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Art1fi~1Bl :tnt4lllig*'lett is 'tM at.wy of int.elll~JM~ 

usi~ t.ha tdoe.s and met.he;xis of eomnut.at.itm. lhfortunat.ely. 

i.l prec!&e defin1t1M of tnt.all19tme.~ !& Mt. Y"t defirutd. 

Many Htmt~n roental act!v1ti•& sueh ils writ.i.nf$ comPt~Mr 

p~ram&, doing mat.~t1cs. !)JMBking and unde:rstar~Ung 

_ ability or laft~;,fuvqe. c~msenu ntB!inftinq t~nd even an 

ilHit.~Jbila dri.vtng are ~1u 'tt> dmwrd s~ 'int~ll.i.gence•. 

tt (J~.rs to bf! an amalgam of so m~tny tnfo.rmiftitm .proeossing 

end 1nf\1J:fitat S..C"tn J'ftproam~tatii.ln ~hi 11t.1e#. 

•Htlmim IntoUltJ<ma* a$ ptar t.h0 •!Wftbstv.r•s New 

CetllEJg!a~ £11C'tf"tmaxytt (19!)6) 19 

l. ti"ft19 po>.~r or ~~ any sit.!Wtlon. n~!~lly • 

n?Ve1 sit.u~tian• auc~sf'ully by pl't:,'tper bttlwv.iour 

i~jus"tment.s. 

~. The abil!t.y t"O ii~J1'l~ intorrela't.ionshiJ>S of 

!J~&oot«i t(!cts in '!!>uth a: way as to gt.dcht i.lction 

taw.ul'd a dosi.r~ ~1 .. ¥> 

Thesa dof!nt:t.lon can well be applied to the 

boMviour ttf a f'ilach!ne es to that ot a htuun. Intelligonee 

is a aul't1pu~se and inwlws thn ~bility to l•itrn~~~ 

i>sych:lllogy • ~llosophy, Li.nguisttes irrid elimY 

rwl~tted ditieipl lne$ dMl in various ,ers~ct.i'!&s •nd 

nthod.olC)tJie$ fa>:r studyil'\9 inteiU.gen®. For t.he most. 
:,..: 
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part. t>nv:ever, t.'he thoories ))ro;ms~i l.n thr?so fields 

aru tao incomplete ~m too vagu:Gly st~t.ed. It. i$ just 

.i.m}tnssibla to ~11 .. se !ntolligoo~e in c;,mput.at.1o'"1l 

·t'!m1! 1n l•4h1.ch VXJ am inwXX?st~d. Ewn though the 

tr.aclltionnl. studies of tnt{~lligenctt gi,vas us valailble 

!deas, rolat!.on~~ips anct con~t'X'4t:lnts: ~ot1K:thi.n9 trom i& 
9 

Art.1.i'ieiA1 tntellitjtrrtee offers a n*!:IW pwrspac~lw 

emd a rta\>t mtrth:)(!{)low. :tt t5 em'\t.ral go~l i!i 't(J make 

e~putqrs rg')J':'Kt as~tll. cncl t{) W"de.ratand 1.-n:inei;»les that 

r.~k{) int.elliqoocn ~~sibla. .tt is obvious ttk1:t int.~ll1'Jent 

CM?\ft.ors an &xtrum!':Q1y us~ful. Tho most. im?-')rt.itnt point 

is -tha.t. Artificial :tntell.igenct.~ aims to undol's'Wnd 

int•lliQQf\G{t using 't.ha b\~as and mot-hod of f'~}'r.Jtetion• 

thus off~ring totally ne-.'11 «ncl different basis for tneozy 

fow.~tlt ion. 

The field is ·v~ry young and it. first emerged in 

the rnid l9<]Q's. Tha toof.t. lmpnrt.itnt br.anch in t.he ~nat of 

Art1f1ciBl .tn'tillligGnee is theorem pl'(tving basad on logic. 

w~ ean say t~t :J.t all started with the Ddvnnce$ ~!ado 1n 

rnstht'lmt"l'tie& 1 logic in .l Q3Cl' s <$n;:i l. 9«> 's • tfJhi ch bad been 

undGX' r~;tid c:hrt~elopmen't sinee t.hn cmd of t.hft J.9t.h cent.uzy 

encl new coneQpt.s ~bout eomput.ation mtme into being. The 

1~1~1 sy$'tttms of Prm.JG• Whitehead and Russell and ottwrs 

sh<Y-.\.'fX1 that S313 ~Gpucts ot ~awrdng enuld be f'oJ.Tna11socl 

J..n a relirtively simpl., fram~ work. Matht!rwt.i~l logle 
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has ramaifWYd itS an active a:roa ~f investiq~t:lon in 

Art.ii'lcial. Intf!llieyanet~ :as ~ l)t~r't b.lc.¥.Jse lOtJic chtduet1v• 

$Y~t.em!. hnva ha~ suetms$fully impl~tftd Oft ~rs. 

The tMtht.nna~ieal fonnation of loqical rea50ftift(J sha'f*l 
?GnPl*l~& conc.pt1~n of ~lat.ion 1$\ween eo~nz;>t.tUtton snd 

tnte111qnnt» even bsfo~ there wen! ~uters ~ The 1dttlls 

<Jf the rw'tul:ft l)f eomput.at.ion of rurino ~ e~nd Churen 

and of Mny ~tbeJ.' Scim:tists, provid~ the link blttwnn 

'th• notion 4)f. r~,n~)Bli~t1on ·3f resStming .und t-he camputino 

mar-A1in" ~"} be inven'ttr.l.. An.i during that. time only thoy 

th<luqht at v symbol pra~ossim;f and l'urin9 c.tnd Chunm 

c?Uld foresee. that numbers ware an !ntts!!ent.i.al aspect of 

e~d'ti!t:ton. Turing •. wfm. has boen cal1.4!d as the fa'ther 

of Anlficial !.f1'toll19on<t,s• 'nf)'\ only invent.ed a aimpl•• 

uni vn~~11, an-J oon ~:rit:.al cmdol 4f ~~tian1 but 

also arqued for t.he J.'kl1S&ibili ty that ~mputat.iON11 

VIt.tcJI>.enismos eould bul\av@ in a way th~t. wn.uld bit perc•lved 

asw .int.elligeftt.. After the dewlop:nont of ~ut:lng machines 

guided by a."lbbiUJ*'• Turing.• Von N~. people bfl;an to 

lltS'i.to ~rog~s to solw ;v.u.al~s. play ch•s•• &nd ·tran•l~te 

\itxt from one languaga t.a ot.b~r- t.tut flrtrt. t .. rt1f1cul 

Int.ell.1qenee prOQrmns. 

!n theare:a pr-:.vtrn,;. one is gl \fen a •et. of BtA\etMnts 

{prsmises) a'ftd • st•t,~t wt~Gse txut.h is unknown {gen•rally 

known as the 'theot'em to C. pn.ved). By applying a $GC1Uttnce 

of a l.lm-14i1ble opex-.ations such as ttm inference rules of 1og1e 
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expand t.he t.ma &U'tement.a to include the t.tmorM»., The 

de&l:re ·of fintiing a general decision proceduxe ta pt:Ove, 

thttonms clearly dates •• "o Leibnitil ( 1646.1716) • iH)ain 

nvlved by Peano .. round tho century. after and 11¥ Hllbid't •s 

SchMl in l920•s. Thougb, Henrand pxov«l a veay impol'lant 

'tbeoram :1n . .1.930 and PlDt»s«l ott meol~ical ta\hod to, pJ:Ov:• 

'Uwo~,. unfo'l'tUnat.e.ly his method waa ¥&JY difflcul~ 'to 

9:'P:Pl¥ •• 1 ~ was ext.:remely ibm~ c;onmaino t.o cnny~ bf 
band. 'Aft.er the ~!il.en of di«Jl'tal ~r. this 

thttt.~rc phvin; bm;ame· :nal1:5't1c. 

NeWall et a1 fta.-a~ pmdtn:sed t.he logic tht!JOJ:i&\ 

( LT) • a P~l'.am de'a!qned to ¥\JJ:',ftVe theo'ft!ms enly ln t.be 

ana of Mn~i«t:l calculus. · "i'he LT awrAtssfu'l.1y proved 

38 of 5.1 tbaonms of cha.pter-2. of \'ftd:tehdd atd Ru$$011 1$ 

Pr1ncipifli t~t.~t.toa.. M:Jwave.r• they could implement only 

. p~blems in pmposlt.l.onol lOQio and 4id not. prove the 

thMJ.W~s in flm ol'dox loqie. ·'l'har wgge~'ted 1D5tud. 

foll.QWI.ng a •I'IGUristicfJ· app:roluo;ht .a: tf'JJ.'ID 'they took fza 

p9lya ( 19~, 1.95'7) who 1»11ewd 'tthat OD$t •'hematlcal 

proofs are achieved by gw&stno the niftun of • solution• 

then proving that 'the guess ia incor.-ct. tn wz-1 'irtg -the 

Logic 'fheodn,. Newttll, Shaw and Si.IJQn encoURtend probl.-.s 

thnt. ·foreed 'them· to develop en ·important, :new prognrt~mlng 

toc.l.., 11 Ust. ~std.ngtt ( LlllP). · R 1s well sulted fo~ 

syml»11c manupa1a:t.1on. 
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tater in 19(0. Horbrand -pmQedunJ was l.tnl)1emented 

in com~r by 011mflro l5l. foll~ $bo.-t1y by c moQ 

·etflatent. i'J:Ocedure p~poeed by DaVis and 'Plft.ftum \_4). 

A majoJ: breakth~oWJh tn acba:n1ca1 \beormn ~ 

was made by J.A. Jbbin$Gn 1n 1969 [1'1)• He developed a· 

s:li'KJ1e 1n.f'enn• JUle, etM Resob.rtlon ~lpl;et'. mlch 

was sh~ to be hJ4hly •ff1c1ent. and WI'/ .a.s:lly . . 

impl~'ted on~-. Sinee ttum. -nv 1tap1'0v--t.s 

of the rasolutlon princt.ple have been. made. Mechimlca1 

t.heoX'em pro'Vlno M$ hem applied ·to lffMIV aaaa such as 

p:ro;mm analy$ls1 pxoqnm a.ynt.he1f.l«h dGGiuct.lve quest.l~ 

a~l'1ft9 &y$~. ~lJI.s aolv!ntJ ~s,. dl;litJc\1ve 

dbtabau ays~ and .~bot u~l-.. The ~r of 

·~pl!GJ'lims aro •ptctly 1ncrN:s1fto. 
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~ .1 e::!!!'J.. ,U_utotd.rC ? 

Th~h 1 t. look$ very odd it 1-~ neeessary tn know 

twbat is a p~bl~• • we all ktmw wha'\ a t'mblwn l!! hut, 

t~ hava a 1:lMr id~ of vmat 11 pr~hl«n i~. WB are difinin;J 

it here. Tha ~st important ~uctorist.ics of a ·probl(ID'} 

i ~ 'tha't ~nntxyone ... th~ prabl~ po~f!l' and 'tb@ pxobJ.cm s~lver -

must ht1tv. e~nn undertrtardino of t.tw meattif19& t)t t.h~ syfnb3lf5 

used tt> I'Qpra~ a probl~. f!or oXMrople lnt us tt'ke ; 

--
Thi$ !Qf;lkts ~~ectl.y 1ik~ a ax!t~ie pnb1G~M and 

wo .all knnw ~t 'tb~ reprtt&ent. At. tho ~ t!me w• til) n~t 

kMw the radix of tbe ~n.-~.r sy$'ttWn un~ t.e •• whothor it 

it» repn!len~~ rad!,s a. 9 or 10. Th~ oould .txt .vtm th• 

eompl&nnts of m~~ctive radtx~s.. 5o each and e\l~ry dotatl 

of it is voxy im~rtan't and shnuld oo clearly stated along 

wlth MY'/. pre>bl~. t~pf)Ose th() e~puter 1~ s~lver. th., t.he 

p~atrrfler wlm 1 s th~ problem p1)$$l' must b8 nure to exp"s$ 

his· thm..tghtr; 1n a La~e th@ CGrni'~q:r underst~m.l$. 

