHY~rem 

P.rovmg has sudaco4 m 1930 with the work ot Bezb:mnd l_2tj. 
And m l.ate 1950s Bewellt Simon, and Sba.w p20duced acme 

p:rogramea • Whi_tehead atld .R\lseel' s "Pr1rlo1pia Mathematica" 

[6,,451 46 ], cCIUJequentl7 ser10ue zeeee.rch e.ttent1ol'l was dram 

towards this area. Those wozke include those of Glertaer, 

B.e.ye, .Newell, Simon• Shaw., Davie an4 Putnam, Gilmore [t1,t2,17., 

27 J • But perba.pe the most zemarkebl e achievemeat of 1 t was 

aeeft dunns the ml4 60s wlth the oaatns of Resolution Pdnoiple 

cleveloped b)" J .A. Robinson [53] • 
\ 

Resolution Principle bas a44ed an adcl1t1 01al dimension 

to the area o~ mechtmico.l tbeoreta p»ov:lns. In th1s, one con 

directly VltNalize various pra.oticnl app.l1cat1Qls ot the theorem 

pJ:OVU'lg aot1v1tJ'• 'lbe l'esolutlon· procedU..re baa become a power

ful model tor both proof t1ndiDg and consequence f1m11ng in 

various branches of mathematicS, nn4 also 1n application areas 

whe:f!e pl.'Oblems can be converted s.nto one of prov1!1g an asserttOD. 

Io. practical implement~tion of resolilt1oa pr1rloiple 111 m(fcb.an1cnl 

theorem proving, one hao to solve 41ff1oult pzo'blome 1rl temae ot 

comb11latorial explosions demencU.ng proh1b1 tive11 large memory 

spaae and aearoh ·etf'orts in digital computez:e. It fllEtans that 
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theo:ems can be proved, or problems pose~ as theorems 1n 

some domain. oon be solved from the g1 ven prem!leea or axioms 

ue1DIJ resol.u.t1on principle. 

Here attempts are being made to study var.t.ous 

strategies avaUable. And theee strategies oaD be develop-

ed 1n resolution process w4er c11tferent pmblem eituatioDo. 

tile 41scuesiOD also iDclud.es a study o'f .how the reeolut1on 

iDfereftc-ee work di.f'fer:ently OJ1 different problems. And tor 

eoonomic purposes ( 1. o. manual. computation, easy uaderstanding 

and 9conomic computoz.- t1me) the preference of the strategies

for particular problems are also bems made. 
' 

Further, etace tbe resolution principle 1e defined 

within the domain of tbe first orie:r predicate oaloulus, the 

eoope and 11m1tat1one inherent in the predicate caletll11, 

1n :gereral, are also d1soussed. 
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CHAPTER • 2 

fh1e chapter prov1doe a brief' account of the 

resolution principle 1ft automatic theo~ provtng SD4 1te 

fund.amelltal requirements. 

Mathematical l.ostc some t11nee called apbolto 

1ogic 1e the basic fouaclation of resol.ut1on pr1nclple aad 

1e tbe logic treate4 b7 mathematical methods [2SA J • Logic 

caa e.J.so be oone14ere4 ao a bJ:BDoh of knowledge OOl'loemtns 

the reasoning process. ~ effect lte prlmaq concem lo to 

tin4 what follows troa what. in any o!Derl.y arrangement o:t 

the content of .ma.t.beme,tice, one could see the exhibition ot 

logical. cotmect1ona. Sirdlad.y, logic 1s used 1n organieing 

ec1entUio knowledge, and as a too1 ot reas0l'l1ftg and argumen

tation 1.n daily llte. Some of the most frequently used oODn• 

ectlvee are "-(Dot), V(or), 1\ hm4)• -'> (implies), ~ (if 

an4 Onl.J if) though a eu.bset of this 1e sutfioieat from the 

lo~1oal poSnt of view. the l.ostoal. meanblgs ot the~e cormeo

t1vee aze vell known. 

Any 4eclarat1'Ve sentence which is represented b7 

symbols using or without using tbe cODneot1vee can have the 
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'Values e1 ther true ( m) or talee (J') but not both 1e teme4 

as proposition and its logic is ~mown as propositional 

losto• Given the tru.tb •alues ot the componen't sentences, 

one{ can. find the val1.tU.ty ot an .af.'b.ltraq eeAtence in the 
) 

pzopos1t1onal. calculus b7 conat~ctibg a tzuth table. 

But tb.e propositional calculus 1s ~im1ted 1n ita 

expre~s1ve potter on acoCN11t of aon-ava1lab.U1ty ot xar1Blaft!! 

and SP:f!!l!i&f&Smh !fhere:fore. tt often b,eoomes ditfioUl t ·Or 

some t1mea even imposo1ble to expreee man)' reo.lit7 or .mathe

matical. pzbleme with · tba propos1t1oual calculus. However:, 

the first order pred1oato oalcul.us allows variables an4 

quantifiers 1ft tt. ID oz4e~ to dceo~ibe the f1ret o~or 
. 

predicate calculus we 4efirle the follotd.na ocm.oepts. 

Q\lantitiena ~he meanlcg of quant1tier 1e well. 

kbowii. ftore are tw quantifiers .in first o.rder logic -

The untve~:eal. quantifier (v ) and the ,existential quanti

fier ( J ) , the ocope · ot eaeb is to be described b7 the 

pa:t:aDthes.is at'l4 are within the doma1n oone1dere4. 

Predicate lette~1 A predicate letter Of D arsu• 

menta is an n-ary or n-place predicate letter. . 
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!ermt A term is either a constant (umtally denoted 

by a, b# a. a, ••• , nwnericals), a variable (usuall7 4eaoted. 

b7 s, t, u, v. z, y, ••• ) or a 'function ( ~. Bt etc.). 

Atomic to.Uaa It is obtained by applying a pre-

41cate 1etter to tezms. 

Well_ foZUted. torJINl.a4w.:r •. t.)t A w.t.t. is recursi-

vely 4e.t1ne«t. ae follows: 

1. A term ts a •~f.~. 

2. I:t G is a w.t.t. t then ,...._. G 1a a w.f.f. 

'• lt G and B are w.t.t.s, then aay tormule. derived 

by appl.yiatg the ccmneot1ves on G and H 1s a w.t. t. 

4. Al.l w.f.t.e are generatetl b7 apply!r.ls onlr theee 

Pree va.riableet AD7 variable 1ft a w. f. t. 1e eo.S.d to 

be a ~ree va:tiable if it is not boun4ed by ar.ar quantifier. 

Closed w.f.f.s Any w.f.f. containing no free variable 

is call.ed a closed v. t. f. 

There are two aepeote of losic - tho syntactic notion 

an4 the semantic notion. A. w. t. f. is a s)'lltact1c o:r l1npiet1c 

entity and 1e completely specified by a eat of gr:ammar 1'11l.es. 

One can irlterprete a w.f.f., as a mesn!ns or semantic notton. 
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the a.1flt&a ot predicate ctiloul.us system J.nvolves 

C a) The epeoif'1cat1on of an alphabet ot e)'mbola• BD4 

(b) !be 4efintt1one ot varlous useful expressions that ca11 

be constru.oted from these s.yml'H)ls whereas tho semantics of 
... ' .# ' 

a etatemen1 1a described bg 1te 1rlterpratat1on. 

lnterpr•tat1oru It ®tleists ot 

( 1) a t'lOn-emptJ eet of objects called the domain, 

(2) ·• assignment of an object m the domain to 

each constant, 

(') tm aselgruaent ot an n-arr function letter, and 

(4) an assignment of en n-ary relation on the domaib 

to each· D•ary predicate l.ettezo. 

If a w.t .. t. G eval.uates '1' under the inte~:pretat1on 

·I we eay I sat1s:t1es G oa: I .t.o .a l'!lodel of a. 

8at1af1ablea A w.t.t. G is sa.t4 to be satisfiable 

if and only if there e~lets an interpretation. I. sst1oty1Dg G. 

, fautolcg;vr A tautology is a v. t. t.. which ia eetis-

fled bJ' an illterpretat1ons. 

Uttaatiofiablet A w.f.f. ia aa.ld to be Wlsat1et18ble 

if it gives the value false (F) ~or ell poasibl.e Sllterprot(ltione •. 



Log1cal ve.11c1t71 A w. f. t.. G J.e ea14 to be 

logical.l.y val14 it end. OD1J it 1t le snt1atied or all po

ssible U:tterpreta.t1ons.-

LltortU.a A 11 terel. is an l\tom or the negat~n ot 

the atom. 

Ooajunottve1 and <tiejuacti w formulae• A tomula 

of the· t.orm it "F 2 !\ ••• A P11 1s sa.ld to be oonjunatS.ve noma.l 

:term if. ali 111 • a are lJ. teralo. Ana :J.t it ts 1G the fom 

.F1 Y :e2 ~ • •• V 111 1t ls of 41s3tmct1-ve tom. In tbe later 

case also r1•e have the same meaning. 

· Logical. consttquence: A w.t.t. Q is a logical 

consequence of a set ot axioms (premises) B 1f abd only if 

every model. of B 1a a model of Q. 

P.renex normal r.e4uctioi'U A. given. set of w.f.f. s 
' may be reauce4 to p.rene.x normal tom tfb1oh is cleo sometimes 

I 

referred to as the Skolem standard to~. ~he following 

example wUl be ab1e to ezple.1n :l ts reduction p~:ocedure. !he 

siven w.t.t. 1s 

( v x) (P(x) ~ ( (v- r> (P(r) --7 P{f(z;y)) )A ,..... ( ¥ y) (Q(z,y) 

~l?(J)))) ••• (*) 
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step t a BlJ.minatins the implecat1on s1Sft ueirlg the 

equivalence of A~ B and ,...._, A V B our example takes tb.e 

tom 

( V z) (.-- P(x) V(("V- y} ( rv R(r) V P(t(z,y))) 

1\,.., (../7) ( I'V Q(x,,-) V P(y)))) ••• (1) 

Step 2: The mope ot each negation sip is reaoed 

till tho scope reduces its appl1oatlon ,to a single prottioate 

letter with tb.ereplace of 

"" (At\ B) by .....-A V ...... B 
' 
~"(A V B) by - A 1\ ,._ B 

<"'(~A) bJ' A 

rv( ¥ x) A b7 (1- x) ("" .l) 

<"'( 1- .x) A b7 ( ...f x) ( ~"' A) • 

Renee our example nduoee to 

{_~z) ("-P(x) V ((v-y) ("'-J?(y) V P(t(x,y))) 

!\ ( l-7) ( ~(..-Q(X,J) V P(y))))) 

aa.d then to 

( -'1 E) ( ,..._ P( Z) V( ( \f 7) ( "'-:1( )') V l( f( lltJ'))) 

1\ (l-J'}) (Q( z,y) !\ ,_ P(y)))) 

·• •• (2) 



Step '* fo sta.ndarilee varS.ableot Within the 

scope· of any qWlDtif1er symbol a variable bounded b:r that 
' . 

9 

s)'Jllbol .1a a dummf variable. It oaa be uaitorml.t replace4 br 
~7 other variable throughout the aoope of '\he quant1fie~ 

without chaniJD& the twth value of the w.t.t. Stan4~41e:Lrlg 

variables vl,hla a w.t.t. meaaa to rename the ·~ummy vari.ablee. 

to enaw:e that each quantifier has its ova unique 4ummy varl• 

able. !bus., irlstead ot u1t1Df5 (v- s:) (i(x)-:) ( Js) Q(x)), 

we write (\I x) (P(x) -7 ( J 7) Q(J') ). Beceo our example · 

redUces to 

('IJ x) ( ....... l(s) v (( v- v> (--P(r) v P(f(x,r))) 

1\ ("3- w) (Q(s,w)A-- P(w)))) 
. . I 

••• (4) 

Step 4t Here we el.im~ate ex1$tentlal q~tifiera 

b7 replacing the wr1ablee wl thU& 1 ts corresponding bound b7 

some conetaDt ozr constaate or tW1ot1cm.e ot the bcnm4ectutlS... 

verwlv qusn.tttied variablea iB tt. Hence our example is 

reduced ·to 

( ¥ z) (""P(z) V(( '~-7) ( .--...p(7) V P(t(z,:v))) 

1\ ( Q( XtS( x)) f\ .,..., P( g( X))})) ••• (5) 

where a( x:) is call~d the Skolem tunot1on Sn 1 t tor 11t 1e 

the new tunction we derive 111 temoviDg the existential 
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quent1t.1ers. 

Step 5& Here the ·recluaed fos 1s oon'Verte4 iftto 

preaes form bJ keepSng all the quantifiers separately below. 

· Bence the expression ( 5) ia tecluced to 

(vs) ('J-J) (,..__ P(x) v ((---P(7) V P(t(x.r))) 

!\ (Q(x,g(x})/\ ,_ P(8(X))))) ••• (6} 

'fhe quant1f1e:r part ( v x) (v J.) is mown ao prefix and the 

rest part is mown a.s matrix. of expression (•). 

Step 6c Het:e the matrix is put ·in conjunot1ve 

nomal form using the rule - to replace A V (B A 0) by 

(A V B) 1\ (A V C). !rhus (6) red\\ces to 

( 'J- x) ( \f-1) ( ("" P(x) V--P(S') V P( f(x,J'))) 
~ 

A ( -.p(z) V Q(x.g(J:))) 

1\ (-- P(x) V--P(g(z)))) • •• ( 7) 

Step 7c Here we simply leave the universal quanti-

t1eze. 

Step 81 Hen we use commas 1n pl.aoe of A signs and 

each expression separated bJ commae will be treated ae an 

1nd1v14ual. ~I!GIJ• HeDce ( •) finally reduced to 



,.... P( s) V""' P(J) V f(t(:x,J')) • ""P( x) v Q(z,g(x)) • 

rv-P(z) V--P(s(z)) 

11 

Clause a As ill the above, is a fin 1'te 41ejunot1on 

ot literals; when no literal is there ve call the c.lause 

• 

Berb:rand universe& Berbraa4 uiveree. ot a set of 

clauses ie the set of interPt_retat1one ova SD uneatisfiable 

set of clauses. 