4.2 at~gsmJt.!$~nn 

One• >the problem is cl48rly sta\~ in.,lu:.:ling all 

the reluwnt baek91\'Jund kncr-#ledge. what wu net!d in problflll!l 

$0lv1fiQ proeas& is, tt:J elmose a reprG$nn\ation-. fiero we 
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shall otU'ld.do.J< sete of the -~-~ions people u.- tor 
\heir ~tence tn $Olvltt9 pro'bles (~le J ~pt.erit.teet•c 

,.,l'tt!tb S'ltl)ftsetat.ion dl~••• in ft$d $eAton) • 

A _.,_,sentatton 1$ mom .ant'Jthes.- d.tl'h dOtOain tra 

Whl-" \Iutze eal&t,$ an anolOQmls •1l.def:tn«t p:rotJle \bat. 

we $boll -.ti!IIP\ t4 -~lve. lnsWtd· of a'~ln9 t.(t solve 

the ofttiml,ly d«:ea1-- ipnblem. 

tt te ra~tte~ '*~· ~ cort$ldeJl e p'l'~1• tn 
diff~ ~ln when wo are Q1Ven a pt:oble tn • JMftleul.&J' 

dOllatn. WhY ahMIW we toqet. it lmd t.-r· tct -..1-w a dlfte~ 

Pl'Oble 1.-a. t.•• pnb'- in d!fftt.,... d~tn.. the. t'IN'.tWIJl" l$ 

V¥tt -~ e\illJY p.,blerl MG el14111n fea'tilift'l \lv.trt. ltilke 1-t 

ftiY d1fflcu1t. to 4\tack 11. t.li.rec:\l.y. at ae.lf!-CtlnfJ en 

a.p~pt:~ DPI'4~1on. howeVor, f;he difftwlt; tea:tuna 

~n M «f.ftll.tdqcl. ~If,. 1.f •e ftPD ... ~itm h«a ken 

well doa~a ttrs •$~1a1 featun.a co-.a~ ckt&ely 

~ t.o t••• .t iihtJ ••I. PJ:OVlem !th•\ a sol•loa ~ tbe 

•l~fin-' p~bt. un u&ily • trans~ into the 

to1uticm of ... 1 fll~•·· S\Jch .... tes ·can be found 

f~ly in t.ft\U9te1 Ulett1119 (~t~utton PJ:Obl•a). 

'fkeq is a apect.~ of ftJtft.t~nt.a'lion •lt.•:matt•a 

• ~~ions wsy ln ~r cmsldembl.y it. 1e utd 

~ha-t ww· Um1te.d wolk 1a don. on ~~U1.?11. tutanl 

(1968) -5 wri.t.tG" clesslc papvr on "ht &Ubj~; 1" .ke& 

t.be ~eader th~h s se~1es •f PI!OtftSJst~ by ..,.,.~ I'G~·~ 

tat.lona f'G¥ the dsat.tm.ar1•~oamiba1s problem.. 1\d.nsly •a 
\baoJ.Y' of f~s •. W1nston•e t.&minq theo:.qr (a-sed on 

Minsky's \heo:rr of f-..s). Mar\l:n•• t.heoJY of npnpnt~Jt.lcm, 
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dMllng tr.1lth rmt~n:.nl laru;m~190 i·!1su~sJ ?ertiettl.;u:ly t~sa 

havlng tQ d() ~'Vi th e~c-&~t h!.orarehi.u~ .,.nd Fahl~n •-& Study 

~ natWfJrli:g ot e-."mtept.s llrfJ S.'lm~ of the imtW>l"titnt. wolt\s 

on r~~ sent~t \l.ln5 [24, 2S] • 

An int(!).r•:st ing puxxl4 'ti'm't Wt]'.lh.;1!,!~1&i!$ t.l'HJ impot\.an¢0 

of ~ rnpre~Mtt.ati,on im f~itiemed ty Mt'1";nr'thy ( 19!~) • 

Th(l'- m.:mk.;tt·b.~t\4"U'k'l pn:tb!~n ol~;CUS~OO· hy Ai'Ja~l (1966) 15 I) 

stenda1"tt «<Xample pn-,blern of C:)~ott~se r~ast)ning., The 
1 

uge of !St~t~f'HiCl:!pt.k>n seh®l3tt hils ~ rMtnt.ioned 0s a 

F~ttrful .r~pnstm"t,-,tlnn tec}"l.nlque. A p~por by N-oW'3ll { 196!1} 

•xtm~ine,s some ~XH:Hsibl.@ appr,ozu:hes ~Ni t~ir 1imitatioo9 

to-Atan.i ~Jali!:ng ~t'O~li'BtSS on rtJp't'~tum't~t.ion ptoblmn. 

~...J:Sl 

s~~.reh is ~n 1mrmrtant p.t!rt of ma~t f>Nbl.~ "lving 

f)ftt)Ctls.ses. r~lnea-. in oxrJtlr to fflti1ku e~mrrut.Gr~s m~N smart-.r. 

\~ mu:&t ~l'Or}ram th~·rl to. ma,.;t~r eff'it:l"n't s.Qareh prineipl~s. 

We tnust. first ~t!"!(ht.:rstnr~ th;)aa prln~iplets ~;)UX'SQlVt~$. 

Thm- ft:cnt t~1Ji.re~nt for effnetiVfl M~trch i.s that 

t.M C':llJ.eet.ion of 'places it"l ~t¥h1ch ~"~ llre prnp3:ntd to look

eallf3d the sMroh Space .... aetual1y o:lf";t.ains .a f!Olutian~ 

P.::Jt' tn.a'f\Y pr~blftls ~ are n~t ~n &Ul'* 'thAt a &U lut.ion ls 

pos~ihle. The si.oopl.o fa~ that. ;a SGlution ~x1st. in • "iven 

search $p.&C. can lM ot tt"~t)l.tS help in sulvitm a· p¥nblem. 

Th~ neod to litmt 'the search s!)8ee ~ris~s .AS 'thfJ "axch 

s-poa<+a to n"JOst ~f 'the problGS is "'JnOXtOOU!h Scm• of the 

!'ntblqm!t might. ~k~ oven an~•s lifQ.tittift w ~olve. ( 11arunple 1 

8rit1.$h JmiS~ algGrlt.hm). 
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Sa:tcblft9 ~ld Ita t,mtftu:med syfst;emet1cally 1••• 

• prottl-.,ealvlfto soa~tng smuld .rtt~t consist of l!dlndly 

conatderUk.J ol:een\G of the March s:mce unt.J..l it. \J"lpa 

ow~ '\11$ G()l.utitJn• raittotr it slunt:W 'be filnct..i towaMI U. 

ao1U\1on witlt the ~t.J.on of ud'l el~t tt.lplnc.J t.o 

~--much olher o~'ta ~;~a •um:lned ned •. Po~ that 

P'J~M we ~Mn't. the SOrlutton in t,he :fl)lll of ,., 

-~. 
Let ua \eke ''- fol'l.ttWlnt czv~t.~lo pmble \111 

and ~- 1to ~~ 1.n tna firucwn. 

D G ~J V 

•Jl$ c r a 
-rit1tJn -~~• .--;_- __ rw tz Mt 

)tfC U G T 

Tho PJ:OblatD l.s ·to fiJtd diffoent t•e(JfJ~$ fo,. ~h of U.. 

le\'terta c. Pt· '•· G. f!it ft U am V ~:w1~1 make ~be •• 

Ct~mlct. · :JJ:·. •1e(4 •lCJh't of ~he~ digit.• o. ~. ~. 3, 

4, •• '· 1. a,, 9 •• Qeiort thea ln aav· ·oxdu .'\Q \h• •1tht 

h'tt.tli't ·1ft 'he ~roblem. n.w ere l,.&W,Cll ~Kt•s1b1e wave 
of •ld.ng ~- aeal~s, which ~ -"'*-• wen .... 
Ute tiett 'to •lw S.t.. t..d ue ftftd ~ a bti\~C' way eo t.bot 

we om solw f.\ fast• For 'the eomwd.enc;;e wa npnsant 1n 

~- f'ollowlfto way 
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I c4 oa r~ 2 c1 

0 G u v 

• ?1 e f G 

J?J c u G T 

' 

s 4 3 2 1 

. . 
•• c1• c2 • c3 , c4 ~uen't the mat:mr •cal!dedt 
~~ the •• \"If tta• o1tJBJA to t-he •• col-.n .• 

w. $M11 "'in otaf analyel• with •'ltJMn '• hom 

~~~-- I - 41JD 'te.l1 '\bet .f!l • lt :1t. ·~ t. !Ce.ft iUI th• 

1 ...... ._ ls mmaally mt. -.tt"en• a\ 'tM ._ t.itte .tt 
' . 

cannot be mun \him 1, beCause Ute ~ \bat .- to~• digit 

mabo:l'a-cen add uP 'lo le le'$$ '\Jwn 2),,000 (9990~ • 19,998). 
. ' ·. 1 . 

~ f11t~.OZJ'-n Its ••r-ty c4 ~ w ncrlhing else.~ 

.~ V.* c,. • l •• thd t~O'at ¢01\at 4 _,., pne•t• 
. . . ' ·:· 

Tul'tltno to eolumn •• we do mt kMW ~·· c3 Is 
.._ c,~r on• w shall considor 111• "- als~tw.,. uob 
at a tlme. Pll"s\ w. aMea ~ c, • o •. ~b\ee c3 • o .m 
e4 • J. "'• .1.- 4 ss mu.t " o • (I • c + ~.: 4M .~c. 
• al.aady 4$JI!dned thd 9' wd .• • have D • ·~ +: •·• . Si.t~e• 

. ' . . '. ~ :- ' " . : ' 

B ~ a. .,., 'lhaft 9, we hew c • o and ri • 9• w. ·can 
now t)(J on to the nut CQ1\all• ..... &a llith\ btt aero ctl' on.. 
The ·hllliln S\8 it • Ca + G + C • U. Par Ca • 0 and :• 1lftow 
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C • Of; '\td$ MOJ\S G • U. Slnee both let.'les-a Uft no\ "

GqUI11 to .-~. h are t.,btg o'lhd ~~lm 

(~ • o, r'-a • ll ad Ca • 1. ~Cf!Gdlng fulitbe• we get. 

pi= 1. c • o. o • 9,, ' • a. 1 + o • u, v + a • 1' + 10 • u. 
( bi.!CAQe f Uf!II10t be 0 a:r 1) we .tUl heve tt:t Mtedl 

;~s.e~s tu v,. G, u _. T fJ."'ft} 'thtl ---~-~" 

2-t 3t 4._ a •• and 7 t.llet .-'ttaty the fCJliowtno Ctmd-1\icma J 

<Wl • u end T•lO = ·v.o • !2 

we 9-' ~ ae U • 6• V • '1 T • 2 G • 5 as we k~W.J~W omn 
•-ld G ( S.'t is ttl t.wo ....,.iOJ\e). • we begin t.cJ 01tWf tho 

1a$'t MCi-e Oft the '\,.. with all. .-GS1blo iQS~O 'to- 6. 

The- J.'O&ulU:at ~tblo _,.:t~nt on tt o,: sf a;ad.n 

quiCkly -~ tu sa..a .- a unique -tJOlut.ion_ om tJo 

t~. '"-· .,.1• eeal'Cih t~ S.s _,_,. in flg.-.• 1. 

1fp.t•1 Mal'dl pae«N-. (•• l5] include 

·~O'th ft~&t.•. which t'rt•• to l.tJok for solutions paths. 
~; . 

in all d1R.tCi1uns- 01tca: •.~cdopth flnt~,. l\ttlch \_Jtq \o · 
•·. ~ ' 

follow eaCh p&t.b lt; dt80~J!$ as fn~ a~ po'ss1bl~ bd'on 

coasiderinl-. othent (fl1d •png:aolve dft_,.lnt•~ wbich 

is a atmple ~nml• ~- b'nadir.h_ ftm •- depth 

ftl"$t;., A 110M .rtectl• CSRP'l'Ol!liM st.•I«.JY• :ratltd ATt 
' ; 

ts ..-t.lerlly a c»st f1~:st st:ra~1 a\ tntaJ)' point; t~ 

extends vt.ldt e'¥'e¥' ~ path 1& least costly at. that. P>iftt.t 

aM: thus lt o~ olwaya \o find the id.nta. •st. 

.l~Aloft pat.h. 
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Fig.::::.l Complete se0rch tre~" for cryptC'lrithrnatic problem 
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Soroot~a. we have u~eful krnfw14ldg4&! aootJt. a pnblCZ1 

'that is n<Jt ea~um in its t~ or lt}rltpb ft!)rf.'t\ent.atlon. 

It may &'till be pc'lsslblo to use this @lltX'a k.no\."ll!idqo 1n 

axd•r ta help the t~Jeare.*'t f'J:Oeedure. 

tt)@duct.lon• means obtalntng ~lut.ions to p%.Y)blem:5 

·by uslt\1} $(Jtl!!t! -syst.~matie nasoni.ng pro~u.r&. Tho 

ptnJ.X~sit.ional calculus [6] i& a.l$o ~!led tts zero pradient• 

cal~ulus., In .p:a:op~~it.ional GBleulus t.he ~t.hod for proving 

tbe~ren is krn.vm as t.ho .-th'3d of tnatb 't.ltblcas., This !e 

e smrlB'Iltie rmrt.hoc;i 1 in which we examins all t.m&-sible 

e~b1n~tlons o! int<t~rpnt'trtion3 for th~ pr31X)$1tiona1 

variabl~s. tt. is ine:f:f!ei~t snd latnuxeal.te though 1t ~" 

oo irn'plm:mnted 1:m· c~~Mr. A~ 1900 P.a01.~ng at Harv~rd 

University dev.vl~pOO !& synteetle nu.rt.hoa that is about tJa 

t~f·tlcirutt t~s any qcn&ral method f~r pro~sltional enlealus 

can be,. :tt p:rr¥.hJGJtS exactly the ~ re$ults as tJ:Uth tables. 

usually rl!quires tw~b loss emtpltlatiuMl eitort and ear;y 

to prog,ram. !t is frequmtly ua«< now as an aurcioo in 

the use of ~:d .... manipule"ti~m proq~ing tn'thods. 

NDtural language-a are Mt stti\abte for tbe Sf$~tlc 

st.udy of 'the pr~Jmsi.t.lonal l~ie as they tJ:J:Q not pmelft• 

aBi clnttr. Hone-e. a need fo~l la~o:a.. rho $i.\dy of 

follDBl lanQuJges ls the s1.udy of syntax and a.wmantle$. 



'i \ ' 

SQ $p~e!ty' a syntax we rust sr;~qify 'the alphnbet 
! I \ 

·Of tho $Vfttbol$ t;» ~ i.J!YM irt t~ lcng,wq(lt.\ and ho't\1 th•$• · 

syrnb:.lls ~ro ~ "~ ~}\It t09ether +nto lftt}it.h~at~ expres-niont~ 
in thG l&ngul'Jt)*. An imp~r.tant. ~lass of exp~~sion~ of t.hg 

prad1oat.e calculu& ~r& called th~\ wnll,...f:n."tned\f~mulas( wffe). 
~ ~ \ _' \\ 

\l~\ I v 
The alphab&t. foms with .itt~~, follow!~~ ~e't t1f ~bot&. 

1. M infinite s9t of propositi~! lottoi.s or atoms. 
j • i'• 

The-se are nu~lly repr~s«tntfd, rbf ea~it\,'lll lmters 
.· ! ' '\ 

2.. l.l;..tnetuntion mal:ts • • ( } 

3. A finita set of logical etlnnttotors~'""', v, t\ , -:)' '( ~} 

4, A r,.Q't tJ.f :rules to d•ttlmine "·~lid strlitijs 

fro.~ 'tbGafJ ~ymbolr. we <.:on&truet yarfi,)U$ e#<ph&Siml$. 

1M -classo.& af int.~u·~sting \lXpft!ssi~ns <::an b9 «•fin&d 

1"9e3n&1\ffl.ly •1ts ful~s s 

1. All a't.Gms a:r. ~·tf:e 

2. .tf P l'!S a w!lt t~n '"'-' P 1$ wif 

3. tf .9 and Q lll%'@ wlf&; thure ~. P A Q, 

P ~ q. P <: > Q o~ aln wffs. 

Typieal truth ubl:e f~r wffs P 1\ Q• W~t P ·=} ~~* 

P ~ Q given in tabl~ 2.1 
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p Q p 1\ ·Q PVQ P=tt.t 1'<~ Q 

T T T t T .T 

T , p T F p 

p 1 p 1' T p 

J:1 , F p T r 

~.4.~ ~t!CJ! 

S~in'tie~ deals with the 1\'rt.Qrprotat.l~n (Jf formal 

l.nngollg:~f. tnt.erpHut.iun ~st.i.t\!t.es thf! d~in of t:be 

wf'f t· ~1cl\ 18 elt'h-cr T (true) Ol' P {'?al") • J:f there lJX'~ 

•n• di~\1net etoma tn a \d£. then tl'Mtrtt (tt;e 2,n citntnct. 

irrterpreutlons f;lr t.hat. wff. !!!IN) wffs uft equal if 

'\Jwir tX"'!Jth t.i'Jbles are sa.mo .. 

As the zol'3 oldor pn1dieate ealeulU!; can nut doal 

wi'tft intl!vldtit!ls. functions and relatlons, we are ewi'tcl11ng 

over t.o firs't o~~r prodica.t• cal.eulu!l~ 

Th• beauty of the Fir 51. onivr pmdteato lOf)le ll6 J 
ls th&t., it is txtssibl~ to oxpN.ss individuals. funet.ions, 

relations .arm mueh of tna~tir;$ 1n it. Almost any 

in\oTes'tlng nws-~n!tuj problem aoout ggn~ral corJJDOn$0l\&e 



l6 

~~. etm also H eneoded 1ma #1n't om.z p-.llc:at.• 
! 

/ OltltsulU:th we ... J118ke 1et1t:a1 dttdueUons of new atateents 

.,.,. & ;td of OiV~m IJMfJ· V~tth t.he .U.s Gf tnfeHnC8 .lt Me 
' . 

a.s.:.t. smlD 
S?nWx ~twa a:tpttat~et; of symbols ad s 8ft of 

M8$ 'k «m$t~ va:do•s «XPI'U$1QRG fs'Gm t.bflM srs•ls. 
t1M hatlfl al~Mt consi.ste •t tthta fol.lawln«J. aete 

of ~ls f 

J... ~cat.a ~la 1 -1' • d' .• rl' • !II • vdlew 8 ~ 0 

(For ft wo O, ~lQite trmbols ~- ••a~ &$ 

~dtit~)-· 

~. J\mot1an ~b t 9n, II', t" ••• ~ n ~ o 
(Pol' n • o. -~!m ay~~bolG an t.na'kd ·aa cort&t.anta). 

a.. v.~ ' •· Y•· •· _.... • 

.... Qm~· #i •• .,., ••••.• 

5., t.Gg1•1 'toJ'IRflfO'ti'WS f,..,..,., ¥*A •· ::!) _f -j , -¥-

6. PuftO't\tB'tion aitl'U I * ( ) 
·ltltvlft •n• ~ the ~r of ·~\PGI\tfl 'tM\ s fUfttd.lon 

• a Pftdi·cde .,..,, can .._k.. The c;las•n of 1JAennlng 

.... sles t'ha\ can. be .cone:tructad fl\lm the •t»w ~1• 
•• •• follm.a t: 

1,. T._l 

•· ttacb conft,ant · S)'ltl)lDl is a te.

b.. aaoh va•labJA is a \em 



c. If 9 1s an no-place funeti<>ne syt.lbnlt and 

t 1• t.2 Mnd '~-n are 'temth ttum 

t] {'tl' ~- u• tn) is .a tetm 