Let Iio be the set of constaats e.ppea1'1ng SD. all un• 

satisfiable set of ola.ltsea. If no constants appe.are ia s, 

H0 1e taken as the oonsttmt• s singleton eet ~· .a ~ • .For i-o, 
' 

'• 2• • •• , let B1+1 be the uoion of R1 an.4 the set ot all 

tems ot the fom ,n( t 1, ••• , tn) t<m ell n•plaoe functions 

tD occu.zr!llg·m s, where , 3, 3•1 1 •••• u are members ot a1• 

fhen each a1 ia called 'he i•level constant set of s and 

Boc- or i~-H1 S.s caUe.d tho Herbran4 universe of s. 

Eaamplet S = ~ l(a) • "'J(x) V P(f(x:)) ( 1e on a

satisfiable sot of clauses Wbe~e 

Bo • 1 a ~ 
a, c= f a~t(a)} 
a2 • { a.r(a). f(t(a)) ( 
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ana. eo ou.. 

S.e:rbrand be.oet The set of ground. atoms ot the 

form pll(t1, •••• tn) ot al1n-p1a.ce predicates Pn occut:r1n6 

11\ the set s of clav.ses, where PJ.sare elements of the Her

brand universe of s. is called the .Herbrand base, or the 

atom set of s. 

Ground 1netencec A ground mstance ot a clause o 
ot a set a ot clauses is a clause obta1nel!l bJ .replaclng 

var1ab1e-s 1n 0 bJ members ot the Hezobru4 universe ot s •. 

H•interpretat1ozu Let S be the set of clauses; H, 

the Be:rbrand unive:ee of SJ aDd I aiU 1nt:erpretation of s 
over a. I is said to be an a-interpretation of s lf 

( 1) I maps all constants 111 s to themselves. 

( 2) it f is an n•place funct10D symbol an4 ( h1, 

•••• ~)an elo:nent ot iP then f(h1, ••• , b.
11

) 1c 1D B. 

Let A. = i A1, A2, •• •• 'n• •• •( be the atom eet of 

s, then u B-1nterpretat1on I i.e convenif)ntly- represented . 
by I a ~ m1, m2, • ••• 1Dn• • • •f 1l'l which mJ 1s either Aj 

or-"' A3 for j = 1,2, •• •• 'lhe meanlftg ot this convention 

is tbat if m3. 1o A3, then A3 is aasigaed '!, otherwise P. 
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semaatto treea Let A be the atom set of the Set 

a of clauses._ thea the semantic t.reo tor s te a 4ovnvari 

t~e ft wb.eze each ·link J.a attached with a f1n1te set ot 

atoms or negations ot atoms from A .in nch a way that~ 

(t) For each node Bt there are only f1n1toly 

rnaay 1mmediate lU.ka Lt' •••• LD. t'rom .N. Let Q1 be the 

conJUftction o.t all literals 1ft the set attached to 111 .• 

1 o t • ••• 1 n. fhen Q' V • • • V ~ 1a a valid propooi tio.nal. 

toz.mula. 

. ' . ' 

(2) For each node N, let I(B) be the union ot all 

, aets attached to the 1lnks o~ the brBDeh of f d·own to and 
I 

1nolu41ng B. Then I(N) doee not contairl a.ny aomplementar¥ 

pair. 

Complete Semantic treec A semantic tree ls said 

to be complete 1t attd only it for every tip nod.e N ot the 

semantic tree• 1.~. a no4e that has no link~ sproutiDg . 

t%0a\ tt, I(lf) contains e1ther A1 or ,...., A1 tor 1=1•2• • •• • 

Fanure node: A n.otle N 1e a taUure node 1;., U 

I(N) to.leitios some ground in.atMce ot a clause 1ft s, but 

• I(B) .doee not t'ala1fF any grOI.U'ld instance of a clause in S 

to~ every anceater node u• ot N. 
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Olosed oema.nt1c tree: A semantic tree T -.e aaid 

to be clo~ed if and only U every branch of f terminates 

at· a :f'a1l:u.re node • 

lafewnce nodet A n.o<le R of a closed semantic 
. 

tree 1s called an infereace node 1f all 'tbe Ulm.ed1ate 4ee-

cendant nodes of .I are :tailu~e nodes. 

r:o tent wether a set S of clauses is unoatisfiable, 

we need to ·consider Snterpretat1one over the £lerbran4 utd.

verse of s. If S 1s false un.der all lnterpretatioae over 

the Berbrand universe of s, then we can coflolu4e that s lQ 

uneat1sf1able. Since tbere are 1UJ\\all7 man)'t poeeiblJ an 

1nf1n1te number ot these 1n.terpretations1 . it is done 1n the 

.systetpatio way of ueing a semantS.O tree. Here two versions 

ot Herbrand's theorem are s1v1ng whioh are connected with 1t, 

i.e., wit"b the notions of semantic tree. These versions 

are of ver7 important in developing the resolution f;!i: pro

perties. 

Berbran4 • a theorem& 

Ven1on It A eet s of clauses is unea:t1etiable if 

and only if oorrespondirlg to every complete semrmtlo tree 

ot s, there 1e a finite closed semantic ~ree. 
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Version IIa A set S of clauses 1s tmsat1st1able 

it vad only it there is a fiftite utlsat1st1able set s• ot 
• pt.l.lrd instances of the clauses of s. 

SUbstitutions· A substitution is a finite set ot 

the tormq = { a1Jx1, •• •• B;nl-,. { • where everr tex:m a1 .1s 

to be sub~ti tuted for every variable x1• It L is a ~ODZnl• 

la L£\ denotes the- fOrmul19. resul:t1ng tmm perfos1ng tbe 

·eubat11alt1an ofq on L. 

Un.lttoa.tiont Two formulas L1 and L2 are said to 

unify if there exists a substitution ~such that L1 q is 

equal. to L2 q and if L 1 1s L1 q, • then L' is sa.14 to be an 
instance 'Of L1• 

Most general unifier (m.g.u.) * The mabstitution <1 

·is said to be m.g.u. ot two formulas L1 and L2 if Lt~ ~ L2~ 
and, for any other uuifier ~ ot L1 and L2, :L1 ~ .•a 1- is 

an instance of L1 q a L2 '\ • If two formulas urd.fN• lhere 

exist a m.g.u. of the two formUlas [t2] • 

U s:lng the set notation to represent clauses, the 

resolution mle of inference 1e: 

Given two clauses\ L1,"' f aDd~"\..- L2 , 13} t where~ 
and (3 are d1ejunot1one ot literals and L1 and L2 are atom1o 
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tomulae, a:D.d it r.,t atl4 L2 have the m.g.u, C) inter b7 resol• 

ven_t ) ~ 1 11 ~ "\ .• H$re L1 1e any a tomlc tozmula and ..-v L2 ~s 

the negation of an atomic tomul.a cons1atiq of the same 

predicate e,.mbol of L1, but ·in general with 41:tteront argu

ments. 

Factor of a clauoea Given a clause C e ~ Lt VL2 V l3f 
where L1 and L2 ax-e literals end f3 is a diejaction ot 

literals• 1f L1 and L2 have the m.g.u. then infer the factor 

a• = (L1f1 v fjq). For example in o = P(x) v P(t(J")) ·v -vQ( x), 
I 

the first and second literals have the m.g.u. 9 = ~ t(-s)/z ]· 

Bence C '\ • P( t( ;y) .l v "'"Q( t( y)) is a factor of . c. 

· Binary reeol vent a Let c1 and o2 be two elauaee 

with no var1ab.lee 1n oommon. Let L1 an4 L2 'be two literals 

in o1 ana c2 respectively. If L1 and """"£2 ha'9e a. m.g.u .• ~ 

then tbe clause (c1 ~ - L2"\) V (C2G'\ - L1 C3'! ) is called a 

binaxy resolvent ot o1 and c2• 

B.egg].u:t&en iRipo1Rlgl 

ltobineon • s reaoluti.on p!Oof procedures are z:oefu.• 

tation procedUres; .s.. e., ill stead ot provillg a formula val.1d,, 

it proves the negation of the formula to be an mconetstant 

s7etem of clauses. !be essential idea of resolution prin

ciple is to check whether a aet S of clauses contains or 

could reduce from the clauses of S the empty clause o • 
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If s contains the empt7 cl.auae, then s is \U\aat1ef1able [!2]. 

If s d.oea not .contain the empty caluse 41reotly vo ha11e 

to cheek up wbether: o ctm be derived from s. By Herbran4's 

theorem version I, cbecltlns fo~: the preeace of o te equi

ve.lellt to cOJintiag the numbtu:~s of nodea o:t a closed semantic 

t~ee tor: s. !bus• S is uaaat1efinble 1f and only if there 

is a :t11'11te closed semantic tno T for s. Clearly s con

tains CJ if an4 on~y 1t T consists of only one node - the 
' root n04e. If a doce not contain o and is uusatistiable 

set, f contalfle more tban one !lode and we can reduce the 

number ot nodes 1n f to one. and o oau be forced to appear. 

Wt&&a, ie tthg.ta r,eaodJ1tipn ·e£&D.cigll d!ll• thus resolution 

is an infercm.oe used to generate new cl~ees f~om a so that 

some nodes of the origiftal T coUld be reduced to failure 

nodes tmd. to d•rive 0 a't the end. 

The resolution proc,dure is the moat efficient one 
I 

emoDget other tecblliques :tor theorem proVing, .and ie better 

than the U$rbraa4• e .method. In Herbran<i• s proc.ec!Ure it is 

a very long p~cees to check up the 1noone1stenoy: of a set 

of clauses taktns -enourmous H•1nterpretat1oDa from Herb rand • s 

universe of the set, which .toe aga1n based on ground s.nsta.n .. 

oes 01111• 
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the resolution principle is sound, effecti-ve and 

complete ~~· !ehe soundlless of resolution principle means 

that a clause logically implies each of its faotore an4 

that two clauses together, loglcal.l,- 1mplJ each of their 
.• 

reoolv~aata. It every theorem produced by an inference 

is vall4, then the inference is called a sound inference. 

fhe effeetivenesa of tbe resolutioD principle means that 

one cau write· a computer _pzogram, whi·Cht in a finite number 

of stops, wUl find the faotora ()f any clause and the reso-

1 vett te ot any two clauses. And, if e. aearob organization, 

which we have been refeuiDg as J.nterenee or proof procedure, 

permits a tHeorem to be eatabl1ehe4, whenever the cCil.clueion 

logS.call7 follows from the prem1aea and. .the e.eseated rules, 

then the proof eeareh organisation system .1e call.ed complete 

~]. 

Here statements of two theorems on the completeness 

of reeol.utioa principle are s1ven. These will be cf grelt 

importance SA the next chapter where we discuss the retine• 

mente of resolution principl.e. 

~heoremEcom.pleteneas of resolution) a A eet s ot 

clauses is u.neatisfiab1e it and onl.7 if there 1e a deduction 

ot the empty clause _0 • 
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, I ; 

theorem (on .consequ.n:oe :tind lng) a If a clause 0 

1s a consequence of a. finite !~'~n-empty set o'l clauses, then 
,, i . 

a clause T can 'be :tOUDd 1n a!ri_fl.ni te number of applicat.toDs 
. ; ·,\ . 

ot the resolu.tion prin·ciple ;l:uqh. that c is ,ora immediate 

col'lsequeooe of f alone [a]. 
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CHAPTER- 3 

l@HIEJ:IIlS OF @SOWTWI, PBX.fU!IPil . 

In proving a theorem 'by resolution ·p&-inciple m.&JlJ 

ln:terences coulcl be used, some of which may not be effective 

tor the particular applt.oat1on. or ma,- produ~e clauses which 

cOUld be of no use in that proof find1ns or coneequece 

finding of the pz.oblem. It iflters irrelevent and redudant 

reeolventa or rather, it may lengthen the computer tlme in 

pmvfn6. the tbeorem. !o mstriot al'ld overcome these 41tt1-
I 

~ties or tneff1c1encies many refinements or e1mpl1f1ers 

ot resolution procedUre have been developed.. For t.m effec

tive application of resolution principle 111 proving a theo

rem 1n oomputer these refinements are d1ecueaea in tbis 

chapter. 

SemaPtig ReQolutigp 

ln semantic resolution a given. set s ot clauses 

1o <11-vlded into two eeto s, azut s2 such that clauses withJn. 

the same set can not be resolved up01. Por a Clear ldea, 

the ezplannt1on is given with the help of an example from 

propositional. logi.c. Let s be the uneat1sf1ab1e eet ot 

clauses i (\.. P V rv Q V R, P V Rt Q V ll, rv It f • Here 

c1aa tv P V ~ Q V R, c2 c ~1P v· a, c3r:: Q V R, o4cs,..... R. Bow 
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take the interpretation I ~ ~ "- -.,, "-Q, "-a { • o2 and c3 
a.ro talo1f1ed by It whereas o1 and o4 are satiat1e4 by it. 

smce a J.s unaatisf1able, no 1Dterp1'etat1on can aa.t!l.sty 

or falo1.f7 all the clauses. fheretore, every ~terpretation 

part1tioas S into two n011-anpty sets. In. this case the sets 

are s1 = { a2• a, ~ ~ s2 = ~ o1, c4 (• fo block the 

resolutions, we use ordering o'f prad.1cate symbols 1n it, 
' 

as P / Q ) R • Hez:e ) 1s conven.ned ~or o2:der1ng only. 

When we resolve one clause from s1 with another from s2., 

the resol.ved literal in the clause tz:om s, sho'Ul.d contain 

largest (i.e. tbe fhat 1n the .·orde1'.1.Dg ) ) S3DlbOl m that 

clauae. \11th these two reetrictione ( spl1tt1ns- of S and 

ordering of predicates 1ft S) we reduce ma.n7 possible reso-

1ut1ons. using these we can generate a, a""' Q v a from c, 
and o2, ana o6 = f'V P v R from a, and c,. flow o5 and o6 
are I•eatlefiable. Hence we put in s2 • Resolving o5 and o2 
wo get-o7 = R, aDd. reso~vtng 06 and o3 we get the same 

clause o7 = R. Since 1t 1a false tn I, we keep it in.s1• 

Row :resolvent of o1 with o4 gives o. Here, tvo deductions 

of B, are seen as deduced fran a1, c2 and c3 just by oba.nstns 

the order. To gene rate tbis a .dlrectly :trc:m 01 , c2 and c, 
without 8()1ng thrOUgh the intermediate clauses o5 or o6, 

is the notion ot ,slAsll• Here tbe oet. { Ott c2, c, } 1e 

oalled clo.eh. ~hue, combining the coDcepta of iaterpre-

j ..l 

"""'-G~\ .. :~·) ~.·, ., 
"'·""''·· 
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tational. ep11t of the set of clauses. ordering of the pre

dicates and elaeh we can restrict many reeolut1or.u; • . 
· SemBfttic claaha ,Let I be an tnterpretat1on ead 

P be an order1Ds ot pze,c11cate s~bOle •. !b.on the set ot 

clauses { E1, B2, •••• Bq' B }·• q ~ .t is called a aano.ntic 

cl.asb w1tb respect to P and I (or in short P 1 - cl.ash) t 

if and the only it. E1•s and fl sa.tJ.sfJ the following cond1• 

tions. 