No other symbrd is a term. 

2. ~omJ,.e formulas 

a,. All pr~p~sl'tion lt:&t:t.er& ttro AJ'tom1e f~l!Oul.~s .. 
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b. ,tf t 1, \~ •• •• tn ( n ~ l) .t~t"{! teut9, then the 

expret~&lon Ps.." (t'l• t~, .... t.nl is atomic formula 

e. Na tt'tM:" expA$S1~n is (l'tetmle ft..u:mula. 

3. W.ll.-fom«i f~:tmul~$ (wffs) 

•. evexy a~'2.~ie ·fo:rmula is a wtl. · 

b. rf P is wtf 4 t.hen ( r-v 1-') is also wff'. 

c. tf 1' 3nd Q are wtfs. thoo {? ·~> tJ. P <==> Q) ere 

~lso wffs,. 

d,. If w 1s a wtf at1d x is c. freG ,ariablo oee1Jtlnq 

1n w. t.hen (., x) w and'( -3 x) w a:m wtfsa 

Ni) fltf\Qr •:ct,~!ud.ffn is a wff. 

A wff i.go; caU.oo Jtl\ closed wff • if it. da~s nat 

e:m'Utin fra.~ variables. 

~. !l.a Sert'!4n~ies 

The semantle$ of a stat.~;nltnt 1& speet.fi.-J 1:Jy en 

int(;rp~'tation. M interpr.Uti<m CGn$1.&\s of ( l.) A ntm;.. 

~~Y s.t of objt!etS eallf!d the dotnain (or uni"anq) • 

(~) en as~1gment ot tln obj~ in t.ht1 domain t.o &ach 

C3n'tltant, ( 3} an as~19"lJ'imt <lf an n-tlry funet.lon on the 

d~!n to each ~lY fooction lqtt.ft1.'• and (..t) .an «!sig~t 
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of n.-aJy :re l.ation on thu domain to oadl n-•:rv pr.Oi eattt 

l·crtt.er. A vanabltt t.htm unges over ttm elm1Bnts of 'the 

dom.9in. 

2.6 ~~J.,.fJ.!J?ilit;t. pn£! V4>al&eltx [>'f wtf.. 
A elos<!d wff (with out txeo varlahlatJ) te true or 

fels• vJlth res~ to tba givon !morpr.tat.ion. ~.;.e shall 

eonnid4lr only elns-00 wtfs:. An intorprot.&tion. thl!t IN!kns a 

wff True is $1tld 't() •sa1.!sfyt th~ wtf: or e.qtd.Vbltmtlyt the 

interpretation is seid t~ be a •maclel • of the \dE. A wft 

is •ootisf!4'1ble 1 if and only if thera exists (}ft 1ntex

pr~t.ilt1nn t.Nit ~i&f'l.e$ ttM wtf. A '""' is •logieally 

"a11dt if and only lf it l$ ~t.t~d'ioo by all pbssibl• 

imerpx-etat.tm"tS• or Gqta1valently if t.bn ~'tlon of tbe 

wff is +unsa:ti,;floble'. 

The •theonJna* of a l«jlenl sy$'t\Htta are U!!nAl.ly 

!nt.end~ ta be t~ wl1d wff •. lfnJ~4twr. stnce it 1s not 

pre<=tlea.l in 9en~rlll ta mte.mrat-e c1nd t•~n &ll ~&slhl~ 

int.erpre't-a'li~n~. fottn81 syntact.J..:e prae~ciuras called 

•p~~f pmeoour£a.s t tnust bo U$4ld to establish thtiofti81S. 

If overy theor.a p.rodu.ced by a proof pmeGdun 1$ nally 

Vitlid, tho proeq(iure is ealled •sound•. tf •vexy wlid 

fomuln can ~ dmeonf'ttntczd to a t.heore1 the pme«iux. 

is •e3mplote•. Dn tho d~sirable cnso that n proof 

p~ndare 1 s !nth sttund and c~p1.t~. 'tho \chH'hb ot t.h• 

pmceduxe ooineide wit.h 'the valid wff. A •oecisiQn 

p:roc&dun• 1!1 a pxoeodure that r..an dt~cid• 1n a finite 

. rnanber of nt.op!l t;~!Jther or flr)'t any given wtf is 'la11d. 
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t.Jnf-QttunBti)ly it is kn~m that theft .ore p~f 

procedure!\ for first or4~r 1-'lX'edleate en leulu&, but there 

1• no d<JCis1~n ?~dut» f'or first. oxdttr predi~u calculus. 

Tht~ moen$ that there i$ no 9uarttntoo tMt. a prouf :px-oeediJre 

will converge to ~ ~of' 1n a finit-e number t')f st~p$ whGm 

at\«n~lmj 'to Pl'OVO a non theor•• 

A$ a pr-l)ctieal ~'t~or. hqNftver, 'thi.$ J.~ck of a 

d~cision ptxJt'~iuro doas n::~t. limit the a!}pli.eability of 

fint oxder log1e as rnucb as lt. .mny at first ~.~pp1,ar. 

B•caus• of tha tim« and spne<; Ans.txalnts on ~l'l1ietiea1 

e,~put.ati,, 'th~ hur1:sti:O ~WfJ~ ( t~ be di.SetJSSa:i in tV 

Ch.Jpter) of ~X'()ttf pmcedure • • • i.e •• lt.$ abil.it.y ~ 

prove u~•fu1 th'3!trmDS ef!ic1mtly • ,. .. is ream itflporten:t 

thsn it.s thoo~tlt<~l llmitat.13ns.. This l~suo !!l t.IU'OU(Jbly 

dlturussnd 'bf R:tb1nottn ln onG 'lf his ~~en. A deci§1tm 

't>rttt::edure th&t :l'equins eno.nrnJus at!ltttmt of t:t.mG ()X' 

inte~1a'te st1Jr.n~• 1~ itmn5sible• in pra(l!tiee• f.r;oro a 

proof _p~~lan; tNt n•ve:r t.~nn1fi«te!; f!)t &-~~ wff~. 

A wff s is -h • l~ie.-sl tt)rH~tMjta0nev• ,, {follows 

from, s~ntictr.lly) a sf.!t of •)dot.f!s t prmds-.s) C 1f ~nd 

only if sv~uy ~1 of C is " m®t!l of D. 1t e6n ,. Olf&il.y 

sha~«t 'that B is a lugiea.l s-eqrnmcca of C 1 f jJnO ~ly if 

C ~ B 1s lO')i~lly val,id• !U'• oqulvalvntly • .if the 

etaten~filnt. .-vlC ~ s] (logiully oquiv~,l~nt to Ct\ ~n) 1• 

une~tisfiable,. In t1xder to "Show thnt s wff un~t1.sfi.ub.ht, 

we wst dmonstato \lw.1t nG int~tpnatat.ton <~X15'ts for whl.Gh 

it ~a~ valua True ( T). Though it look i~s!\iblo in t.ho 
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baq1nnir~h ~hey llre pracodu:res to nceorn{:}lish 1t \.'lhich need 

~bit~ the wff$ first be ·rmt in a speeial, Ce)nvenient foxm 

called • Glau~tt f o~' ~ .ts] • 

~ • 7 !:~Jilfli .. ~~n pf. ~~ k'!!~. !1,~!.1.!! •. tam 
Aa th~ eomp11ea'ttXi wfie with •~i!ttf!ntial, univcJ:Q&l, 

imp1.le&t1on signs Gaf'tnOt tm us® dtraetly to fll'OW o:r Vf?rify 

a theort'lU!t thEo/ aN fit&t. convert«! :J..nt.o t.h11 ~nvonlt.m.t 

st.arktaxd foxm ealled •sko1em t:Dfljunet!vc fonn• or •uolom 

~tard&rd ftU1'!l• whiCh is first !ntroduc~ l'1f Davia and 

Ftut&f!l L 4) 1n AUtor.nnt.1c P~f ~'mcedurfl$. H\lrv• we define 

\he proru.t• ft('tl!Ml folln, iln irnp:u:t.ant. &tep in the e::mvort.i()'Jl 

of Q wff !nt.t,t a s~t. of •clauses •. 
' 

A wff in tbe first o~r !ogle 1e said t.\1 be 1n e 

pronex n31l!Jid. fom !f Gnd only 11 it ·is in t~ followS..ng 

!t::lm: 

·.:({~~ xJ •• • (Q,. "n) (M) 

ttheJ:e •v•xy {Q1 lei), i • .t. • •• • n.? 1s eithu (.V x1 ) 

or { -3 •t) • and M is & fomnaL& c»n't.$ln1ng no QU#n't1f1ors. 

( Q1 "l) • • • ( ~ "n) 1& called the prof!~ t1nd M it called 

Jn().trix of t.hrl wft. ThM. wo eonvort it int.o a awt of 

el8uses. 

A gtven wft is cm\Vort@d into a sot of elauses by 

&pplytng the fnllowing opnratlons in sequenect. ~· will 

ftXl)la!n thl s prot:ct&'S with t.h• wff. 

(V x) { P( x) ti> { Ul y) { P(y) -> 
P{ f t "• y))} {\ AJ (~ y) { q( x, y) ~ P( v)} 1} 
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· ~tflb&.. IU!d1'3l«*"!MMF!Htallmll ·• . Tho tf~Plta~ktft 

·tdtn ta •ltmwted bJ· uk~ au~Jstttt.Uon •,-...)A v •• fo.m 

'A ~ e•. Stab$tt~ !ft. our wff yS.Ws (¥ x) 

(# •) {"'"' P(a) v { (·¥ y) {"' P(y) V :P ( f (x. y))) 

t""' (II y) ~""' t~~. Y). V P(y)}j} 

F!.•l:i ~ ••~•' ·l!at"'laa. ats.na .• ; ar """w.tr 
usinQ the· f€Jl1•1nf ttibstl~ona.,. we ceft ~""\he 

uope &f ucn ~lld.tl it ap.p.11•• -·~ a &~.le Pftd1~ 
14\UJ! l 

•• 

fq• ,....) ·(A " &) 

tt· -v (A v 8) 

A «*· 

( ~ Jt). A e 

(¥ Jd A '* 
"-'UI x) A 

'"'"' ( 3 Jil A 

u•tng Uto ob!JH $Ubd1tu.ttlona our lift • .,..., 

(¥ ll) {'"'"'PlJJ} v { (tl Yl. { tVP{y) v ll(f {~e, Yll} 
At ~ Yl { Q( x., ·y) A .-v pt·y)}] ] 

M!D=a fi!lll!AR11a .ar!d}a f ~xdisl*J varub1•• 
wl.~ in • .U .l'llfMn• f4 .-namo th• dU.llll:¥· wciable to ansun 

"that ue ~tft. b6a 1\a own~ var1oblet). so,. ou:w 

Wff tec-.a 

(II x) {""'Pl•J v {(Vf) {""Perl v P(f (-. rlJ} 
A ( -3 w) { Q{Jlt vv) A ~P(wJ}}} 

TH-Jlt-80 
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~t~~ !l+~na\2 o.zswr~1!'!~~~1~~9.'~~n~!fie.ta t tho rut• fol' 
el!tdna.t.ing f!ln exis'ttmt.:lal quantif.i.er fmm I} wff 19 w 
roplaee 90eh occureneo of its exist.ent.ially quantified 