1. s1• ·~·· Eq are false in I. 
I 

2. I;et .a1 = B, For each 1 = t • • • •, q, theze .is 

a resolvent :al+t of a1 and B1• 

'•- the literal 1ft E1 , which 1s resolved upon, 

contains the largest pz:edicate spbol m E1, 1 = 1, ,,. , q. 

4• Rqtt ls false U1 I. 

R'q+1 is called a P I -resol. vent ot the P' 1 clo.nb ~ B1, , •• , 

Bq' N } • We also call tbese E1 • a as electrons and B as 

neucleus with these properties. 

B:mmplec Let B1 a ""' Q( e) V ,....,. Q( a) , 

B2 a R(b) V S(C)t 

N = Q(a) V Q(a) V ,_ R(f) V '""'R(b) V S(o). 

Let I ={ Q(a), Q(b), Q(c) ,, r-v R(a) • "'R(b), ,..._. B(o), ""S(a), 

tvS(b), rv S(c)-{ ·• Let P be an ordering of predicate symbols 
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1rl which Q > R > s. Let B1 a B. Theze 1e a t:eeolveDt of 

R1 an4. E, aamely 2a = .(,....... R(y) v "'""'R(b) v s( c)). ~hen 

there is a resolvCtAt of ~ and Ba• namely a, = s(o) which 

is false m I. S1rlce [B1• 12, ll} satisfies all the t~u~ 

conc11t1one, lt 1s a P l•clash. fhe P 1 •resolvent ot this 

clash is s(c). 

P ·I -cteduotiono Let I be an interpretation foJ: 

tho set 8 ot clauses, an4 P be an orderins ot predicate 

sJmbolJ in a. A deducticm trom s is oal.led a P ·I - doduc

t1on if and onl7 it each clause 1n the deduction S.s either 

a clause 1r1 ~· or e . P I -resolvent. 
if 

. Example: liet 8 a [At V A2, A1 V --A2, A; V A2, 

'""At V ~ A2}, I ~ [At, ~ A2_] aDd ·ord~riltg .P aa A1 < A2• 

then the deduction 1n Fig. s.1 ta a P I -4eduot1on of the 

empty ·clause 0 from s, and P I -resolveats in it are,..._ A1, 

A2 and o_ • 

t 
B a A; V"'"' A2 
N"~:~~ A1V A2 
51'16 A 1 V"'""' A2 
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~heorem (completeness of P I -resolution) a If 11 

1e aa o.J:Cler1ng ot predicate symbols in a finite and unsat1s

f1able set s of cla.uees, ead it 1 1s aa interpretation of .a. 
then tl\e-" 1s a. P I -deduction of the empty clause fJ:Om s. 

Hyper resolution and set of support strategy: 
-

special cases of eemr.m t1c resol.ut1osu 

Hyper resolution [541. 
If ve ute an interpreta'tion I 1n which eveey 

literal 1s the negation o:t an atom. everJ electron and 

every P I -resolvent must contain OnlJ atoms. S1mUarly, 

if every literal 1n 1 is an atom., tben every electron tm~ 

every P I -resolvent must contam only negated a.tome. 

Thus eimpli:tiea 1ft cho'oeJ.ng the olauses to be resolved 

upon. this method ie called HJPer resolu t.ion. 

A poeJjive c6au.sg is the Clause which contains 

aor negation. sign. A negative clause is tbe one whexe 

all of 1ta litet:al.e contain negat1oa sign. If 1t :I.e neither 

negative nor positive then it 1s termed ae mixed clause. 

A posita,ve hzpg; F!so:;tutiog. 1e a epec1el. case 

ot P I -resolution, in which every lite~:al in the mter

pretation I conta1ne the negative eigne onl;v. A:n<l 1t it 

contains no negatli.on ai.gn, then it is aesa$1ye l!Dex:r 
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resplu)ion. 

set-of-support strategy [7o] 

A subset·!' of a ·set s ot clauses 1s called a 

set .of eupport of S it s-'! lo satisfiable. A eat-of-

support resolution 1e a resolution of two cl.auaee that are 

not both from s-T. A set-of-support dedUction is a deduc

tion in wbich every dedllot1on 1a a. eet-ot-su.pport resolution.; 

Set-of-support strategy consists -4es1snat1.ng 

the conclusion of the projected tbeore.m, and a small number 

ot relevant axioms, as - haVing the tNpport property, i.e., 

lying in the set of support tor the theorem. !rhere:f after, 

only those pairs ot Clauses, which contaia at lea.t one 

member with support, are considere<l for resolution, and. 

every clause is a.utomat,ically attJ:1b1lted.. to the support 

p1'0perty. If the tbeorem consists o'f the axioms A1, A2, ••• , 

A
11 

and the conclusion .a, then in resolution procedure ve 

need to prove A11\. ••• 1\ ~1\ ""B to be unsat1sfiable. Usual.ly 

A1 1\ •• • A An ls satisfiable. 

the set-of-support stra~;eg 1e oompl.ete. It is 

employed oDly in p!!OOt finding. And it is aimed at avoid-

ins the deduot1oza. of cCll sequences which are red.un4ant to 

the parUCUlo.r conol.uaion clesired. 
' 

0 
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· Semantic reaolut1oa using ordered clauses& 

Tbere_are cases in which using ordering of pre

dicate symbols only may not allow to single out uniquely 

a literal in an el.eotron. Hence the 1nferenoe me¥ gener- · 

ate more than one semantic resolvent :from a semantic clash. 

For example take 

B = Q(a) v Q(b) v Q(o) v Q(d) 

B = --Q(x). 

where I 1e an interpretation w1th negative in every l.iteral. 

and P may 'be any ordering of the predicate symb@la. Bere 
. \ 

even 1:f { B,N) is a P I -clash., aJ.l l1teral~ m B contain 

the aeme predicate e,mbol Q, so we can not e1ngie out the 

literal on wh.1ch the P I decluotion ia to be applied by 

the above rule. In order to rem.,dy thie o1tuat1<'1'1, ·' o 

• ordered oJ.ausee' is introduced. [52, 61, 6~ • 

. 
An ordered clause io a sequence of distinct 

literals and not a eet of llterale. Accord1Dg to our 

ooneept in a clauso, if the 11 teral L2 :f'oU owe another 

literal L1 1n the specif~ed sequence., then we take L1 ) L1• 

Thus, the last literal .1JJ an ordered clause vUl be consi

dered to be the lnx.-.gest literal in the clause. 1m ordered 

cl81lee ia also written as a disjunction ot literals. Here 
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we define few more relevent concepts. 

Ol.'dered factor: If two or more 11teral.e vit;h 
. ( 

the same sip of an orderetl clause 0 have a m.g.u. • '1 , 

then the ordered cl.ause - obtained fJ:Om the sequence C 9 · 

b7 deleting anJ .literal that is 14ent1c·al to a smaller 

11 teral in the sequence 1s' called aft ordered factor ot o. 

Ordered binary resolvent& A Clause 0 is said 

to be an ordered binary resolvent ot the clav.oe o1 aga:IAet 

the Clause c2 if the f'oll.oving conditions a~ ea.ti,ef:led 

( 1) o1 aDd c2 are oJ:(lered clauses with no vari

ables in common. 

(2) if L1 an4 L2 are two literals in c1 and o2 
nob that L1 an4 ""'-" z.2 have a m. g. u. C\ , aa.d 

(3) ·u the ordered el.ause 0 1e obtaJned b7 oon

ca.tenati.ng the sequences c1 c.;,, and o2C\. by removing L1~ 
and L2 ~ and deleting any literal ~at is 1d.ent1cal to a 

smal.ler l.it eral in the remaining sequeoe. 

An prde;s~ re.splvent: of an .omered clause o, 
agaiDst an ordered clause c2 is one ot the following 

orde:r:ed bin.aey resol vel\ts; 



t) an oJ:d.ered binary resolvent of c 1 against a2. J 
d'Yl . 
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2) an ·Ocdered b1naey' resolvent ot c1 against\. o:rdered 

taotor ot o2 .J 

') an ozdere4 binary resolvent of M. ordered factor 

ot o1 agalnet o2; 

4) an ordered binary ~eeolveD$ of an ordered factor 

of ot against an oz:clend factor of o2• 

Oriereo resolution is an Saterence zul,e that gen. 

erates orctered reeolvente from a set of or4en4 claueea. 

It 1a also compl.ete. 

Ordered eemant 1c cl.e.shc Let I be an in terprete.

tion.. A finite sequence of ori.ere4 clauses, (B1, ••• , Bq,B), 

q # 1 1s oaJ.led an ordered semantic clash with reepect 

to I (or 0 ,I ~ola~h) U Bl'14 only 1t [E1, B2, • • •• Bq1 , 
referred as od.ere4 electrons and N, reterre4 ae ordered 

nucl-.e, satisfy the following conditione. 

1) B1, ••• , Bq are false in I. 

2) Let Rq = B. For each 1 o q, q-1, ••• , 1 there 

1s an ordend resolvent R1_1 of B1 aga~st a1• 

3) The literal m E1 that 1s resolved upon is the 
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l.ast literal in B1, 1=1• ••• , qJ the :literal 1D Rt that 

ie resolved upon is tlle largest literal that bae an 1na

trmoe wh1·ch 1e true 1n I. 

4) R0 is false in I. 

a0 is .·called ~ 0 I -%'esolv·ent ot 0 I -clash. (B1, ••• , 

. s,, li). 

0 I -deduction (ordered semantic cleduct1on): 

. Let I be .cm tnte.rpretat1GD tOll: a set s or o~4ere4 clauees. 

A deduction from s is called e o I -dedUction if ana onlr 

1f eat'fn or4ere4 ol.ause in tbe deduction 1o e1ther 4a oraezo

ed olauae in So or an 0 I -resolvent. 

Sla.gl..e an4 Borton exper:1men ta4 wi tb 0 I -reso

lution proving many theorems quite etfeot1vely ~6) • .But 

0 I -resolution is not complete. ~he toUowlfts .ta a coun

ter eumpl.e _ot it due to Anderson [ 1 J . 
. Bxamplec Let S ={ o1 .c2,c,.c4,o5.c6~) where 

c1 = P v Q • o2 = Q v R. a, = a v w, o4 =- R v,...., .P• 

o5 a '""Y WVrv Q, o6 = --- Q V.-R* And. c1 • a are ordered 

clauses. i'be irlterpretatiotl I is given as I a ~,....p, ,._ Q, 

-R,- V • !hue tbe clauses c1, o2, c
3 

can be taken as 



ordered electrons, 11• s anct clauses c4 , o5, o6 as ordered 

nucleus N. Bow ve got the reaolventa 

c7 a R V R from 0 1. •clash { o3, Or• c5 f 
08 a P V Q trom 0 I •Clash ~Of, 02, 00 } 

. 
from the clauses c1-a we can obtain the 0 I -resolvent 

' 

cg__ • Q V R. from 0 I •clash { 02, 07• C4 f· 
We mow· that c8 anc1 c9 are !n s. !rherefoa, from ol.a.usee 

o,_9 we oa.n not produce any new 0 I -resolvent. fhat is 

the emptJ clause can not be' pro4u.ced b,r 0 l •resolution 

even th011gh 8 1a unsati-efie.ble. llen.ce • 0 I -resolution 

is not complete. 

. Lock. §.taol;utign [A] 

This refinement was in'tl!Oduoed b7 Boyer 1D 1971 (4]. 

It ls similar to the oOD.cept of ordered clBUeel'l ot oemantio 

resolution. Given a ~set S ot otauaee, ol.'der:!ns of literals 

ot tbe clauses ot a using :b141eee ie the idea ot look reso

l.ution. It involves arbitrary 1ndex1ng each occurrence 

of a literal in S with an integer J different occurrences 

ot the eame literal in S may be 1n4exe4 differently. Beso

ltt:tion ie then permitted on11 on literals ot lowest index 

. i.n each clause. !he l.ite:a.le 1n resolvente inber1t theU: 
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mcU.eoe from theil: pareDt clauses. lt a l.tte:r:al 1n a re• 

eol vent bas more tban one possible inherited. lndieoee, 

the lowest index 1e aeeigoed to this literal. 

C:oaleider s = ~a,, 02 J Where 01 = ,, v2 Q and 

c2 • 3 -·P V 4Q • !he integer l>eneath a literal ls ·the 

index associated with that l.:lteral. Sllnoe the index of P 1 
', ' ~ 

la lower than that ot 2Q, 1P is permitted to be resolved 

upon. Similarly, since the J.n4ez of ' .... P t·a l.ower tbEil 

that ot 4Q, ,-p 1s permitted to be zesolved upon. ThUs, 

resolving o1 and c2 upon 1P and 3- P, we obtain a, = 2Q 

V 4Q. .&ow 2Q and 4Q metm ·tb.e same lit&r&l anQ ancl 2 < 41 

so :Q 1a 1D.4ezed 2 1ft o,. Hence o, • C 4 = 2Q. C 4 1e called 

look resolvent of c1 and o2• It the llteralB of o2 are 
. . .. . . 

11'ldexed differently as o2 r:t 4 - P V ,Q, then the literals . . . 

1ft o2 that is perm1ttttd to be reeol"led Up® 1a ,Q. How-

ever fp u4 'Q aail not be resolved. thezefore /tbtre la 
. . . 

no l.ock resolvent of o1 8114 c2• Below, we give explon.a-

tioae on te1r relevent concepts. 

Lock factor: Let Q bo a clauee that hae ever7 

one ot 1te literals indexed with integers. If two or more 

l.iterale wJ:th the elgn ot C have a m.g.u.~ , then the clause 

obtained from 0 ~ by deleting any lit e:eal. that 1s 1thtnt1cal 

to a literal ot l.owez .index is called a look factor o'f o. 
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Bxample• Let C • if(x) V 8Q(a)· V 11P(a) V 5Q(s). 