vartsble by a Sknlem functions,. Ptmet.1on lot.tnrs for 

skote funct.i<ms nna3t be ~. i.e. •- they can not bn onos 

thAt. alr~ oeeur in ~ wtf • Bliminoting &xis'te!-nti•l 

qu.lnt!!!f!rtS, our wfl bec'lflle&t 

(U >e) {r0P<xl V {<~ y) {/'\./P(y) V Pf.l {x, y))} 

1\ {(A'{ let (} f. :t)) 1\ :-.~ P{ g ( K)}} 1] 

Sun-~ . Ctmvll!rt to PJ."eYWx tom ' M':Jw atl t.h~~ universal 
tliilil.lli.....-~ .. 

Q\Wntifinrs t<~ t.J\9 first. of th~ wtt. Ottr wff b&eomos 

(f4• lly) {'0 P( x) V { { r-l P(y) V P( f { x, y))} 

~ A ~ Q( x, 9( x) ) /\ r0 P{ g {x) } } 1 } 
~f1x 

rqpttatodly t.ha f~llOlWing rule to put th~t wff 1n eonjtmctiv• 

n~uma 1 fo:m ; 

Substituto {A V B} t\ {A V C} fDr A V { 9 A C } 

QUI' wff b&comes 

( ~,. ~y) { { "-' P( X) v A-) Wy} v P( f { x. v) ) } 

1\ { P( 1C) V Q( x. g( :X))} A {v P( x) V P( 9 ( ~) )')) 
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at!tR::l l!~k !IJ&!trJ!& rB1!UI!1.'M~;-"I _.!;!\ fH !Slml. 
lk&\l, 4 &~lft(J urd.Vel's&l end t A t ( ..... ) StlftSt 

~ wft bttJOmes ~ folloW1nQ c1euM1 

""P (a) V .-vP (f) V P (f (JC, rl) 

·"" P (.•l v Q (a. 9 (•) 

_.vp ·(•) v , (t (.11)) 
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CHAP'lE.R - t!t 

Aut.OJN:\t.le trur:rX'f.n prov1fl9 was ftm 1n1t.ia't«\ by 

Hedlr~ in thG Mrly lg3CPs. Ho folla.~ rofut.&t1on 

pn.t-..edurtt tot: provi~ t.hcm~. rtowevor • Berb:mnd PrGeodure 

ha"& on!!' maj,:r dr.a~ek. tt ft{fuiroo to gcnorat~ !nntnerabl• 

gt'O~JM clauses and t.hese clatttl@S grGVJ ext,;)nentially. With 

current 'e~ut.ot: teehntt'tofN• it .ts !MpOasihle even t.~ store 

all ellu.l&es in ~~~.Aer~ So t.hG 'ttt!iting of i:t.s unuat..1sfi

ab1 U:ty 1s ~1Qtoly un"t.h1nk•ble. 

tn ord$r t.() .avtlid th~ ~~ratii'm ~~ innum~Jr«<'lhle 

clo~ses as required \:tf 't.he l1~n:brand • s p:roettdum,c wo shall 

introduce t.ht! :Res~l""1on pr1ne1plfJ• de'i/elo~ t¥ !bblns!ln C ifi)J • 

This was pmvad to be effectivo. sound .and eompl«te. 

3.1 Ih! fi!Ml~J.im 
thG ~snlat1on pr~n:odtJre findtJ pr~ofs by r~f~t.&t.ion. 

To pt'OW I! thft!t)rtH!l Q ·try ~1\ltnt.ion, one iH!'tSt.lmeS that the 

" t.heol'tlm ittt n~ a loy!cal consequcm~ ot the ax!~ s, ~tnd 
trnm derives a eoo'tradict1on. The resolution pm-c.dure ls 

e rnfutatton algorlt.m ~t deduces fl\'lt'ft (9 ,, rJ Q) an explicit. 

~trtr•dietlon. The ~•x~;h for EJ C!:tntr&ii..:t.!on ia an a~t.ept. 

to rmu•t.raet. a !)~)del that. sat.i&fies (a " rJ q) • :rt has been 

eh!lwn thb~ 'th* ros~-1tft1~ praeedure ci«iuces a eontr!l4le\1on 

if and only if (8 /\ NQ) !s. unMt-i6fitlblo (9 •> Q3 1-s logically 
', ~ 

valid); thus.- r-G$0lution ie sound .tnd ~plet• proof proefldtJre. 

To pnw. that o ~~t. Q tJ.o•s Mt. follow frQifl se~ of 

llJd.ous e. one ass\.lfiOS tt doos and et.tanpts to dortv• e 
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..-ftdlc\trm tnm s ,,· · r-J '*• .No· daotdon ~tt• uta's 

foil V. flM olde• 1GQ.l·O• ;so ln ~~. fo:Jt a Ql"'ft 8 
' ' ' ! ' . . ' • • • • ~ 

_end a Qlvet Cit OM .Otm .,_. .-mn"te• tl\a.'t tho p~f 
·.' ' . 

fl•CGdtmt wll1 te81tna~ in et\be~t \lle a'\~ pxoof 
~ ~ . 

,of Q or 'Ute d~ tt111,.._f Gf c~ f'*A a. 
tn Ms't -.~-uo tMoi'WG p.~11lft9t sU't .. 'ts a;s. 

CQnVilU:td into a ~ld q\&ltn'\lflo~fne fox= ·cnlled ctqae 
:' \ ' 

fom. C.Wed!.t.m of any \df lnto Qlause fom 1-s axp1a1nod 

CJO;tlte.:r+; ... ·Qlaue• ts a cu •• .sunctlan ot 11ter~ls; a ' 

, 11tenl 1s e1the'f' -. a'tol4c fo~la ~~ the n•'lbm ot an 
: t ' ' \ 

atomic foamde., A om.t•dton of art\fel\l:l clal!&e$ mav be 
•: I I I 

:Qi"\'ton •• a sa'\ ~~ f;tlause•., . . 
! ' ' , ' : , I·. 

n. ita$(11lStitm j!JmG~ tl~- ... ata~t· 1ft 
: ! . . ' • ' ; \ ' ' ~ . ' 

' '- ~·- olaQ& tom-. Pll'ft, t.be foJ~Nla • A ·"-' Q 
• ... ' l 

· (' 8 lt ·a "''·of a'tdtb$• rV q is 'tbtt ,,..t.ion o.f :'~ tMtlnm) 

is .a·~t«o as a s1i\ •*· cta..S.' ~ r.- .,_&\JM&· t:-11.t 

'ftS81V.tts -·~· <ktdt.aced t~ t}he 9ta•~ .~. ·-. ~· 
·n.Olu\ion·julo of !nte:r'ene&. ·· tn····Sih .. ,~·of the' 

· -.~ltatt. .W\es U.t. if e naolwn\ ·is mt ~t~flfd~l•• 
( 

'lhen ~· ·of 1tta an\ec.Gdeftt:G u. sattstlobl•• · ·-n. tool tif · 

~u.-~ ·S.s ;t.G · d•• the ..,ty. clau-.~; -p-aet'l\84 
···o·c· 8ft 'evltknn of contxodl~1on that. ls m1. .at.l:aftabl •• 

Ihl• d~ta'ttts ··ttmt ;~.11 ·it$ anucettent•• iriotudlftQ .,he · 
' . ' 

naft!riQ wff • are not. .Uaflable• 

the ru.le of BesolUUon ls bcaat liluatra't«< ln l\a : 

pnpo&ttd~l ·fos · 1 lf p v q 'and "' p v ·:r a:t• twrJ wfta 1ft 

wnton ol• any pupositlon and q and ~'are·~ ·wffs .••• 



m&y dt!R~iJCe 'tb4 wft q v r. Mo.r~J brl•fly. ( p v q) 1\ 

( -vp v r) ~ (q v r). 

11\~ eJWet tttattYmerrt !.Jf tM n1!~1U't1on rule! .require~· 

'that wo !nt.roJ.ue* 1.h~ nota'tinn ~r a sub~t.t.tlJt.t$. A 

'sabs'tit.~Jt.l~n • is 11 sot. ~f /(f!'tn$ th.U. ana to b5 subs'tituted ' , 

for a sot. of variables oceurlng in given Wit. A aubs'titutlon 

u may bQ writton e~; v set, u- • it1/x1• tt;/"";s.• ••. •• tn/-.,} 
tt:41\n1ng that "t•:tn -t1 is to be subutitut,.U for x1 , ~ for 

";tt tAc:. If L is a fonnula 'then Lv dcn()t.qs tho fomuls 

nsultino fxnm pflriG:ming thfl ~ltbs't1tut.1ono- on th4t 

fomuln L. 

Two fomulc$ 1 .. 1 «~nd L.i are said to •unify t it 

there exi~ts n ~ubs-t.itut.ion C) such t;nst t.1 o- • ~·). It 

:t..• tt 1.. c;- , for «ny u- ., '\hen t• 1a sa!d tc be an • insteneo• 

of L. Th49 s,t:fbsti t.utien 0 :1 s ooid t~ ba the toost qunoral 

unifle!'' of tw;.l f'o.~las t.1 i1tKi ~ if t..!(J = ~u- end• for 

any ot.h@r un1fie~ 1\ ot 1.1 untl ~· LJ!\ • ~?\ 1.s ttn in11t~netr 

af L1u • ~u- • R'Jbinoon J'W.\ti shc;Ml the't lf two folWlllil& 

l.Jnify., there ex!:ris. a mnn·t gone.x'il 1 un1f1or t:>f the tM> 

foxtmtlas. 

The h-.art of tho Ret~oluti.on proe•s$ itt 'the 

•tmif1eati':m Algorlt.hm' that. d&tw.unines wtwthor or not 

two fomulaa unify. and~ if, thtly do• finds tho substitution 

a.t e> 't.h3t ls th~ nost geru.lt'.iil unifier of the two tomultut.. 

This alqorit.to guarant.oes tblft. in orut ·HnefJ oeh resolution 

lrtfonnce .st~ 1a a$ gttneftl as P')ss1ble1 n1nee evttry lesfl 

getteral uni fi~'tion is inlpl1fld. 



3 If".· .... ~~&ft.HStsn t\:is~Xltte • 
H•re• Wtt :slwll glvo tt urd.f1ea'timt algor!thltl for 

fi~lng a ttn~t. gm1erbl unifier for " fin1t~ unlfi&ble .s$\ 

of non ~Y .expressions. The alqoritm Will also a.tttet 

whon tM 11Gt is na't unif1able. 

JJ.ni~&eatdiun. atrm.r&tbtrt l 

s'•r-l S.\ tt J:f o. wk u \1, and 0 k • ~ 
St.e~ tf '\. is a stmjlet.on, st;opJ s-k 1$ • tn:)1tt 

geftft;-tal urtifi•r for rll ot.tut.rwi:M, flnd 'th9 

di$agnamoot. &et 1\ of~· 
step.-3 tf ther0 exl~t el~ts vk ~nd tk in 1'.\ 

such that vk 1 s • var~bl• that does w.>t 

occur ln ~· ~ to noll 4. oth•rvd$0 st-op; 

w ts nrrt unifiabl•. 

St.-ep.-.4 !At ~+1 o ~k {ti/"k }and 

wk+l • ~ \ ~k'"k} • t~ottt 1ht~;t i"ifk+J. • f\.1 

S'tup.!i sn K • K+l and 90 to s\ep.-2,. 

Thll! euet stat.~nt of th• S.tt~lution .ruls of 

inference bat.Jlns as f.o 1lows. 

J..Gt the 1)l"'SP1tetiva pa~'t el.aus(l's be given by { Ls.1 •nd 

{ M1} »lYi tt&'S\SlG that. th~ vari~bles occurlfl9 .i:n~1~ do not 

oeGur tn { t.1} • awl rice -~..-. Suppo&e tth't ~11} •I L11 