Htn:e we know that pJ(x) ancl 11P(a.) bas a m.g.u. '\ • { atsJ. 

thu.a a • af(a) v 8Q(a) v11P·(a) ·v SQ(a) 

• 2P(a) V 5Q(a) (by loCk r•solut1on) 

which is a. lock taotor ot o. 

Tbe epera.t.ioa of keep me only th• li1 tel:'al. v1• 
the. lowest 1n4ea e4 deleting the o-ther 1daa,1oa1 11teral.s 

is called IIUJ.t\1 1.21 tor 14at1oal 11te·rala. 
. . 

Binar;y look resolvent• I..et a1 &Jltl c2 'be two 

clauses with no variable m common and w1th every literal 

1n tbetn· ind4!'xed. Let Lt and L2 be two l1terale of •1ovost* 

index in Cf and o2 respectively. If ·L1 and Ar L2 bave a 

m.g.u. '1 • and it 0 ie the clause obtained from (c1~~vu2~) ' . 

b7 remOV1ng L 1 q an<1 L2 ~ aad. bJ mergiJB low tor any 

1dontioal literals 1n tbe remaining clause. then e 1s callecl 
I 

e. b1aar:; lock resolvent of c1 and e2• the literals L_j .tmd 
,,· 

L2 a2:e calle4 the literals resolved u.pcm. 

Lock t:esolveat& Let 0
1 

an4 c2 b.e two c-l.auses with 

every literal 1n them tadexea. A lock resolvent ·cd c1 an4 

c2 ia one ot tb.e follow1Dg bta~ lock resolvent.rn 
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l) a bmary l.ock resolvent of c1 and o2; 

· 2) a billary lOok resolvent ot c1 and a lock factor 

ot c2 ; , . 

3) a binary lock resol.vonj; ot a. lock factor of a1 and 

4) a b1narJ look resolvent of a look facto~ ot c1 and 

a lock factor of c2• 

Look dedQctiona Let a be a set of clauses, 

where every lite&"al in s is indexed w1 tb an integer. A 

deduction trom s la oal.led a look deduction 1f and oal.y 

if every clause m the 'deduction· ie eltbez- a clause in a 

s or a .lock resolvent. 

Itock resolution 1o e:ffectivelt efficient. Below 

is an example using lock resolution. 'this ezample when 

solveo b;r orimary resolution i.e. bJ level saturation 

method 35 resolution steps J.a to go through. 

ExampltU Let S • ic1• 02' c,, c4 ) where 

c,. 1.1? v 2Q 

02•.,P v 4,....Q 

o,a 6 ....... p v 5Q 

C4a e·~..,J V 7 ....... q • 
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s 1o ~ unaat1ef1abl.e set ot clauses. Bow,· from clauses 

o1_4, there 1s only one look resolvent as c5 = 6_.-vp from 

c3 an<l o4• From clauses ct .. s• th_ere are two look resol• 

vellts ·ae o6 = 2Q from a1 a(l o5 and c7 = 4"'-"Q f~om c2 aa4 

c5• Finally reeolviag c6 ana. c1 we obtain a8 = 0 • '!~J:t 

look deduot1cm 1s shoa 1n Fig. 3.2. 

Fig. 3.2. 

Lock: resolution thus saves much computer time 1n resolut

ion steps. It 1e also complete i.e. tor anJ uneat.1sf1ab1e 

set S of clauses there exists a. lock <ledUot1on tor the 

empty clause • 
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_l.inear J:e8Qlution sta.Jrts w1'th a Olau~e reeolvkt.g 

asairlet another olauee to obtain a resolvet which agaS~I 

resolves with yet mother clause and thue applfi:rlg the 

chain untU we get the empty clause [j • It ie complete 

and also can be conveniently app11ed to the heuristic 
I 

methods. ftae, Biven a set S of Olauees and a clause o0 
in s, a 'linear 4e&totion' ot 1ihe _Clause On fzom s with 

top clause o0 1s a .4ed\lctiOA ot the ·torm given 1n Fig. '·' 

where 

1) tor 1 • o.1, ••• 1 n-1, o1+1 :le. a resolvent of 

c1 and B1 (c1•s are oalled centre Clauses wbe~ B1•e are 

called e14e olauaea) ; and 

2) each B
1 

le e.ither 1n S or is a c3 tor sane 3, 

euch that j < 1 

1 

a 
D 

Fig. '•' 
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Here Oi~t 1s lmown as 'aeaz parent' of 01 and o3, j ( 1•1 

1e as •:tar parent• of o1• Now we discuss some of the li

near resolution procedUres. 

The un1 t proof and the ill put proof [ 9, 6] & 

The unit preference strateu or unit r:eeolut1on 

essentially orders the clause to be resolved bJ their len

gth s..e. b7 the nwnber of litera.l.a they contain. A clause 

consisting of o.Dl;v OJ!e literal. is termed as unit clause. 

Oontra41o.t1ons become .apparent only when tvo un1 t olauoes 

resolve togetheJ: to prod.uoe the empty clause. f.herefore 
' 

we· can think of disco-vering a contradiction at the md of 

the proceee b7 working first w1tb shortest Clauses. This 

etrategr sa1e to f1produoe the shortest resolvent possible 

f'rat 1n which at least one of th. e parent clauses 1e a UD1 t 

clause. If no such resolutioas are possible, the shortest 

possible resolvent or factor is produce6.. Suppose one 

resolves a unit clause U1 with the first literal 1D a 

cl~use, and then resolves a unit 02 with the descendant 

of the second literal in the clause. Slagle proved. tba t 

one wUl obtrU.n the same resolvent lf i1'1atea4 one t1ret 

resolves TJ2 with the second literal 111 the clause rmd theft 

U 1 w1 th the descendant ot the first literal 1D the olo.uae 

[61]. Hence, in this oaee, unit resolution restricts 
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reaolut1aD. to only one of the two poseibl.e orde~s in lfhich 

the resolvent ooUl.d be obtained. 

In general, l:f there are. i.'q unite to be reso

lved with a clause, unit resolution restricts resol.utlon 

to one ot the qr.:l)osaible orders 1n which the resolvent 

ooul.d be obtained. Unit resolution 1e a special oaae ot 

oeman:t1c resolution. 

An 1nput resolution ie e. resolution in vhioh Ol'le 

.of the two parent olauaes le an input clause. AD 1npu.t 

4eGiUot1on ie a 4eduot1on tn which every resolution is an 

input resolution. Fig. ,.4 is an .Input refutation from 

S =· LrvP(x.-,,u) V-vP(y,.z,v) V~N.J?(z,v,w) V P(u,z,w), 

P(g(x,y),x,r), P(x,b.(x,y).J), ,..._. P(k(x),x, k(x))j. 

~P(x,;y,u) Vtv'P(y,e,v) V'"'P(x,<Y,w) V P(u,z,w) 

P(g(x,y),x,J) P(g(x,y), x,7 ) 

""'P(y, z,v) V;v P(g(y,u) ,v,w 

""'P( v,.e, v) V P( w, s., v) · 

P(v,h(v,u),w) 

JV .f ( k( z) • z, k( .x) ) 

Pig. '•4 
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.Now we conc.entrate on the effective applioa.t1on 

of 11Dear resoluti<m using ordered clauses and lts 4eduo

t1an ad tree sea;ohing. 

OJ:dered liftee reeolutt.otu 

In 11rlear resolution the concept of o~ered cla ... 

u_~ea vUl not destroy ite comp.leteaees. We uae a concept 

'1nf<u.·mat1·on of resolved literals• 1ft some linefU' resolu

tion where when a resol"fent .ia obtained, literals resolved 

upon are deleted. !he alaorithm that empo1s both the con• 

cepts of ordered clauses .and the in:tormation of resolved 
I , 

literals 1e called 0 L -deduet:ton (ord.er,ed linear 4eao-

. tion) [e ]. It we take S a { R V Q, .P V'"" Q, "'"p V tl, 

,.:·"P V""' Q } Gild 01 = P V Q ~ C2 c ""-' Q V R there is anr. -

Ol:4ered resolvent namely P V R of 01 a.pinst c2 vS:th Q 

and f'V Q being tbe literals reeol ved upon. Since Q and 

t:YQ are complemct.ar;r, we record only one of them. 

SUppose ve record Q, the last literal ot a1• rhen the 

ordered resolvent can be represented by l? V ~ V .a, 
where the framed 11teml 1s the literal. resolved upon. 

If the f'ramea literal is not followed by any l.Ulfro.med 

l.1teral, we shall delete thie framed literal. 
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An ordered olau.se a is a reduoibl.e ordered 

o1auee lf and only if the .last literal ot 0 is unUiable 

with the negat.1z ot the tramed l iterel. of c. 

Whenever a ~eduoibl.e ordered c1ause 1 s gen.erated 

we do not have to search the memory tor: a 4eaueed centre 

clause to t:eeolve it with. Iiletead, we may simply delete 

the last litez:al t'rom tbis ord.ezed clause. For eDa.ple, 

11 [jJ V [QJ V-P ie generated, we simply 4elete '"'".P, thf!rl 

(g] , thetl [Pl ae they are not followed by a non-frallled 

literal then we get a • ~bis kind of operation 1s called 

reduction of reducible ozdere.d clause. 

!be reduced ordered clause of a reducible OJ!'dered 

clause c ie :.~~ae oriered clause obtained from a Oj 'b~ <lele

tillg L q and every eubseq,uent framed 11 teral not followed 

by an untrae4 1.1 teral, where, L is the last literal. ot 0 
I . . ' 

and unifiable wlth the negation ot some framed l.iteral with 

Once the reduction of redUcib1e clauses is in• 

corpora ted into 0 L -deduct1e, we do not have to etoro 

intermediate clauses any more. ~h;ie important aspect of 

0 L -deduction mo.kes 1t very su1tabl.e tor computer 
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implementation [e]. !he deteQtion of a red.u,Oible ordered 

clause already narrows dom the oho1oe ot resolutions and 

reduction mechani~ effectively reduces it to only aae 

reeolu t1on. 0 L -4educt1on is eeeentiall.y simUazo to 

:Loveland's model. el1m1nat1on };1. '6], vhi~ we define 1n 

later section. In an ordered clause if the ooourren.co 

of an unframed ~1teral is aore than one, then we keep 1t 

only the leftmost u one and delete the O'tl\er identical 

literaJ.s. !his process 1s called l.gft !!'WM• For 

ezample. from P V Q V l!J V S V Q V P we obtain P V Q 

V 00 V s. Bow we define ord~r eli factor of C as, the 

factor of C after merging left in the 0 ~ tor the m.g.u. 

of 0 for which factor we are concerned and b7 deleting e 

every frame<! literal not followed by an unframed literal. 
,; rr:~.:: . 

Now few relevent concepts are (@fined below with explana-

tions whereever necessary. 
I 

s-:r:esolven1a An s-resolvent or subaumed. reeol¥ 

vent a o'f near parent o1 and tar parent c2 1e a factor 

ot resolvent of c, and. c2 eucb that C subsumes an instance 

ot c1• 

B-linear deduct1ona An s-lSnear deduc-tion of a 
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clauee 0 :from a set s of a etrtotl.y liaeu.r deduction at 0 

hom the set s.1 ot all factors ot· 8 such that each olauee 

:1n the de4uot1on not a member of S~ or a factor .of the 

preeee4irlg clause eith$r is a resolvent with far parent 

tz:om s1 or 1a e.n s-reeolvent; aloo no tautologies are 

permitted. , 

o1 a.gainet aaotbea: ord~red clause o2 ta obtained tzom a 
• elau.se g by remo171ng every -frame~. litezal aot fcUo•ed 

• • • by any Wtfl.'a.Clecl literal. in. o • were 0 its such that -

c1, c2 bav• no VFlriables u ccl!lDlon and L1, L2 arc two un

framed l.ite:r.ale in 0 t _ aa4 c2 reepectivelr. And q 1e m..s.u. 
ot L1 and ""'L2 • fhen c* 1a tbe orc:lered clauee obtained 

by c:on~atentng the sequence c 1 q and o2 q framtilg t.1 q • 

:r:omovtng L2 ~·, and ·llCU."SiDS !left to~ any 14ent:t..ca~ un

framed .lite~s in the remaining sequence. 

0 L ldedtlotionJ Let s be a oet o'f ordered clauses 

\d.th c0 as the top Clause,- th~ an o L -deduction of en 
from S·1a'" a deducti.on of the far:m ehoWJl 1n Pig. '· 5 whiob 

satisfies 

1) toz :I. a o, 1, 2. • ••• n-1 t 01+1 1e t\.'ft ordered ttesol

vent of c1, a centre ordered. clause against B1, a si4e 
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ordered clause. 

2) each B1 is either in s or Oj• 3 <.. 1, or an 

.111Stance of o
3

, j ( 1 if.' and onl.y if o1 is a re4uo1ble 

ordered clause. In this case o1+1 is the reeuced ordered 

clause of o1 • 

' 

3) no tautology is 1n the dedUction. 
c 

0 n 

Fig. '•5 

B . 
· n-1 

Linear Deduction and ~ree Searching& 

Linear deduction and tree searching techniques 

developed by Luckham [57] and Slagle [62] are applied 1n 

0 L -deduction. Row the aJ.gorithm of the tree searching 

method - 'Breadth - First Method' - is defined. SUppose 

a' is a set of ordereo .clauses to be proved u.nsatisfiable. 
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c0 is en ordered clause U1 s to be the · top ol.auae. !hem 

the Breadth Firat Method algor1 thni follows as 1 

Step t • CLIS! = ( 00) 

Step 2. If OLIST a D , Stop, oth.erviee, con• 

tinue. 

Step '· Let C be the first ordered clause . 1n 

CLIST. Be1eot 0 from OLlST • 

Step 4. Find all the o;r4ered clauees 1D S that 

can be e14e clauses ot o. If no sach clause exist goto 

ettt"P. 21 oihe~wise, resolve 0 with al1 these side claueea. 

Let R1, •• ., 1\n denote these OJ:dered reeolv&ftta. Let 

• a1 be tbe reduced ol:dered clause of R1 U R1 ie reducible. 

If a1 1e not reducibl.e, let .Its.* • ·~ • 
Step 5. It some a; is D 1 1 ~ q { m, stop, 

otherwise, continue. 

Step 6. Put a;, . ••; ,; (ill BD arbitrary order) 

at the end o~ OLlST and goto step 2. 

Below is an elUWple using tb1e method 1n 0 L -

r:educt1on 

Bxamplea Let s c: { P V Q, ..v P V fit P V- Q, 

-v P V """ Q J and c0 • P V Q. Them the 0 L -retu ta.t1on ot s 

ie 81 ven in Fig. '· 6. 



PVQ 

PV"' Q 

p 

r.--P V ~Q P v-. Q 

[!) v rnJvp 00 val VP 

a Fig. '· 0a . 

p v Q 

PV-Q 
p 
~ VQ 
l1lJ VQ 
p VIV>Q_ . 

[jJ v []r (\M p 
p 
0 

Fig. :5.6b 
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1'\o-. P v- Q 

@ v.- P 

P v ...... Q 

p v@vFilvQ 
p 

"""PVQ 
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fb.e breadth-first strateQ 1e described for 

the reasons that ( 1) simple. 'to uder stand, ( 2) 1e baeio 

strategy used tn Lee's consequence ftndiag prog~ and 

( 3) 1t vas used ~o-z tb eoret1cal. pur?osee, tor example 1D 

Robmson' s p:root of completeness of the resolution prin

ciple tor proof fin41n6 it is ueed [,3]. 

ihe Depth First Re~ho4& 

It 1e another wq to oearoh a 'ree, unlike the 

breadth•firet method 1t expands nodes trom left to right 

and not from top to bottom. '!he depth fil!'at method 1a 

almost the same as the breadth fist method except that 
* . * 1D step 5 where 1D this case we put a,. . .. ' am at the 

beg1nnlng of the CLIST. mstea4 of putting at .the ead of 

OLIST. 

In an o L •deduction wtth top ordered clause a0, 

the a.epth ot c0 1e o. lf the depth of a certain or4erec 

clauee o is k anct R ie an orelere4 resolvent of 0 and. eorae 

a14e clause, then the depth of B is (k+t). Applying the 

4epth-tiret method to the same example given ill breadth-

. first metho4 we generate the t:ree of Pig. '· 7 whioh 1s 

emal1er than the one in Fig. 3. 6a. 
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p v Q 

.... p v Q 

v (]] v p 
0 

Fig. 3•7 

Now we d~scu.ss the heuristic tree searching me

thod of deletion strategy. In order to check the unlimi• 

ted applicatidm. of· resolution causing 1rrelevent and re

dundant clauses to be generated the level-saturation 

method is used •. In any uasat1ef1able set ot clauses s, 
for level saturation we ,generate the sequence s~ s 1, s2, 

• • •, where s0 = St· ::'!'- n•t 
resolvents of o1 and o2 l c1 L us1 

. it=O 

02 tffl•i t D =: 1,2, 3t ••• • 

anct 

f.o program this method on computer, one has to ~1st 
n-t 

clauses of ll s1 in o1'der, then to compute resolvents 
1.:0 n-1 

by comparing every clause o1 t u s 1 with a clause c2 t ~-
1 

that 1s listed after o1• When~ resolvent is computed 

1a appended to the end of the list so tar generated. 
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A clause c is said to subsume a clause D U and 

oJ'll.y 1f tbere 1e a eubatitution q such that 0 ~~D. D 1e 

call.ed eubaued clause • . ' 
For example :ln 0 e 1:(&) .a4 D = P(a) V Q(a) 1t 

C)_ e {atx], Cq = i?(a). Sblee 0 q ~)J, 0 subsumes D. 

Here D ie identical to 0 t or D is an inetaace · 

of c. fhen D is su.bsumett by o. the deletion strategy ls 

the deletion of 81l7 tautolosr ant tm1 eubeume4 clause 

whenever possible. It is gel'le:r:alteat1a. of Davld and 

Putnam• s ta'Q.tolog rule [t2J •. · the . completeness of it 

4epends on bow tautologies aad wbeumed clauses are 

deleted [2~ • It 1a complete onl7 when 1t fo1lowa the 

rule to delete the ne*'11.y geae:rated clause J.f it is aei

ther a tautologv aoz eubeumed by &n7 olause 1n the list 

as 4erived 1D the first part o.f this strateg. 

Bubeumpt1on AlgorithiU Let 0 and D be two 

clauses and G 111 l at/st t • • •, "o/Zztj t where Z.t t a are var1• 

able a occurring 1ft D, aDd. a1 • s are aew d1st1D.c t oonstaute 

not occurrug in 0 or D. Suppose D = Lt V 1.2 V ••• V Lm• 

fheD tbe alsoritbm is 
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Step 1. Assume W a "" 'D(J • ~ ..-L1 e t • • •, m Lm 9( 

Step 2. Set k = o Brld u0 ., { a ~ 

Step· 3. It uk contains o , termmate1 a sub

sumes D. Otherwise, let uk+1 -= ~ resolvents of c1 and c2 
such that o1 ( uk and c2 [ w~. 

Step 4• It u1t+1 is empt7 tel'D1nate, 0 doee not 

subsume D. Otherwise, set k • k+1 and do step 3. 

Here eaob cl.ause 1ft vk+1 is smaller by one 

literal than the clause in uk. therefore, the Bequenot~ 
'1, -. ... •• ,, ___ • • 

u0, u~1 • ·u2, •••• must eventua+lJ contains a aet that 

contains a. 

The model el1mma.t1on was 1ntroduce4 b7 Loveland 

and wch :lmprovema t of 1t ·wae given b7 him [ t 5, )1, 32, '6] 

to avoid the difficulties of testing tor s-resolvents 1n 

some of the 1111ear resolution methods. The model eli~1-

nat1on procedure is not formally expressible 1n the reso

lution formate, 'but is a var1ant of resolution. A primary 

~iffereDce is that the basic entitles are not or4ered 

clauses bu" are literal lists conta1n1ns tw types ot 
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.literals. 

we recall. the definition of interpretation bJ' 

apec1fy1ng the truth values of the atoms 1n the Herbran4 

base. Ve call eu.oh a specit.1oat1on a model. !bus U 

the Berbran4 base consist of the e.~me · '{P(a,b), P(!11a), 

l?(b,b) • P(b1 a), Q(a), Q(b) J• the21 one posetb.le model 

woUld be {FJ;P(a,b) 1 P(a,a), P(b,b),.f"'V .P(b,a);,..Q(a),. 

Q(b) J . in. general, a model (possibly 1nti~te) .is a 

set of literals oonetwote4 from the Herbrand base in such 

a way that each atom in the Berbrand base 1e appeareJeither 

in the negated or non-negated form but .not in both .Aft the 

model.. A given model M may not satiety a clause a. Por 

example, ~P(a1b), P(a,a), P(b,b), ~P(b,a), ~Q(a), Q('b)J 

does not satief7 no--Q(z) V P(y1 x), since the substitution 

{ (b/x), (a/y) j creates a ground instance having the 

value F. This model does satisfy the clause {~(x) V 

P(y,y)} , since no substitution creates a ground instance 

having the va.luo F. 

A model can often be core compactly specified 

by list.ing a ·set ot literale all ot llitose 87;0UDd instances 

over tb.e Herbrano univox.-•e bnve the value f. ~hus take 

the aet of clauses 



s = 

(x) V R(a,f(z)), 

V P(f(x) ,a), 

~(x,f(z)) V R(y), 

R·(a) 

which can be speoit1ed by the aet {Q(x)., . 
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.,......-P(.z,,f(z}), P(1'(x) ,a), R(x)} • In terms o£.ato~s-in the 
f 

Herb rand base this model is the inf.ini te set 

M= 

fi(a), R(f(a)), R(t(t{a))), 

(. 

Q(a), Q(f(a)), Q(f(f(a)). ), 

-'P(a,f(a.)), .-P(a,f(f(a.)}), 

'-l?{:t(a) ,a), P(f(f(a}) ,a), 

•••• 
•••• 

•••• 
• • • • 

Here we notice that tho first and the last claus ea are 

not satisfied by thi·a model., whereas the second ancl third 

are satisfied. 

The model strategy ia based on the principle 

the~ - tor: an aeatietiable ae·t s ot clauses and any 

model; M over tb e Be:rbrand ~aee of a, a refutation graph 

for 8 exists having the prope:rty that each node in the 

graph is either a clause in s or hns as one ot its imme

diate anot)tJtors a clause that ie not satisfied by M. 

' . 
!L'he oriterion that must be satisfied by a pair 
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ot aclaueea (A,B) in order that they be resolved relative 

to the moclel etrateQ is that at least one ot (A,B) UNst 

not be sa.t1s.f1ed by the model. 

In .Fig. 3.6, a refutation graph for the eet of 

unsatistiable clauses S &!:I { Q(x) ·y P(a), .--Q(x) V P(x), 

'""'Q(x) V. ~P(x), Q(x) V "'-".i(xtl 1s given. Each resolu

tion iD the graph .satisfies the model criterion with LQ(x), 

P(x)J used to define a mode~. !bose clauses not sat1sf1e<l 

by 1he model are enclosed 'ift, boxes. The extenf to which 

the model strategy redueea the number ot r1eed.ed reeolut1ons 

depends on M, e.nr model .iM not oat1efy1ng any of the elauoes 

1D S is a. bad choice. 

P(x) 

/ Q( z) V""-P( x) 
-vQ(a)V~ 

~, 

F1g.3.8 
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CHAPTER - 4 

Al?.PLIQATlOliS OF fiESOLUT ION PiUHCg:PL§ 

There are many application areas of resolution 

principle. It is applied in areas 1ike question-answer

ing deductive system, program analysis, state-apace pro

bkema, concept formation. etc., And in what is common to 

nll of these ia the formation. of these problems 1n to the 

framework of theorem proving problems an applying resolu

tion princip~e to establish assertions. he discussions 

on these are following now. 

In previous chapters it has dia uaaed how reso

lution principle is used in proving theor me either a proof 

finding or a consequence finding. A proo finding program 

attempts to find a proof for a certain the rem where cer

tain premises or axioms are given. And in a. consequence 

finding program given axioms then tries to deduce oonaequ

eneaa from the axioms and to aelo ct '1n ter ting • consequ

ences. Both types of programs use reeolut1 n principle. 

The resolution pr1nc1ple <loee provide a. mac 

algorithm. It is a etra.ight forward proced com-

b1nes several. well known eyllogisma describ d 1n the ea.r~ier 
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parts ot chapter 2 111 the area cover iDS the mathemat1oal 
I 

log:&o. !he resolution proced\lre is mecb.anisable in the 

sense that when once ·a problt.D 1s formulated in terms of 

pre41cate oaloulua. it 1e possible to develop an appro

priate pmg.J:amme for it. 

GreeD arul Bap:bel ~gJ made a. break through 1n 

tbls field by pointing out that meChanical theorem proving 

techniqUe of resolution principle can. be applied to dee1go 

question-a.newer1ng e.rul problem solving systell18. Their 
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concept i.e that the eet of tacts necessary tor quest1on

ansverillS or problem aolvitlg can be viewed ae u1oms of 

a theorem, and the question or the problem can be viewed 

as the conclusion .of the theorem. 

'iow~rds ~rogram Analysis• 

!he resolution pr1ftclple is also used 1r.l pro

gram analyala. Here the aim of using lt 1a ·to uftder

atrmd the Jt/0 i:&l.at1onsh1p ot •tbe program. FloJd aa4 

Manna described. about the I/O x~lat1on of programs in 
' 

1960s [16, 39,.,9] • Oons:ltlering the logical formulas des

ctib1ne the execution of a. program as axioms the logical 

conseoqtaenoee can be done. Ohana and Lee in [1] also 

vorke-d in this a.rea. Ill pQ::t1oul.ar, there i·s one clause 

called the 'halting' clause that w.ill be mecban1ca.ll7 

deduced usiq tb.e resolution pr1u·o1ple 1:t and only 1f the 

program temine. tee. Using th io concept one ch$ cks whether· 

a program has the I/O relation. 

~owal."de State---Space Problcns a 

.A state space prOblem denoted 'by (.s,.F, G) con

si.sts ot a description of a set S o~ pose1ble starting 

states, n. eet F ot operators that convert on.e state mto, 
• 
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another, and. a set G ot goal states i.e. the output set 

after applying the el.ements of .F on the elements ot s. 
Here how resolution-baaed theorem provers ean be used. 

as a GPS for etate-space problEms is briefly d1scussecl. 

The terminology- for state $paoe problems in-
' It cl.udee (,1) • states• which is represented by s,s ,s , etc. 

t " (2) 'object.e• deno·ted by o,o .o • etc.,.(') •relations• 

denoted by fl~ent symbols (und~rlllned) .and are def'1ne4 

between objects and properties of states, and aot1ons; and 

( 4) • operators'. Here· the first-oraer p:retU.on.te cal.culu.o 

is .applied in state apace problems. 1'ho following 1e an 

example of' 1t using resolution principle 1n solving a 

state apace probl.em in first-order predicate calculus. 

Ib:amp1ec 'A monkey 1s 1D a room where a bunch 

of bananas is hanging from the ceUiftg, too high to roaoh. 

In the corner of the room is a box, which is not uader tho 

bananas. Row can the monkey get the bwa.anas ? 1 

The solution to tbe monkey• e problem is to move 

the box under the bananas and climb onto the box, :troo 

which the banana wUl be reached. The ob3ect~ used m the 

state space description of th1~t problG!I'l are FQPkGJ, .ttoxa, 
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~J!PfS!ASjh plye l J ,;1egft 2, ,QA,ace l• the Operators \l_~Gd 

are sotp, mou, sl.&mb. and uasra fgr. each ot tabich will 

'be a situational-tluent fUDoti~n. !fhe relations uaed jn 

the clescri.ptiOD -are llldet:, JD .f!1, al'l4 Jlas-l:!f!Q&p,.B,It EBOh 

of wh1ob will be a s1tuat1onal. tluent prediCBte. ~he 

a43o1rt1ng table-fable 4-1 gives the ftrst-ordez predicate 

formulation that co~respoad to a description of thie state 

space, ueiD(S 1'Jl1s objects. operators and relations. file 

monkey' e pr@lems is repz:esente4 by the tor:mu..la 
' 

( v e) (bas-bananas (e)) ••• (4.1)* 

Which is to be proved using the formulas til tatiL e 4-f by 

reeol.utlon pr1nc1ple. Fig. 4. t shows the refutation tme 

of lt after adding the l'l'&SQtioa of the solUtion given :ln 

the expression ( 4.1 )* g1v1ng a deduction of and hence 

ahowihg tbe unsat1ef1abU1ty of the clauses 1n fable 4-1, 

with negation Of (4 .• t )•. In fable 4-1, we take •mon' for 

monkey ~d 'ban' for banan.a.s. Tabl.e 1s in ne£t pages. 