ancl {m11 ~ {M1} are two subwt!i of ~Ls.1 and {M11 , rospoetlwly, 

:auth t.l\a' e most genftral unltiex- "A 4Xi&t.s f<.lr 'th• Mt• { 11} 

\J { wn1} • Th~t 1!1, { JO!} ;\ contains ii single 11:te.ral equal 

*" t<' t.ho nag.atian of the single lit.er•l in { 1J.1 ,A. • Then Wft 
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&tlf that the two ebsuses { t 1} and { 1r11} ruolve and tb&t 

't-ho n• t:lauso 

.ls a rtn;;olvent of tho ~ claus~&. ~ res.~lven't is an 

inf@X'l"'d. clau$e. Tlw process ;;,f fonning a resolvent. from 

tWI.l parent clnuses is ref•rred to &.s •Rosolution•. When 

t.'ll!) cl.mtses are nsl')lvedt we 1!limY lnf•r more then one 

h$1:llvent beciuJ~• o.t various \Wiys of choosing { 11} and.{n~1} • 
but thoy ar" finl t.e in numbqr. 

!...l@WJ!lfl s Consider 'the toll(V&iftg: set of fomala!i 

ill : (aJK) (C{x} (e) (W(x) 1\ R(2e)}) 

P2 : ( j xl {C{x} " O()G)} 

G 1 (::] JC} (0(1() 1\ PJM}) 

'Show th~t G is a ~loal CQftSil.r'£UM(;(t nf ?1 am P2. 

~. tnn-sfol"JC F1 , P2 and G 11\t(t. elaa$tt fonna and obt.atn 'ttt~ 

follm~ng claus•a 

(l) 

(~) 

(3) 

Cf4) 

'th• amw H't Of olauaas 1s un&8tisf1<!hle. Thi& v.:e will 

l'I'OVtt by rmso-lu\ian. 

(6) R(~) 

(7} ~ll(•) 

(e) o 

a resohtart. ~~ { 3) and (2) 

a hs!')lvcmt af (5) and (4) 

a ns:tllvent of (1) and (G) 



S(l(Qtthittg we can al$o ,n,pre$~t a5 refutatl:&n 

Gra~. in f1g. 3.-l 
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0 ( (\) c ( '') . ,-0 c t-x) v \'\ ( )i ) 

q 

NIL 

TM rejolutitm r'Jle t~11is us how tm de:rlw a ntw 

clausG from a specified pair of eta~s cont31ning • 

:sp9eifi~ literal. but <:ioes nr>t toll us how to ebo6se ~ieh 

e:lalJS\iS to: r(fsolv•. I;,. mi:chanicel attGmpt t.o J!'ttsolve all 

l)Osslble pairs of ¢:Lttts<ts generally :re-sult5 in 't'tlo ~oQt,lon 

of an t.DM~eably laJgo mtmbtU' of iJ.'X'etlavant :ei4lu5••• 

TMX.f!)r&• wrlalJS trurlst1e search prtnci.plit& hav• btMR 

d•veloped to QUWo md cont..ml tJ:w. selection of t::laase-. 

fo't Resoll.Jtitm. ~ t.he Mtr~·t lmpottanr. !lf t.h•tMI ax. the 

braadtt\oJi.Plr&t. 1rt.r-B\*'JY [ ~ J the sot. of aapport. r.t.r*tegy [~6} 

Th• lineasr inl)Ut fQDl strat.gy L 15 J, 'th• anc.st.xy fl.ltwhd 

fol'll strat~gy ll5] and ~1mpl1fiution strat.ttgies [ 15 J. 



30 

All Qlu• ~eQblf, pas•rt-e C$11\'dete.noss of U.. trhttOnm 

p•ve~. * dlsCU&G ~ ~rat.gtq 1n detrttl in the nat 

4baJJ'H:r. 

~--tty M11 v MuftiY tu] doVflloped a ,_., 
' 

~~- f•:r.· ~rttY!itt ~ftma 1ft 'im ol\ii~r p..,i .... 

al~\fbR., in wtdott a~t.• ttl» net. sequU. to llG In \he 

ck-. fo~ \l'_,d-.1 lJr $"iltftW,U:d _.,$3lutltm t.Mo_. ~-~ 

only ~t'\te ia ~ the we1.J-fo~ fo~tt (wff'S.) 'to 

1M quamUfJ.•;r fntt anti ~l.*·tiistlnot vambla •. All 

-~~$ a•• UAplieltly •lw~lly ~ficl . ., ~ o¥Q.

th1• ._,._. ivmdus own the lo91~1 ·*P*iwlenoe «lftftaoti¥tt 

also. ~liiul31 -.lution is •l• eftw:liW:t' ..... 8ftd 
I 

3.,3.1 'Dll taaJell• • 
lh~ tl\a d!.s~10Rt· wee~ tiM ~te\lve 

p~ltt$ Gf A 't V lmd. <~ ·f· T .md·· P ..... &tomtit, ami d~· 

'htAh w tel~ •s--•twlY'• Arl!. ,..._. ~iceu 

aylibfll followed by· n Te-.. 1• ett at••· dDlLd(t..-l foDMltut 

C wf:fa) •• ttll lm4 only trhDQ fiftlte expne10M ·ct.f1nod 11r 
the fallowiftt "we w1••• 

.1. ,_, ••• ls a all-foltfSIId fo=u1a (wtf). 

2,.. r.t A •""' 1 a• wffs., .nen 
N ,., (A y 9.}. (A 1\ 8), (A ~ 8) .• (A <•> S) 

•• alsa WGll-fo!IMd f•.&at (wfft)~ 
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3.3.. Bdld!l: ' . 

td A• G• ._ 'be w.lL.t...S f~11la. We MY \bat 
1 

w la. pqtt..ive tn A tf and Ohlf tf n' least _. ocet&.,.ce of 

• 1ft A ia pm~i\tve~ • 1s ~tw 1tt A 1f 8ftd only 11 •~ 

1•·-' _. 00~.4 of w 4n A is n.,.t._., the OM · 

occu~ of w II' w ts poatt.:a.ve. ;e ~~ ttt. poiut\7 

~~ tlae -.nattucmls of a wel!.foJlQad formula -&e .follow& t 

(a)- Zf .-; u .-tuw (neod.twl iA A, then w t·s 

n~ve (pod.Uw) itt• 

rV.A -~ {.A •. 8) 

(b) If w is P3dtlv-e (~1w) in A .. ~ w s.:e 
' 

pu.tt1• (~tw) '" 

(Av I)• (AA t1) and (8 -'> A)-

(•) ft • ~ bJ A,,~- • ts ~t'tiV. and 

ft1!94'\lw in <A <•> 8) 

lfttl&9a ' lid "• •• a t..te wett.f;o.- ·foaNla$ 

A ~ •lw 1 d~ ·Vfli wet:L.:faaed foDNia dtla.1Mi4 .IJf 

~ GWJV ••~ of • itt A!!\' a •. ·• _,. tww 

RPla-..t.s with ~ 'U1ft OM --~~, 1••• 

{ A,/fll"' Aa/"a• '•·- • • ·t '\/"rt} 
W. tn\cp_. _this •• the sllm.a1t...,s J'ltplaMMOt nr.wtlftl 

~- '-"" \h9 A•e and w•• •• wa!Wo..,.:l folllt~1ao. end 

for 1 ~ t • .t ~ ..... 1 -F j .... not oe~ in "J• 

3.3.3 ~ 

• denot.• *ndttMS 't()f "' ~ and *"-• "" mlloot 
tot tJv ~· Lot At a, e. w., • ._ W!!ll-foD*i follndlaa. We 



(T" w) -4- •• 

( 1 v •) ---? ,. •· 

(f=>•) ~ •• 

(t~~f} ~T• 

(t<=?W) ~ \1t; 

(P "•) -7 '• 

(.P vW) -7 w.: 

(P ==>W) -~ T 

' \W c::} ,, ---7> ,-..) w 

(P~w) ~""" 

!f w oeca~ in A and w ---7 •· theft. A -? A { a/W} 

If A -'> 8 lidli a ------') C• \hen A -> c. 
A we1L.foJ.1'llCl to~ ls said to be in ft!duc:tki t._ 

~'If m; ..UliG\um l'dl• can u. ~lied ~ .1.,. .!ft .Wl\lon 

'to -7 .W· h • • •11 ..S '\be follwtwng ...,.1'blgtd.$'llo 

tobUOft$ 1 · · · · 

(el we ·U$8 A ~- 9 (A ~· 9.)' ~ d~ thai A .,a I 
have to. no\ IU'IW) t1ttt ..- ,~,.,_ ~ 

j 

all ·-~~· of t,Mb va1WG \o ttle1r ....... 
(tt) We 3,1M A::: I (A f- B) to ~e ttwt A ..a 9 aa 

~ ( . . 

(•~ _.., ~nloally 1dewt1cal •. 

fM aboW hduction .tea ue ••fMJ'ltJ.elitr t.ltoM t.Mh

functt.onal &:bllp11f1~ionta 'lh&'t OM ._.w eapec\ ·wbtn ca.ll.fto 
' 

with tM ~.U¥tJs 1n o'" f"J!IIUll•• .·:tft the nut fo• 

1~• ,_ nla'tt the pl'Oeess of .auction wt.th tM ~h 

valuo and .,...ctto fOJM of t.he w11-t•J.118d tomubt &nvolwd. 

!ielil .. ,L.=\,_3,;1 
S.J.Y •11-fo.-t fot:tmf·la \t has • ftduc.S ftU~J w• 

auck tba' •t"ttw2 a• • '• or w• ~ '• or T Sftd P do no\ oc._ 
1ft •• 
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If all the atom$ of a wolt-fotmeid f'onnul<J !4 are 

l' or ;:. then the rndueed form of w 1& ,ei.thu T or F. 

M!!!b1 - 3..,;3 ,3,.~ 

Lot A be any Wt?ll~fGtmeci f~mt~1a .end )Al• ~· ••• A,.} 
bfJ tha -s~'t of all th~ di~tlnct ~s 1n .A?t .JA't ~ be «my 

ai$sl~t of t:Nth-valuf!G 'to { A1 • ~t +• •• An} • 
!f A • f., t.hen 

A {a{A1)/A1, a(~}/~t • ·~• tr\A,.)/'\,} -7 P 

Wh~l'lf a (At) i• t:M ttd'th-valt.M lf$ai9nod ~ A1 t¥ •. 

3.3 .4 ~pS!,.lgn~;, Est~Si:f.X.a..:!m! l\{!p,la~t 

In this section we· stato theorems Whieh ntnte the 

replaeenmnt of ~ stJb-Well f~Uief,.l 1o:tr.ni1A by a t~value. 

wlth the :rtrstd.tlng value.of 'th$ tmt!.m well-fomtt:d :f0mula 

and th• ~lnr!ty of th~ sub-welL...faXDKl formula. Thts• 

thftor.ms will be roqulr.d for e~pl~teness. 

Glven ~ll-fo~ fom..tl.a A it#h•nt T -~ A ~ P 

!f A { P/w} • 9( T} than ~ is t»Sltiw (rlwg~iW) in A 

If A~ T/w} • F.(T) 'then W t~ n•tive {p()~!tiw) ill A 

1h!i1E. •• - .1t'31,:4;t!, •. 

G.t.V.,_ nl.l-fG~ f<n:mula A wn•n T <:.+ A +> P 

lt A { P/w} 09'(T) 1 thtm w l.s posit!V. tn.\ive} in A. 

l:f A { T/w} -c, r( T) t then w is ~t1va ( t»8i\1v•) in A. 
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l1liUm ,-. a .. ~.s.a 
otve wel.t.fo.- f01J!Q1ttu• A. 8 and atom w . . . 

dle¥it T ; W ~ P. ~- thet "' o~a 1n 8 and A .-..-;. I 

tf w is p-Otd.UV\'f (~tw) ta. '• •• w ~ pnlU.~ 
(~tva) tnA. 

· !ba!fl, t:r. i3s!•:!a3j,. 

lf A • F('T) t A -f.-» f('f) • Mid A , 1( f) • ~ban 1_. 

.~a l& boUt posl'ttve ~· _,.ttve in A. 

3.3., lh! .PIS\t .. ~rl 
w. ,.. glva a conc:t• d•sodpt1ort ·-' tn• ..... , 

~«kkm •. tt 1·• n~lauael lti -.an• siodl•r to bftadt;tw. 

fift\ bi.nGW ._J.u.t.!OA. 1'be tate .... ala t& call-' ·te • 

~lU\ia •. 

G1'M.R wll.fol'tMJtl f(tJ."mUlQ u1 .and U,;• • can 

· de'teml:nr.J if they ..... " at-. s., • •~• ·• ~ .. such \hat 

{ 1.1, ••• • .,_} ·Gift t.te Uhlft.cl bt IJIU (mu" QMUtml Uftifl•l'') 

II\• i.e:.,, {L.t• ·••• ·t :..} M • { L}.- W. may alw "-'•JlllM 
, ~tt.Gr 1. oc=et~rs in u1 M atd flj' with o-ppoait.e polR'lt¥.: 

NOw· aumaosa .~ S.s poal"lw 1n. u1ra; and ... ~lw tn U/'-· 

1'he foll.-.1"0 wolt-f'oJ.WMid fo~ 1& an tC •· ••~wnt of 

u1 end UJ • 

u1.~ { P/L J V U~M {T/J.} 

lf t 1• ~.ttw 1ft u1M -.d ""'"'• ln uju* the 
WIJ h#Vtl 'lhtl fo:ll~ duel tiC • ftSOl\fllft't 



35 
saa Qf ,,.._ IG • .-ol¥Gftts 1• a logical 

con~ of u1 .,., u.,. t~• tb.tt ._u1 . ..s .U,s -r haW 

t~nly_ tlnl'-1Y Mtfl. tC • _..1.-t.s. fie may, \beafon 

~JMe 'the Mt of all te - _..sol..,'\s of pain of wl.t. 

foJiltd foaull&s !A ... glvett aet. u of ..U.foDilGd fo~lae 

aNI add til• ~ • ,...lwrrta \Q .._ odtlnal. sat. tho 

11e~1on of this p.-se flattaly Mny .,._. yeild • 

eoft'tndt-'ioa ff)$ a:t.l tmf£Attsf1attle •• U~. 

rc - ft9tll'dtit'Jft C8l'l bel I'O'Pft~- •• a ... 

. tn.nsfoJRatlqn of lnft.nnoe nodes to fatluw n•"• tn a 

$i$Jftt't\1c '&I'M. 

~~ 

Pltel <•> R(a) illld P(b) a) (It(_.,.. b} v ,....pty)) 

w.-. we 1.1• '1&• ~.,a. • { ilt~Clt. #t•l• P(y)} 
w-. ;ot. " • J1( b) att..r M • { IV•t b/y} . 
J(aJl is p.1d.'i• and ~- in ~P(1t) <• R(a). 1»1t 1• 

enly ~1W. itt '(tt) t+ (Qta. ti) v rJ 11(._)). 

• mar· tnt.- it,ho ·.c .... n•lwnt"' 
P{tJ) • N(e) { P/P(b}} v 11( IJ)· :9 (Q[a. 'b}v .-v'(t.) 

{ t/P( It)} whl.a •ucq to 

--va(e) v Q <•• b). 
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~jA'ftiilnft J1iU 

'~:,1~·--·· 

'tb$ ••tut.lon xia1e Which we dl~sed tn the 

e-Uer ~r: ~lls us -J.y how w d•nw •· new ~-
f~ a ~fled pa:S,J: of OUQM" ~i.ntftg a SIIetifled 

lltoeml, bu't; dttas ~ t..U .s how 't• ClmOM which •~• 

to aso1•• fills -~ rut• i:r; .._ wail ~ ae *• 
•unnstnoUd ••twte wle•. A medlan.tcal at.t•pt to 

psolve an pt~Q1blo f,tlib'$ of cl•ses ~.-ts.y za&\JlirG la 

the ~au-. .,, "". ~eaflly laqo ~r qf irrelevent 

ote..-•• th~ U. aeltlftt.M wt.e 1s •• •ff'lo1ent than 

~he a:clla au.ts .,.. at.l Herb.-•~ p~uat UMd "r 
otllmmt [ $}. 1\Jd mt~S~" of •• n• .:bNMs ._, en oen.,mt.S 

' . . 

l1f tb• tM11111Ud a~loatiOJt of ft3Cllu'tiliin x.tl• au 

t.-~ .- .-~. Tttl• atl'~i~ foDfaul tJppllatton 

of ••lut1nR 'Pile bJ$k• lib a ~~~fir~ eurc:h · fo-~: a 

,ftf~mn. S!lllh: a to~ W!Ot~ld dAft wl\b a eat ot 
o~s s .a add t4 'thlo H\ •ll. the n.Olwn*'a t.-.n 
pL~tn ot cl.a,u.-$ in s ~ ~ttco tho ..... l(sl. Aft.~ that• 

all ·of the D$01Ycmt.a . .._ pain of a,.,_. ta MUll 

.-uW ... ~- ·to ..-uco ·tU Q\ li(R(S)) • r(S),, and P 

on. Thls WM of _,_ l.s ~lly mt •ctl&l •• $1\e 

..t f(s) •. ai(s) • ••.• ·gi"OW too f.:nrt. • 1M followf..nQ •..,Pl• 
. . 
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.!li'JJ'¥1 I 1 

Show~ um follo~ \M'l.t• unM\lsftabltJ br 
•, ,, l 

$ •fvJJttd V Gt•l• ,-..)Pial V ·Qt•l~. P(xl V "'Qt•l• 
"'"·x) •1 rV Q( x).} 

it'( a) ~ · (ll :?( xl · v «•l 

(~) ""P( .:) v Q(.x) 

(3) l>hd ¥ tat., 
(4) . .-v •·>· v <~•) 

al(sJ ·t· (Sl Q(x) 

(6) P(w) 

(?} Glt•l v "'Q(JI). 

(8) P(11) V ..v'P(M)· 

(9) Q(;JJ} 'f/ NQ(Jt) 

(·10) P( ll) v r.J ~ 11) 

{ 11) ,v ll( .,. 

( UJ . ,.._, c:t( •l 
r(S) t· (U) i(J:1 V ~a) 

'(.14) I'( :cl .., Q( te) 

(11i) P(•) v •• , 
( 16) Ji( •l v Q(x) 

{.1?) Q(x) 

{1$) P<•> 
(19). <it•) 
(20) ('./ P(11} V 'l(x) 

f¥0111'(1) - (2) 

f-.. (1) and (3) 

f:IOIIJ (J.') ad (4) 

,..,. (ll ~·(•) 

,.,. ·(2)- ami ( 3) 

f.- (2)- (3) 

f-. (2) ... (4) 

~ {3) 8ftd (4) 

,,. (1) and (1) 

,,.. (1) ~ (t) 

,.., (1)- (9) 

f1:911 ( 1) end ( JO) 

froMQ (1) and (U) 

, .. (l) and (It) 

..... (2.) Mel (6) 

film (2) and (?) 



(21) ""' I( •) ·V Q( JC) 

(•) .-vi( a:) it!/ Qt •) 

(23) ~·l(x_) V 'lt•l 
( 24) rJ .P( xl 

(25) P(ll) 

(a•) l't•J v ~ Q(tt) 

· (:.t?) P( a) V ,._) Q( X) 

(29) P{ ;c) y rJ Q( le) 

(29) J~hcl v '"'-'~le)

(30) "'Q(xt 

(31) ~ .P(1C) 

(3t) "'q(a) 

(33) ,._) P( x) v ,.J Q( x) 

( Ml "' P( x) v ,.J QC •) 

(a) r--.1 ·I( •> v ...; Q(a) 

(36) ---.~ K•l v ---.~ Qtli) 

(:l?) ~~-) 

(39) Qt•) 

(39) Cl 

f-. (2) aM (8): 

,,.. (2) and (9} 

,,.. (2)- (JO) 

~. .. (2) ad(~) 

-f¥02!0 ($) .. ($) 

fnm (3) and (7) 

f._, (3) and (8) 

l.r.om (3) anti (9) 

fi'OmlJl .. (JC) 

f.mm (3) and (U) 

~~ (4) and (5) 

fi'Ol8 (.Ill) and C6) 
.,.,. (4)1 .... (7) 

... (4) -and (S) 

fi'O!fft (4) - (9) 

t~ ( <4l --aM (J.O) 

~-~ (i) end(?) 

fr:om (I) and (9) 

fnm {5) a.- (.ta) 
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It -11811 be obHwad f'Nfl tbe. abtlwe ·~· ~bet 

mtif'l lft?e1av-ent. and •qnrktm c1eusM haw be«m ~r•ted. 

Fc;wr e.-pl-et (?), (8),, (9) -and (10) _.. ~J.ooi• (1••·••-
. . ~ -

An\" wff of 'he falllll P V r-J P)... As a tautolocw l1t ttwe ln 

anv ~t1ow,. lf a w\ltol<MJY !:5 ~ ,,., 8ft 

vn..U.iltOble M\ of de••••· tt. taalnlfte set s\lU be 

~4\tsfUW... hrefom. e. t.a~ ts an in.wlewnt 



tslJNM .S ... lei Mt ·be ~. 1WJ1 if Gftft iii 

generatt-'• -•~P' 1ft a wxy few ca.MS, l\ ebmtld 1M 
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-~. OV.r4•• .lt. _., ~·• Wltb 8\he:r 01_... 

amp~ o\hw -~ cl•u~• ~ • ~,.. ~

•• 1111. p,oz ._..s.., (13) '• tW) •.. tml w (h) .• ta6l u 
(at). (33l t.a (3Gl. M4 (3?) to (38l •• au •m ota.,... 

riOJ"CMJWJt• the ole_. P( •l • tl•l• ""'P( •>• and "'Q( •l •• 
....... ly ~·'-~· .... , ••• 1;D .- the ~~ ,., s. 
we ~ only .-none ~· (51. t~al-..... (st). To 

•1• this ~<¥ pattlenl srd 'fmtt deoi._, ebtitft 

•,leb t.wo ok .... flfOIR a -' ot ol--. a t.o· ._.,1. 4lftd 

whld\ ¥esold\lori ·•f ~ olausea ,. P'do•· - shall 

o:msl!ler wztoua e*IAeti•s- deVttloped lrc the""" seale .• 

4.1 ~1;~·-·· i • ... ~-
n. various ...... ,,~ '*""" oriftCJI{tlu qe 

~lopad to QU1de I'M omtJU1 • nl.ctt.l of ....... 
fo• J!tHIIIlu.t.toft •. 

fM pal o..t .an, -'•'-lr itt a»&'t ••• ls to 
~ ~- ruabe' of .-._.lvant• \1l!ltd't ._., 'M ~ 

,._, an un~f!aJJle m a.f Glauws befon •JI't*Y 

clause o 111 pad~..S. SevaD~l s\J:ait.,lq far set•tao 
obt~A& hlw• been da"•l~ fe• aaoluttona ..._ • 

·~ . ..-. .t ~- nMqi,•• and tb.S.s- •pp.lt•''•• 
tt.ftt ~ v~, • e~ to~...,._ 
SJavl"'. 



... ~.3· . ...... 
•.3.1 J.la.~ f.tfa.atala • 
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fA ~b • fi-at. ;St.ral.fttY• a11 'ttM fi-'-lev•l 

.... ~ .... ~ f~ ... ~ .. ~1-.1 

.,._.1._,. • ., tm• s.--.. "'* ., find -.-~ with 

OM o.• twr; lwd• of --~ oi _.1y spRifSo Cl~Nte&. 

Thoutb Uie ~th f~ st.GbGJ la ·eollPie"le• lt b moa-t 

iuff'ldal')\. 

·~.& t ~.that the· i'o1~ .-· ts ~flehl• 
I 

•tnt ~ fl-' &\..., 
s • {"' K( •l V T( x.) • I( •>• .__, T( a) v tJ( •l~ -v 1'( K) V"" N( •l~, F( x)} 

D 