Table 4•1A. !Che Monkey-Banana Problem Axime.tized 

'· 

A1.v. p~p'v s(a't(bo:x:,p,aM at(box,-p,goto(p' ,s))) 

A2. ¥- pvp'v- s(a.t(ban,p, s)-:.> at(ban,p, goto(p; iJ))) 

A.:S. v- pvs(at(mo~,p,goto(p, s))) 
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A4. v- pv-p'Ma( (at(box,p,s)/\at(mon,p,e)) 7 (at(box,p • ,move 

(mon,box,p,p' ., s)))) · 

A5. v py.p'v-P"'v.e(at(ban,p,e)_, at( ban ,p,move(mon,box,p' ,P" ,s))) 

A6. v pvp• 'fs(at(mon, ,p, s) ~at(mon,p• ,move(mon,box, p,,p' ,s))) 
. ' •·. ··'• 

A7. 'il .a(under(box,ba.n,s)~ under(box,ban.,elimb(mon,box,s))) 

A.a. v- pvs(a·t(mon,p, s)Aat(boz,p,e) ~ on(mon,box,cl1mb(mon, 
,. 

box, e))) 

A9. "o;f s{under(box,ban,s)/\on(mon,box,a) )~has-bananas(reach 

for, mon,ban,s))) 

' A10 .• v-s(at(box,p3, s)Aat(ban,p3, s) )-'>'under(box,ban., s)) 

A 11. at(box,p2, s 0)/\at(ban,p3, s.0) 

Tabl.e 4-Uh Olsse form o'f Tab.le 4-1A 

A1. ""a.t(box,p,s)Vat(box,p,goto(p' ,e)) 

A2 ...... at(ban,q,e' )V at(ban.q,goto(t• .a•)) 

A3. at(mon,r,goto(r,r•)) 

A4 • .-at(bo:x,u,v)v ..... at(mon,u,v)V at(boz,u• ,mo've(mon,boz:,u, 

u •, v)) 
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AS. ""at(ban,t,t")V at(baa,t,move(mon,box,t• ,t'" ,t")) 

A6. ~at(mon,v• ,v" • )V at(mon,v" ,move(mon,box,v' ,v" ,v"')) 
" 

A7 •. ~under(box,ba.n,w)V under('box,ban,c~imb(mon,box,w)) 

AS. ,,.., at(mon, w•, wtt) V .....,at( box, w' ,w•) V on(mon ,box, ol1mb(mon, 

box, W8 )) 

A9 • ·"'"'under( box, ban, x) V .-von ( mon, box, x) V has-bananas (reach 

for(mon, ban,x)) . 

A10. ""'""'a.t(box,p31 y)'V' ....._at(ban ~p3,y} V under(box,ban.,y) 

A11. at(box,p2,0) 

A12. at(ban,p23;0) 

113. Negated conjencture (NC) a -has-be.rumas(z). 

Table 4•1Ca Consequences ot Fig. 4.1 

01. at(box,p2.,goto(p' ,a0)) 

02 ........... at(mon ,p2 ,goto(p' ,s0) )V at(box.w• ,move(mon,box,p2, 

u• ,goto(~' ,s0))) 

03. at(box,u' ,move(mon ,box,p2,u' ,goto(p2,s0))) 

04 •.. --at(ban,p3,move{mon,-box,p2,p3,goto(p2 ,s0))) V under 

(box,bSl ,move(mon ,box,p2 1 p3,goto(p2,s0))) 

05. at(ban, p3,goto(q•,s0)) 

06. at(ban,p,,move(mon ,box,.t•, t" • ,goto(q' ,e0))) 



•• c. 
Ag. 

0 
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07. ud.e~(box, ban 1move(mon,box,p2 ,p3,g~to(p2• e0))) 

ae. ua.der(box,ban ,ol.imb(mon ,box,m:ove(mon t box, p2,p3,goto 

(p2,e0)))) 

09. at(mon,v., ,move(mon,box,r,V" ,goto(r,r•) )) 

Cl1 o. at(box,v" ,move(mou,boz,r,v" ,goto(r.,r•)) )V oa(moa,box, 

climb(mon.,box,move(mon,box,r,r" ,go to( r,r•)))). 

011. on(mon,box,ol1mb(mon,bo%iJUOve(mon,box,p2,u•,goto . ' 

(p2,e0 )))) 

012. on(mon, box, c11mb(moa, box,move(mon ,box, p2, p3, go to 

(p2,s0 ))) )V hae•banana~.reaohfor(mon,ban,climb(man.

box,move(m<?n,box,p2,p31goto (p2,e0)))) 

01 3. has-bananas ( reaobfor(non, ban, climb ( mon, box, move(mon, 

box1 p2 .• p3pto(p2,e.0))))) 

:Biven though 1he appli~tion area of resolution 

priaciple i.e qUS. te wide, like areas on first theorema on ----.._, 
groUp theory, geometry theorem proving etc., we are brief-

ing it with the explana:tiont.of one more app11ontion area 
., ''j. 

only ~ fta'.;- io· on concept format iota. 
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~'·1>!.!', 
t" # ....... ,.··1 

towardo Concept J'ormation: 

fhe co.ncept formation :1e a SJ'Btem that develops 

concepts and tnters on pictorial data 58 • fhe general 

concept about the reoogni tion ie a visual scene. Bnner 

argue& th1a point effective1J on the basis of experimelltal 

ev:14~nce[S]. Looking into this ace.ount Sadarum4a 8114 

Mahabal.a 4eve10ped the idea of conceptferenoe 1n [5~ using ,_ 

resolu.tia prin cipl.e. 

Oonceptferenoe works 1n two phases a ( 1) 1D1t1a-

11zation of oonoepte necess.aru to 4eacr1be the scene, an4 

(.2) to operate on. these cOllcepta 1n the domain of a first 

oJ:d.er tbeory. 

Ooiloept For.matiotu In tb.is phase the necessary 

concepts or functions to de-scribe the ecene 1e tomal1ee4. 

They used LISP comptu .r to 4et1De these. 
-~·:•"}"" 
-::~~-~·v· 

OpeJZation Phasea Heze the entire sccme is ex

pressed 1n terma of the well formed. tormulas of the f1ret 
• 

order predicate calculue. The names of the cOl cept s for-

med 111 f1:r:et phase are p:l!'ed1oa.te lettere constituting the 

w.f.fa generated 1n this phase. 
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, the S)'stem of conoeptterence generates biua.r7 

relations be'tween every pair of ne1ghbou.ring p1ot.-..s 

expressed in the :term of ·w.t.t.a. fwo pictures are 

taken to be .1n a neighbourhood if the distance between 

them is leas than a p.re-aesiped positive numbe~t d.. For 

caloulat1on of this distance Euclidian. dietaaces b'etween 

the labeled co-or41natee ot the first picture to tbat ot 

the second. piotu• are cona14erect and the last .is chose. 

'Adhoc• inte't'pretat1on for the predicate !.etters 

:eepreaentins binary relatione such ae LEFT• INSIDE, ABOVE 

are aoaisned and no at1;.empt ·ia made to obtai!l geDeral 

in terpretat1one .• 

!rhe inference mechanism of coaoeptference uti

lizes the resolution principle after converting the set 

.of w.'l.t.s, including tho .n.ega.tion of the assertion exp~e

seed as a v.t.t., into the clause tom. ~he doduotive 

strateQ takee into account thG nature ot the aasertio.n to 

be established. 

Whe clause representing the nesntion of the 

a.eeertlon ia reurange4 suob that an order ot priority o~ 
. 

importance ot the pre41oate letter appears, ancl tb1e ie 
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foll.owed b7 the priority ot the arguments. R·oweve~, . 1t 

no importance of priority 1e touncl• B!i al.phabetioal 

or4eJ: ie chosen. the clauses uitiable with hjgher 

order literals of the clause representing the negation 
/ 

ot the assertion are ohoeen1 and all euoh resolvente 

a1:e c:·ibta111ed 1n oDe stage. In the case ot clauses i!lvo

lvi.ng variables an4 g:w116 ifteta.noes the latter are as&!.• 

gned- priority- m reeoluticm over the former. the clauses 

not un1t·1abl.e at an7 stage are discarded, saving apace. and 

e:ftort. -._fb.e aezt level 1e reached ~or all eorrespcmdlDS 

resolvent e. and the proc ese is carried out u.n1tl tm empty 

clause o ie reaobed or oer,am p~espeoif1e4 etepa .are oa• 
\ 

rr.S.ed out. 

If a question oa the eaatenoe of an object res

ponds atter generatin& the description ot ~e scene 1n 

terma ot w.t.ct.e and after e:ttemptms to reeolve to a 

cl.auee with no literal.St the srstem woU14 term1Date Wi'th 

a YBS or RO or :00 BOT .KNOW' eta'th.ltumt if D is not gen,era

ted within a reasonabl~ nuber ct steps. Bes14ee attlm~ 

ptSng an ex1sten.oe p:r:oblems, conceptf·erence can handle 

-an identification problem. !rhe Fig. 4.2 describes briefly 

how 14ent1fioat1on could be performed using relationship 

ot different pictuwes. 
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The descriptio scene which ia generated in tezme 

of a set ot w.f.f.e detirl._ed on the domain of pictures of 

trio.ng;Lee, squares. rectangles and polygons to 14ent11'y 

the picture. Some of the w.f.f.s nre 

RECTANGLE(P1), .SQUARE(P2), RRC~ANG.&B$t3), BEXAGON(P4),, 

TIUANOLE(P5), RECTANGLE(P6). 
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OHAMU- 5 

QliOO§lNG . AI ECOIQMIQ. RESQLUTION f!ZRATEGI 

Here· example.s 1n automatic theorem proving are 

dealt 1n ordet? to choose au economic ret»lution strategy 

for different types of problems. fhe oontex of economy 

here 1s the usual economy. ~he number of steps 1n an exam

ple, the time conswnpt.ion of the pJ:Oblem by computer. the 

easenese jn handling the problem, etc. all are factors ot 

the economy here. 

E:ram.ple 5·1 

~o show tb.at the aJ. t&rnate i:n·teriot:' enales :formed 

by a di&SQnal of a trapezoid are equal. 

Fig. 5.1 

The axiomatization of 1his problem is as :foUows: 
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!(x.y,u,v) means that z 7 u v ~e a trapezoid 

with upper•lett vertex x, upper-right vertex _y,' J..ower• 

right vertex u, lower-left vertex v; 

P(*',y•u,v) means that the line segment z 7 1s 

parall.el to the l.ine segment· u v; 

, B(x,y,e,u,v,.w) means that the r.mgle x y z ia 

equal to the angle u v w. 

Then we have the following axioms: 

At: ( v x) ( v Y) ( vu) ( vv) tf(x,,.i,,) ~P(x,y,u,v)) 
detining the trapezoid • . 

A2a (\1' x)(V1)(vu)(vv)·~P(<.x,y,u,v) ~E(x,,.,v,u.,v,y) 

states that the alternate interior angles of paral~.e~ 

lines are equal. 

A3: W(a,b,o,d) from F1g. 5.1. 

From these axioms we conclude that B(a,b,d,c,d,b) 

is true, that is, 

A1/\A2/\A' -~B(a,b,d,e 1 d 1 b) te a val14 for

mul.a. Stnce we have to prove it by resolution prin,ciple 

we negate the concl.usion 1or getting an unea.t1sfiable eet. 

Thus the unaatiet1abl& set of clauses of th1s. problEm is 



a • o1• o2, a,. o4 where 

o1a "'"'tf:ttt7•u,v) V P(z,y,u., v) 

·Oa=·""'P(x,y,yiY) v E(x,y,v,u.,v,y) 

o,= f(a,b,o,d) 

0 4= ,-vE(a.,l),4, c,tt.b) 
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to begin, resolution process 1s nov called out 

between theee clauses and. resolveate ot them 1ft teas of 

their levels which we call .level saturation method. 

S = { o1, 02• o3, C 4 J wUl be taken ae a0 meat'linS at zero 

level. Now the reeo1ut1one ill the first level are as bel.owc 

c, 

c 1 
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·O 
c7a _,.._..p(a,.b,~td) 

Wile set ot clauses s 1 = [o5, o6• o7 J 1e 1n the 

first 1evei s 1• So we proceed fOJ! the second J.evel. 

0 

' c 5 

c8 .......... ~( x, y,u 11 v) V i( z,y,u,v)V E(x,,., 
v,u,v,y) . . 

c, 

0 

o9a ·""""!(a, b., c1d) 
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~0. 

0 
011 mE(a,.b,d, o,d, b) 

c., 

2 }, s · =_ i.o8, a9, c10, o11 , a12, o1,, o14 ~ is the 

eet of clauses 1n the second level. Here we hav,e derived 

the empty clause in c14• Hence we have solved our problem 

b7 inconeieteno1 method of reeolu~ion prtnclple with 14•4 

=10 reaolut1on steps. 



Bow the eome problem 1e solved lt7 linear 

resolution. !he ooluti.on 1s given .1n Ptg. 5.2. 
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Be~e in li&:tea.r IJetllod ·it takea onl.y 3 steps ot 

reso1ut1on• Bence 1»1 linear reeol\l,t1on 1t saves 10•Se7 
) 

un1ts ()f computer time of resolution steps. 

Aga1n 1 we solve the problem b7 semantic l"esolut-

1on. The 1-uterpre tat ion is tak~n as I a t-'l t "'-P, ~B J • 
Mence s1' = L o1, o2, o4, J , s2 = { o,J are the non-empt7 

seta of s partitioned by I, ana ordering is taken as 

f > JJ > B. ~hue the resolution steps du.e to P I -resolution 

stmteQ are given as foUowa: 

c1 o~/c3 . 
c5 o P(a,b,o.d) 

j 

j 

j 

j 

j 

j 

j 

j 

j 

j 

j 

j 

j 

j 

j 

j 

j 

j 

j 

j 

j 

j 

j 

j 

j 

j 

j 

j 

j 

j 

j 

j 

j 

j 



Now o5 mte~a s2• Therefore 8\ a Lo1, o2, o4 J and 

s2 • l o3, o5 ] • Bow o1 does not :reaol ve with o5 as 

t > p • inetea4 c2 resol.ve · vi th o5• 
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therefore s1 = S\ = S2 o io1, o2, a4J, and 52 = fc,, o5,o6j 
Bow o2 does not reeolve wltb. c6 "as P ') E instead, c4 re

solves 111 th o6• 

07 = 0 • 

8.1nce we set the empty clattse hn~e th~ process hal te. 

Here tbe number of resolution 5t.$p 1~ 3. 

In semantic resolution we ne&d to order the pre

dicates or literals of the sets of clauses which are der1-
' 

ved from 1he problem and also we need to give an interpreta-

tion for the partition of the set S whereas 1rt linear 

resolution we need to cbeck whether thel!e is lmt't clause . 



m S or in resolvents ot s which •e prefer to resolve 

f1ret With oome other clause possibly of multiliteral. 

fhis 1e the caee of un1t reaol.utl.o'n in llrlear resolu

tion. And also, 1P lhlea:r resolution .if ue use the 

concept ot oreler of the llterale, we have to deetro7 
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the concept of comploteneea. Bow let us see;, bow the same 

problem 1a eolved by lock resolution, 

In tbe case of lock resolution we index tbe 

literals in all the clauses d1fferentty and those l.1t

eral s whose indiees a.re lower in the same clause 1s 

allowed to be resolved upon. 

01 a 1 f'o'~(x,y,u,~)V if(a:,y,u,v.) 

o2 ' ' """P(x,y,u,v)V 4 B(s,y,v,u,v,u) 

c, c s r(a,b,c,d) . 

0 4 • 6 .""'B( a,b ,4, c,d,b) 

Here we can not reeol. ve :! ot o1 with ltb.J' other clause 

in S tor, the index ot2.~ P is not lowest 1rl o1• And we 

can resolve 1 "'"'' ot o1 with any other clause, b1 'th1s 

case with c3• Likewise we can not reso1ve upon 4a with 

~B. the re~utation graph ot the p~:·oblem solved b7 look 

resolution 1o thua giving belovt 
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Fig. 5.3 

Here alao the cumber of :reSf)l:ution steps 1s 

onlN' 3. aenoe if we BfHJ..UDe th·n.t tb.e time tziken bp 

computer in rs~l.virle; tvo ola.uee tor getti&g a thir4 cla

use ts as unit t.tm& and negleo.tine; the scann!Dg time by 
J 

oomputer ot clauses then in the refined. reaolut1ons 1ft 

the above problem tilae saved by each refined strategy is 

7 units of tb'lEh 

BxampJ.e 

to prove by re80lut1oa prin clple that ( 1) fin

ger 1a a part of man, with the cca4J.t1ons (2) t>ingez: is 

a part o'f hand• ( 3} hand 1s a pt\rt of arm, ( 4) am 1$ 

a part of man and ( 5) x is a part of v and v is a part of 

y implis a that x 1a a part of ,, 
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Here the ax1omat1za.tion .is done by i(s,t) 

mean ins that s is a part of t. Hence the axioms aro 

1) part (x,v) 1\ part (VtY)~ part (x,y) 

2) part (f.mger, hand) ,, part (ha.nd. tu:m) 

4) part (arm, mali) 

5) part (finger, man) (con clu si<m.) 

For using automatic theorem proving we redUce 

(t)- (4) in the following clauses and negate (5) for 

the inconsistent proof. 

/ o,: ('). part(x,v)Vcv part(v,y)V part(z,y) 

a2: part(tinger,hand.) 

. o,: part(hand,am) 

c4: part(axm,man) 

c5: N part(f1nger, man). 

S • .Z:1 , c2 , c,, o4, c5 ~ 1a an uneat1sf1able set of 

clauses. Now we solve the problem by using the level 

saturation method ot resolution principle. Here we use 

the rotation r(o1 • 0~) 1 Ok(~) 1 L meaning tbat o1 
resolves vi th o3 and. gets the resolvent C'Jc = L by tU!t1Dg 

the substi tu.t1an q • 
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r( o2, a 1) • c6 ( x=finger, v=hand) 1 .rJ part( band, y) V 

part(finger, y). 

r(o3, o1)a a1(x=hand, v=arm)t tv part(arm, y)V part(hand,y). 

r(c
4

, 01)& c8 (x=e.rm, v=man)t,--v part(man, ;y)V part(arm,y). 

r( c5, o1) 1 c9 ( xcfinger, yc:man) • N part( finger, v) V 

rJ part( v,men}. 

\ r(02' 01):: o,o< v=f!nger, y=hanc1)',..... part(x, finger) v 
part(x., band). 

r(c,, 'a1): o11 (v=haud, y=arm): '"' part(a, han4)V part(.x,az:om). 

r(o
4

, o1): o12 (vca.rm, ,-eman):.N part(x, arm)V part(x,man}.. 

S = s0 ia the level zero clause set and s 1 = c6-12 1e 

the tb: st level clause set. Now we t1nd s2 •. 

r(e1, 06)1 o,,<zdlaDA): ....,J part{ba.nd., v)V N pa.rt(v, y)V 

part( t!Qger, y). 

r(·Q1, c6): o14(xaf1ngar, v~y)i ,.--v part(7, y)V part{tinger,y) 

r(C1 ~ 06)1 o1.5(v=tmger)&f'J part(x, finger)V part(x, y)V 

r-J part(ban4., J). 

:x-(o3, o6)t c16(7=am):· part(tinger, azm). 

r( c5, e6) •, 0 17( ycman) 1 r-1 part( band, man). 



r(o1, C7)a o18(x=tu!D): r.J part(arm, v)V r-1 part(x, 7)V 

part(hand, y). 
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r(c1, a7): o19(vaband): c-.1 part(x, hand)V .r-~ part(arm, 7lv 

pa:rt(z, ;v). 

r(o1, 07): o20(xcsarm, vaba1'14): rJ part( arm, hand). 

r(o4, 07): 021 (yt:man)' part( hand, man). 

r( c6, 07): o22~:pa1:t( tinser, t)V rJ part( arm, y). 
I 

r(Ct, c8): c2s(xaman): ~ part(man, v)V ,,..; part(v,y) V 

part(am, y). 

r(o1, c8 ): o24(vaa.rm)arJ part(x, arm)Vr..~part(ma.n, y)V 

part(z, y). 

r(c1, c8 )s o25(xcman, v=a.m):.r-.~ part(man, am). 

r(c1, o8 ): o2,<xee.m, vcy): . .rv part(7, y)V p.a.rt(arm, y)V 

r-1 part(man, y). 

r{c7, c8 )a a27: ~ part(man, 7)V part(band, y). 

r(c1, c9)
1 
o28(x=finger, voy): rJ part( finger, 7)V 

,N part(y, y)'V part(y, man). 

r(o1, o
9

)a o29(v=X, y:man)L.J part(x, x)V,..-J part(x, ma:n}V 

r--1 part( f1DfJer., x). 



r(o2 , o9) a c30(vehand): rJ ps.J:t(hand, man). 

r(c4, o9): o31 (v=azm):.,J part(tinger, arm). 

r(o6, o9): o32<r~>•.~ part(hand, v)v~ part(v, man) 

r(o6, Og}t o,3<v=tinger, y=man)a~ part(han4, man)V 

f'.~Part(fi~ger, ti-er). 

r(c7, o9)t o34(v=hand, yaman}a r--.1 part(as, man)V 

r.~part( finger, hand). 

r( o6 , o9) a o35(vc:arm, ;r=man) a rJ part( man, man)V 

.-J part (finger, .ann). 
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r(o1, a10): o36(Jofinger)a."-' part(x, v)V N part(v, .t1nger) 

V part( x. h8Qd). 

r(o1, o10): o,r;<v=hand):rr part(hand, y)V pa.rt(x, y)V 

r-~part( x, f1nger). 

r(o1, o10) a o38(xaV, yahand) lr.J part(v, v)V part(v, y) 

V fi'J part(v, finger) .• 

r(o6, c10)a c39(x=hmd, yahand): part(:tinger, han4)V 

,..-.Jpa:r:t(hand, finger). 

~(06' 01o>• c40(x==f'1nger. y=finger).a,v part(hand, tinger) 

V part{ finger, hand). 

r(o7, o10}a to41 (x.azm, y=hrmd)a pa.rt(hand, hand)V 

,....) nart(arm. .tin«er). 
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r(o7, o10>• o42(xaharld, y.t1Dger}: r--1 part( arm. finger) 

v part{ hand, bend). 

J:(C8 , a, 0)t o43 (x=-sn! ydland)a part(ar:m, h.and)V 

c-1 part(ma.n, .finger). 

r( o8, c1 0 ) a C 44 ( x:::arm, y=f in,ger) 1 rJ part (man , finger) V 

pan(am,hand). 

r(o9, c10) • o45(x=rfingel:, vahand) a r-J part( hand, man)V 

r-~part(tinger, finger). 

r(c1, a 11 >a c46(y.band)JrJ part(z, v)V r.J part(v, ban4)V 

part( x, arm). 

:(c1, o11 )c c47Cv=a.rm~a .-..~ part(am, y)V part(:a, arm):V 

rJ part( x, hand). 

r(01, ~o11 >a: o48(xctV, ,J:::am)a,...., part(v, v)V part(v, am)iY 

.......,. part( v, hand) • 

r{o2, a, 1>c o49(z=fillger)a part(finger, am). 

r(06' Ot1) & o50 (x=fin.ger, yc::btmd.) I .r--1 part(bB:Illd, b.an4) V 

part(tinge:r, tn-m). 

r(C6, o.11 >a o51 (x=bond, _ycazm)a part(tinger, arm)V 

-~ part(hand, hand). 
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r(07' Ot_1) I c53(x=armay} 1 part( band, arm)V .....v part(arm, 

hand) •. 

r(c8 , Ou) • o54(xc:arm, yc:hand) 1 cJ part(man, hand)V 

part( am, azm). 

~(06, Cu): o55(~=maa, yca.rm)J part( arm, man)V 

,r'part(man, hand) • 

r(o
9

, c11 >: o56(z=t'iftger, veam)a r-1 part(arm, .man)V 

c-f part( finger, hand) • 

r(c10, o1t>* o57a J~ part(z, fmge~)V part(z, am) .• 

r(o1, .c12> c Ose(y.aDD): ,-J part(z, v)VrV part( v, a.rm)V 

part( x, man) • . 

z(Ot' c12)t o59(veQan)a .-Jpsri(mtm, y)V part(:x, 7.)V 

~part( x, azm). 

r(o1, c12> t o60(Z=V, , y=man) t rJ pa~:t( v, v) v part(v, J) 

V r-1 part( -v, am) • 

r(o,, o12) 1 a6 , (x=:hand) a part(han4, man). 

r(~5, c12) a o62(z:=f1nger): c-1 part(tinger, arm) • 

. r(o6, c 12>: o63(xcf1Dger, y=e~:m)a~ part(hand, arm)V 

part( f1nser, man) • 



2:(06' c,2> t 004(:x=hand• J'dtlatl) c part(t!Dger, man)V 

r-1 part( bnnd., band) • 

r(o7, c 12) 1 o65(x=hand, y=am): r-1 part( am, y)V 

part(hand, m•>• 

r(c7, o12) a c66(xeal'Jl, ,.aman} .* pa.rt(bmld, man)V 

r'PtU't(arm, arm). 
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r(o8, c12> 1 c61<:xey-ea.un) t rJ part(man, am)V part( am,~). 

r( o8 , o12) a o68 ( xay-=man) o part( arm • ma) VJf'lpart(man, arm) .• 

r(o9, o12> t c69(z.tinger, v=tnsnl i rF pa.rt(man, man)V 

tv' part( finger, finger). 

r(o11 , o12)a 070 ; ~ part(x, band)V part(x, men). 

Here o14-?t are in s2 level. Now in tbe process 

ot getting s', c1, can resolve for 21. ditfe~:ent resolvents 

and. c14 oan resolve for 17 different resolvente. But 

still we would not be ab1e to ·fle't the empty clause a . 
'-

But u.pt11 that time we already have to cover 70+21+17•108 

resolution steps. ~he empty cl.liuse wiU be getting onlf 

when the tu:rn. to:r a21 resolving with c17 in s' le"'V'el.comee. 

This way the nwnber of reeolut1<m steps bef'ore gett 1ng 
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tbe empty clause must be around 'oo. Thus even 1f the 

level aaturo.tion .method is complete it consumes too 

much computer time in solVing probluns of such type. 

Now let us aee how this prOblem ie solved by different 

refined strategies in much shorter compUter time. 

strategya 

s c 

By linenr resolution with unit preference 

a1 a ..-... part(x, v)v~ part(v, y)V part(x, y) 

a2 1 part(tinger, hand) 

c • 

' 0 4 c part{ arm~ man) 

c5 a "'- part(finger, man) 

r(o2, a1) 1 o6( x=finger, v=hand): "" part( hand, y)V 

pa.rt(f'1nger, y) • 
\ 

~:{c2 , c1) 1 c7(v~1ager, y=hend)s"""' part(x, tinger)V 

part( x, hand). 

r(o,~ o1): c8(vcazm, x=haft4)a~ part(arm, y)V part(band,y). 

r(00, c3)r c9(yaBrm): part(tinger, arm) 



r(c,8 , c~~· c10<v=man)t pa.rt(ha.nd. man) .• 

r(-06' 05) I C11 (yc:man) I~ part(haud, maD) • 

.:< 0tt• 01o>• 0t21 0 • 

82 

the refutation tree ot this solution ie giv!Dg 

1n Fig. 5. 4 where we combine two linear trees. 

c 5 

Fig. 5.4 

a 3 

04 

Ben-co 1n this case. we coUld see the amount 

ot computer unite of time saved bJ using this refined 

strategy. 
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Aga.m we solve th1s problem by eet-ot-su.pport 

stra teQ ( eeman.ti o zesolution) • 

r(o1, c5}a c6(xef'inger, ydllaD.)a..-- pari(finger, v)V 

,....... part(v, man). 

r(o2• c6) • c7( v=shflnd) • _., part(hand, man). 

r(c4• o6): o8( v=a.rm) a ~ part(tinser, azm). 

r(o1, o7): o9(x=hau4• y=man): ,_ part(hend, v)V 

-- part(v, man) .• 

~(c3, o9): a10(vcarm): ,_ part(am, man). 

r( c4, o10)TJ· c11 • a • 

Here tbo set of support olau~e 1a o5 oDly. 

In this case we save one more computer unit time 'than 

the one solved by un1t resolution. 

B7 lock reooluttona We make the order ot the 

literals in s by prefix 11'1 1 t as below: 

c1 a 1--- part(x, v)V 2--part(v, y)V ,part(x, y). 

o2 1 4pa.rt(firlger, bend). 



c : 4 

Os• 

?art( band, arm). 

6part(a~. man). 

7,_part(ttnger, man). 

r(c2, c-,): 06(x=fiJ18er, v=hau4)t 8-part(hand, J)Y 

9part(t1nge;;., y). 
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r(c3, c1) 1 a7( xohand, v=azm) 1 10"' part( arm, 7} V 1 1part 

(hand, y).· 

. r(c4, c1) 1 o8 (z=am, v•an); 12 ....... part(man, y)V 13part 

(arm, 7)• 

r(o.6, a,>• Cg{yaarm.) I 14part( finger t arm). 

r(a7, 04); c10(yt:man): 15part(hand, man). 

~:(09' a,>• 01 1 ( x=fillger, veaui) 1 16-- pa~t(arm, y)V 

17part( finger, y). 

r(Cto• o,>• C 12 ( x=hand, ••an) a 1 S""'- part(man, y) 

V 19part(baDd, y). 

r<o,,, 04): c1 ,<,-aman) a 20part(f1nger, man) 

r(c,,, c,>• o,4(zc41ager, v=man)t 21-.part(man, J') 

V 22part(f1nger, y). 

r(c13, c5): o15 a o . 
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Here also 1 t takes much shorter computer time 

than the on.e in level saturation method but longer 

thS.n b;r other resOlution strategies given above to~: 

the examp~e. 

From these examples we oonclu4e that 1f the 

·given problem could get the :first order predicate fo~:

mUl.ae i.e~, the clauaes with m.ore unit literals we 

prefer to ~ae l.illear resolution and semantic resolution 

strategies to t~e solution bN look resolution. And in 

case, it the formula reduced· problem oonte.:lne more mul..t1-

11teral ola.usee, we prefer lock resolution to the rest 

of the resolutic:o strategies. Again, since the semai

tic resolution (o.e 1n the case of 0 L -resolution) is 

not complete we ma1 get p1'0blems where 1 t can not be 

a.pplled even if it contains unit 11 terals. An example 

of 1t was given. 11'1 chapter 3. In such cases the priori• 

ty is higner 1D linear strategy and look resolution 

strategy. 
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ORAPTER - 6 '· 

In previous chapters many resolu~lon strategies· 

have been ment1CXle4, each of wb~ch has lts own merits 

and demerits. For a epeolfic theorem or problem some 

strategy may work well whUe others ma)' perfozm poorly~ 

as is explained 111 the last chapter by giving .examples. 

The application of resolution theorem provers 

in real worl.cl probl.em starts only- m 1969 due to Hew1 tt 

br clevelop.ing the pzogramming laDguage PLANNER, whioh 

permits the statement and execution of plans in a theo

rem proving tormat [22, 2,]. The extent to which reso

lution theorem provers can be used fo.r solviDB real 

world problem dep en.ds on several factors; 1nclud1ag 

how well predicate qaloulus can be used to 4eecr1be real 

vozld situations and actions, aDd how efficiently theo

rem provers can be used to find solutions to problema 

that are given pre41oate calculus fomul1zat1cma. Arty 

mo.thema.tiaal theozr can be expnesed as a SJetem of 

predicate calculus tozmulae. Thus predicate calculus 

offers a metaph7sically adequate mathema:tioal frame work 
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for the <iesor1pt1on ot the real wo:eld, if any suob. 

f.rame work can be constructed at all. Tbua in reeolu ... 

t1on methoaa, the question :1e about the §n&stomoJ.ogisal 

ad.eguag;v i.e., bow .it can represent every da7 aspects 

of the real world, and about lta 1Jgr1u&s a4egua;g, 

.t. e,, how it can be used to express info mat ion that 

is helpful. in sol vmg probl.ems. !he answer to the 

first adequacy is sat1etactor,. even it DBil7•ftlued 

logics are more 4ee6rable . thaD pre<lica te calculus {ja. 42 ]. 

Howeve.r, any embodiment 1n a pz-ed1c$te calculus machine 

woul.d requi• a aet of axioms to define the functions 

and predicates that were associated with each of the 

aspects like ambipities,. inaccuracies, pzroba.bil1t1es, 

multiple iDterpretationa, etc., wb1cb are really 111 a 

real WOJ;ld environment. Tb.ue even if no cotnpletely 

satisfactory • .many-valu.ed lOgic has yet been developed 

we ce.n conclude that the resolution theorem proving is 

imperfect; or metf1c1ent in the real-world problemu. 

Hewitt • s PLANNER 1s a. poverfu.l language tor sol vmg a. 

tb.eorem proving problem [ 22]. Hewitt's work 111[22,23] 
I 

is concerned with the heuristic adequacy of predicate 

calCUlus. He showed that it io possible, not only to 

uee predicate calculus formulas as statements ot facts, 



but also to use them as recommendations tor bow to 

proceed in solving probl.ems. 
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Mo Oarthy and Bayes in ["42 J discuss the in• 

efficiency ot theorem provers in "frame problem" of 

p~blems, the frame problem arises from the fact that, 

ill a state-apace pl.'Obler.n, an. appl1oat1m of an operatoJ: 

to a state will usuallt affect some relations between 

objects in the state end not affect others. In predi-

. cate oalcul.us fox.'maJ.ieation ·for such a problem, there 

must generally be axioms tor each operato~ to' express 

both the rel.ations that exists and are not changed b;y 

the application of that operator. For e:iamp.le in the 

Monkey-Banana problem ot chapter 4 we bad. to state and 

use the fact that the application of the operator ,o11mb 

would not affect the position of the J!sa• Various 

technlques tor overcoming the frame probl.em have been 

1nveetiga.ted by B~witt, Fikes and Nilsson 1n[22~23,14] • 

In [14], Pikes et.aJ.. -presents a G28-11ke pJ;osram 

that controls the application of E1 'theo2:em proving pro

gram to various sets s1 of clauses, each eGt s1 repre

sent1ag a. g1 ven eta to :1ft a state space. !ach operator 

bae aeeooiate4 tdth it a collection of •delete• and 
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• add' instructions that 14ent1fy the relations changed 

b7 the application of that operator. ~be progr~ pe~ 

forme a heuristic search 1!1 etate space untill it finds 

a sequence· of operators that will produce a set s8 of 

cla.uaes containing the desired goa1 rel.atl<ms. lt per-
•' 

forms tasks 1n real-world environment. 

AD other limitation of resolution procedure 

is that all resolution 'base6 theorem provers are designed 

to be general and complete programs tor proving and die

proving theorems w1thbl mathematical theories, the pri-

·mary aecent in their ~evelopment has been a concentra

tion on their completeness and soundness, 1.e. on pro• 

ving their appl.1cab U1ty to any mathe!lat 1oa.l system tUld 

1tioreaaing their efficiency as much as possible without 

· relii)quishing that applicab1l1ty. :But 1n the qetem 

using PLANNER it provieea frame wol.it 1n which 1 t 1e 

possible to 11rite very sophisticated programs tor spe

cial purpose types o:f theorem proving. There are lllBD7 ., 

types of information processing and problem solvmg 

that involve ~osical deduct1oD, o_r theorem provillg, 

without zequ1r1Dg full completeness or generality. 

In previous chapters we have been discussing 
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about the proof finding and OODSequence f11ul1ng restt

lution based theorem provers, but we have not croeael 

of any idea about decision procedUre for firet-order

~ogic. there is no guarantee that a proof procedure 

will con71erge to a pJ:Oo:t 1n a f1n1te nwaber of steps 

when attem.ptirlg to prove a non-theorem. . As a practical 

matter, howevez, this 1ack ot decision procedure cloes 

not limit the applicability o't logic ae much ae it may 

at first appear. Because ot the. time an4 space cons• 

traints on p:r:~otical computation, the heuristic power 

of a proof procedUre i •. e., its a.bUity to prove useful 

theorems efficiently is more important than 1 te tbeore

tical limitations. A decision procedUre that requires 

·enormous amounts of t1me or SAtermedia.te storage is ·s.na.te-
; 

. t1ngg.isha.b1e, 1n practice, from a. pro~ot procedure that 

neve terminates from some w. f. t .a. In fact, for reasons 

that include both theoretical. and practical lim1tat1ons, 

no th~orem prove~ can .be really complete. Eventbougn a 

'theorem mayo be loe;1cally 1mp11e4 by a set ot axioms, we 
• I 

can not gurantee that the tb.eorem prover will eventually 

Clevel,op a pJ:OOf' tor it, because of -

1) the lim.itaticms of space and time wh1ch att-
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eots the computational ability of eny machine a.nd J 

2) the undecihbili t7 of the predionte oalcul.\ls. 

Again the resolution procedure tor automatic 

theorem prov1Dg tails 1n solvins pzoobleme 1n mathema-
1 . 

tioe which are hard, haJ:d is in the sense that 41tf1cdt 

or taU to express I.:D predicate form l.Ure problema on a
tint t-e set• suoh as ~oblems on set theor,, sroup theOJ:Y• 

ring 'theory, tielde, etc. To avoid this somewhat, w. w. 
Bledsoe in 1977 1n [']used a. method te%1Ded as 'complete 

set of .reductions•. !U.s 14ea was based on the work [ 29] 

of Lankford. He cited. an example :tor it ae 1e giving 

below. 

(VA)( \IB)(SUbsete(An B) a SUbeeta(fl)nS\lbsets(B)) 

where A,B are seta, poseibl7 hit1n1te. . t.rhis probl.em was 

proved by his methOd ot non-resolution theorem prover[29 ]• 

Not only Bledsoe• e work, there are manJ-ret1necl worke on 

mathematical theo1'1fBe on sets where onl:y resolution prin

ciple can not work etfectivel;y. FollovJ.Ds example due 

to chans and Lee[ 8 Jts ·an example ot such problem. 
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Example 6.1 .. 

Let ( G, 0) be a group in which x 0 x = e,. the 

identity element of G for any x in GJ then G 1s a 
!•iJ 

commutative group. 

Let .4:1, A2, A3, A4 aze the azioms ot G to be 

a group and B the concl.us~on of this probl-em. Then 

x, 7 .~ a =~ z o 11 £ e 

x, y, zfG => x O(y 0 s) = (x 0 y) 0 z 

X 0 e = e 0 X = lt' V X £ G 

A4 • v x E.G there exlst x-1 su.ch that 

X 0 x•1 e x•1 0 X =t e. 

B I (X 0 X c: e V X f G) a> U 0 "' = V 0 U V u,. V E:_ -G. 

Here they use the convention = ( x, y) , _., c ( x, y) and 

O(x; y) for z = y, x I= 1 and (x 0 j) respectively. Then 

the axioms are reduced respectively to 

A; : ( Vx)(\1'y)( ?I z) ( a Co(x, 'y),z)) 

A2 •a (Vx)(Vy)(V' m) (O(x. O(y; z)) e: O(O(x,y),z)) 

A; l ( '7 x) ( ( e ( 0( x, e), x)} 1\ ( c( 0( e, z), x))) 

A4, 1 (Vx)(( = (O(x,J:fx;,e))/\(c(o(t'-tx),z),e))) 

B' : (V x)(e:(O(x,x),e))~((Yu)(V v)(.(O(u,v), 

O(~,u))))• 
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Bow negating B1 and tranefozm!Ds., A\ A A2A.t; II 
A4, I}~B' into the P.renex normal tozm the set s cQlsis• 

ting of the following clauses· is obta11le4, where t,, a, 

b, are ekolem functions~ 

1) 

2) 

J) 

4} 

5) 

6) 

1) 

8) 

x 0 "' = f(x) 

z 0 ( 1 0 z) = ( x 0 J) 0 e 

. ..:., 
x o ,t(x; = e 
·~ i -:rl 0 
.. qXf X a e 

x 0 z = e 

a 0 b ~ b 0 a. 

Th1e set S ot the clausess o&D no't be proved 

unsatistiable by us1Dg only resolution principle even 

if we know that the statement of the problem 1a tro.e 

mathematically. It 1s becauoe of the reaso~ that we 

ba~e not de:tined tb.e properties of equality in s. 
Hence for pro~l)fr it• Chang and Lee 4efme 10 more 

a~iome for defining tbe equality as defined bJ" retlex.l

b111ty• symmetry, transitivity a.nd eubetitu.tivity ot 

equa.l.tty. After that using the overall. 18 a:xioms and 

applying zesolution principle they prove the etatemet 

.ot the problem. ~hie problem is too elumey in resolution 
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Principle tor it generates an unmanagea.bl·e,. 1'1\mlber _ ot 

reeolvents therein. Avoiians this dUfioul ty they 

(Ohtmg and Lee) proved the proolem statement eo~u.tion 

using th.e concept ot • Equal.f.ty' La]. 

These points given 1ft this Chapter about the 

:lim1tat1one and .:t.neftic1enciee of resoluticl'l strategies 

have lead serious research effort to go .tnto the ttmda-
. ' 

m.entals of theoren proVing. Act1ve efforts b;v Bledsoe, 

Belvino, ChaDB and Lee (;s,6,71 9 Jon to th.ts area t~· to 

remedy- the wea.Im.esa of theorem prov:lng. fbe exact mathema

tical relation connecting the number o~ parent clauses an4 

the number of reeolutiOD steps for di~terent resolution 

stratesies :tn .s·olv1ftg a problem vtll be a very 1Dterest1Dg 

one. However, thi.e relation hae been 4evelope4 here emne

rica.lly with the help of tew ezampleth For certain class 

of p~blems one cau overcame the l.im1tatione imposed by re

solution process by a4opt1QS specit1c non-resolution atra• 

tegies [ :5,8 J• It also will be iatere sting and important 

to 1clenttfy these classes of problems. ID.sp1te of tbeeet 

there are mpects in resolution theorem proving. It is aleo 

possible to think of applications 1n the domalD ot real

world, woh as 1n the well fa'lown • snlll.ogy problEms', 

• picture 1dent1f1cmt1on problems• and in data ba.oo areas. 
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