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119.4.2 .... the •tuta\!An (JJaph f:0~ the :..,. pa,llle 

1Jr ·~ tt. b~f'tm su~. ·tt can be oble~ 

,.., -· dtagftJf!l (4,a) ..,., __ -~ -~ tt• 

sir ..... - omtld ~--· .. ~ c~ n t.hlJ'd 1we1 
l~Mlf. 

•.3 . .1 it&.a1 .. -.d._ • 
' . - -. - . 

set of $~Jrf, ,db"tfi9Y (16) ls MJtDa·J.ty uNd fo~ 

~ flnd'!ng P~•· !n thla $'\~ ~ l«Mift OM 

-~ Of eaGh l'etol ... iG -1M~ ,_. ~ the cCWUGGfJ 

JJe.sultblt , .. u. ~itm ot • tal wff o:r ,f-. tbel% 

cht.~s called lhe ..t of .,.,.,. c~a.. Her•• 
Ald.oa ·• dhe~ ct.,._ • Set of' ~-o~ 

l•u1't4b!m ~ twa ~•toras oz t.hltl' facto~• ts 
nwer ell•*•· Th:ls --. 1$ compl.t• end. •• •fft-c!ent 

[26 J tNm ~tinrt. GVat:<ttY• %n Mt of ~ 

-~· •. Ute v~ of the clavse M\ t411 t.' ·~ .tow 
aftd ~ titflll$ t.G· .... , •• Wltla1 ~inl.ltod.al . 

.,.loshn. e~ple wlll M tiven 1ft the ne'n& ~on • 

•• 3.3 :D!Id. .. mt•J!AS .. A\ft!a ' 
The •t• ~-~· l$t*dew t2?J ,. JMdtf:t.caticm 

of •-' of ~ •tmtt~QJ•· ea~:lal:ly •••- :the .clau••• 
~ M · ..,1.,.. 1Jt thttlt< laftgtb .. 1 •. •~-• .... U.. ·~'" of 

li'ttt:Rls tb9f =n'h1ftit •. ·. CM'ltt'.tif#liofts ...... ll.ppannt 

only whtm·....,. .'fQnit,t (tme litftft:l) Cli.iUSQ ftai.d .• 

tot_.,• to ~'*~· 'thfi ~· CJ.Qun.. Ttutqfan., OM 

~Sight ~·to dia4DYOZ a cord.l*t1c\lftft or ~ o~-.. 



OR.1011\JAL 

CLAl_.l~E.S 

FIR Sf-LEVE-L 

r.;E':>CLVGN"~ 

K("-) 

I' 

l 

SECON D-L£;VEL 
RESoi-VENT.S 

THIRD-LEVEL 

RES<.JLVENT5 

·~. --/_../· 

\ 

. . . 

,-..)-re-x) " i\JC r) 
// //', 

,-...; [:" (x) 'v' ~ t-J (X ) 

---L- ~,< 

.//// 

/ 
. \ 

0 
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lh t.he least t:brte ty •alfttl ftrg with the shO&toe.trt clau.oe,. 

Thlti st.ra.,. Pf• to f!ft\ ~uc. \be •~•st. ..,..1Vtmt 

posf!!1blc 1ft. which a,. laa•t one of ~· t'pa;~t ol~ 

lea •tt,.. l.f m auth J"$S01l410M .il\18 po1Je1b1e. •''-" 

to p$tJCCJ 'the •~~a&t; ~1M·• aao:J.:..,..\ o~ fado# ~Jtst. 

TM s\ra~ wltich _.1M& 1M .t of 'a\lppOd erad the 

un1'\ paf•ftllco ator~ ia •• efltctenl Vtam wit 
' 

.p~Wfe~ strmgy. 

1..~ •· As an ~~· of PllMf uslNJ w-.lut.ion • .t 
of 'PJ,_I't e'tra'tegy• and _.t~pate~ ftl'l.\'tegy• lel 'the 

axtems be 

A!iet\. 
~ 
b1~. 

Adamed 

P(e) 

(3)') .,, 

~a) ·-> 1\(a) 

(41 ., Jl( •. , 1\ 11( ., ~ Q(. c •ll' 
The ••toM •• ·~ftod ·-w trht.t fo1t...bl9 .••~tat 

cl•""' ' 

IJ:•J!~ 
&lfll!!r;t 

P(e) 

Q(IIJ) 

~ tl(a) V R(e) 

--v Jl(·a) V""'a(a) v q(9(x)) 

t;.wa~.· . . . . . •' . 

t .... ~ , ... ~ ..... ~ 
lh• ~ t.o ,bg pxwed fl\la u.-. •xS.o~t• ,. 

(-3x) tlr ta)). 

'l1le clava DPMPn\inQ the rwta!tloft of \.be t.Moftli i.e 
Ott!Dt&! "-'Q(Q <•l) t._ neptton of,~_, 

i' 



sr• a. ~lOft -' h. t.~teonm • ..,_se claJN i 1• 

:td~ ft5 tb$ Oft).y OUU$G in the ~of $Uppon., 

loll.wl.ng ·\he unl~f·~ dat.-.. 'Ute fl~ 
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idfdi'IAGe *'•i)'tat 1$ • ••lve c~ S \4th otau• J.. 

a WJtt •~• ~- fat~&. S.lm11a~1y., cl&Use !\ cl.OQ not. 

a.lve with olmtse a. Then. ctws• 5 fell$ to. tteeolw .tV. 

cl•-. a. a 1;wG c1itU$G (clruae qf '- lttG•ta) •.. · l!nal.ly. 

claus• 9 ••ttlvat; wiUl Cla\1$8 •• ~uctn; 

itwn alauM 6 •i!5.JlH$ wl.th t.bo urtlt; ct-. 1. yteldtng 

II:~ --vll(a.) f .. 1 -' 6 1 ..... 

w. haw• an alt.mate pzut if Ute wdt.pMfe1'81iQ 

-'•'- t• ~ --'• 1tte ,. ... 4tftd the ~~- of UM 

iheo-. are •• .- •• Wore. Plm,. cl••• G _,. •• 
·PI'oddGiid fDa 4 end ' as Woa. 

·1tatm Cliilll$8 .S aftfl cl..- 3 ft!IG1W to Brodtl" 

ll•YH z• · N PC., v ,..J "•) .,.., 3 .,. ' 

a, 'the other -.le of lnt•wn••· faf4o•int1. we haw 

afltl!:e!' "•) fi'II'Jl ..,. 

PI.N11I':t 

Ill!!!~:! ~letion 

COitP1.i.ttlftO .... ~ 
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As ~ br the fird paof of \he ab!WIJ \heoftll, 

a P*JOf 1• ~lllu poa$1bbl withctJt taot.arb\9•· but iJI 
ili'Oflill:ld!!Dt . f ""'*-.....&._ is · · - · · ·f· ··. · · • ........, ___ a .,---- t 6~"'"".-.,."''lll . · . MOGUl¥ . IJt' ~••wv••l. • 

· •·3•" 1!!1.-a.wi!D!i.bal.~ 
A -t\lh\t.cm gzaptt .ts all$~ to be in t:Anceat.,- • 

Pil~ftd• (AF) fol!l lf _. ~ in tNt gnr*l ~

to cr.d.\IM~ of t.ht fotl~tng 

(a) a •• olat~H, 
(b) an ~ut. u~t d a 1»• ol.ouu . 
(o) a ~u~ "••.-en't of t.wu ~-•• olaUMa 

P and Q •*"' ~hat P ts 1n ancast•.r of Q. 

A IHI$tJ c~e G in em A~i\11.1t '"·~ ts ca11.S 11 

tt;op ..,.., of awty otlller no-d• ifl U. U.. ie •1tbffJ: I' 

._.,. clause o~ a de&~ of c. the 1i.heo .. gl.,. . ' 

._._ ~labUJ Vln an AA.:l'\'t• atut.tkm ga- alwaye 

al•'ta fOJ" fJ#f ~teflahl• set ftf ol~JdHs.. 'l'hcefo••· 

• nf~t -'• ... baaCid on su~ fo• ~Po• . 

-~1- .... 1•· ~t.eu. 
Ibi!RI!! 1 1Mt G (RA) IIo .,_. ftfutatlon. CJ•·ph f~tW M 

-.$#ttaftat.t• 5t!'t s of eta•••· and 1• c he a elf;~ 1ft 

S o~ift; 1ft G(Nt"),.,. Them 6 J:efu\a~tlon V~ G•(tU:L) 

!n M\..foa •xl•'l• faJt $ w.1th C •• a top mid• of G '(NIL) • 

rf w ~- ~s) th• unlan of $ tld.'tb \1M at 

ef all ftS'Olveftta be\ween Pttln of $ •1~ JJt Al\.fo• 

RD"U9ft ... by the llboW theOnta W ft.ft guar~ 



that, if s ls ytisfiJlble. 'then ~N will oxt,st ~ 

~· sur-.h that ~ clause be!OftCJS 'to lfl Ap(S). 
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1m AP...ft.!nn of the ~fut21tinn graph !.$ 9i~ 1n 

fiq.4.3 ~re tbe elause il{x) is 'taken a$ ~- node. 



4.3.5 §J;~u!&f,1SJ!Jr,1& sJ.,FJ~U 

St"tmetlmes ac ~ of· clauses ·can be stmpllfted r. 
elim1nation of certain U'tor-als in the elaut;e$ •~ 

• ,c 

apgeittc cl3W~ea. The best, way ts uslftg ftliolutton x.ule 

:lt.se1f. Tlwse oimpllflcattons ore s!.~Ch thdc the simplified 
' 

58't of •lauses ts unsatl$fi&ble if am only if ~be orlotM1 

set ls unsat,1sfloble. These st~liflcation &f.JM;'iog~es 

help s: lot :in nducs.n, the l'll'te of ~ of MW clauses. 

(a) §l!D.&D•,ipp gf, !f».'t0,91JJ:ep, 
Arfr clause ctin'\&tnm; a 11 teT,.l Md iu CO'fllt.1~t. 

·.1$ called a taut.olOW• may bil elim1Mhd1 U..use •"nr 
un$&.:t1af1ab1e an· ~:lning tavtology is $\111 un&ati&fi

$ble a~r nmvtng 1t •. 

(b) &!qiJnat.JsD_qLi5!f:!.JiJ!DJ. 
A literal L 1e •J.1ttd 'JNJ."e• in a given .&4f't of 

clauMt if it has M instance W:.l.dl is OJJni.'1emtll'l'ta%Y to 

an ins\8nce of anoth\t._ 11t•m1 in the set. Cl&WiH 

const&t.in; pl,IXD· litemls can be ~ved at, any tttme and 

th1s ft'mval preset'VeS the unsa't1$liabil1ty • 

(c) iJ~~!e..!E ... fi!l!ma1timt 

8y definition, a . elcUt$& { t,.} sullsurJes a ol$\JSG 

{ t.\} if 'lhe.a-e ••1s\s • su'bsttttttion 9 such 'that {t1(e ~ { Mt1• 
{Mt]ia called e. ~ clause. Pol' .-mplo .• P(x) sut.nuaes 

P(a) V Q(y). 

A t=l«u•• ins. subs~ by &MttMr olaun ln s 
can be eUminated wlt.h~ut affecting the unsat1sf1ab111ty 



.of the nmain1NJ &d. This str~ led$ to sW.tan'ti41 

nductloru; i-n 'the nul'Obar of nsqluUona to be paxfozmad 

for finding pmaf"' 

< dl ~:tAt?P •. Bt...eA1J.:~)!m e1J5ttcptea 
tf a literal: in a clause e~lt.t~'\cu~ to T, ~ 

entire cl~use can bqi· e11m'lnat00: vd.:thctut ·effeet.1ng ~he 

t~~taa'tisfi&biU'\V o·f 'tM Bft ot the set.. .r.f .e .U\eral 
\ -

evaluatn to :Pt then t.ho oc:ctJ&ne~ of. just 1th~'t 11ttera1 

in the cl.euse can be alimi.natect. :Por a.-mp1e,. 

Q{x) v l'(a) V G(3,, 4') can- npla• by_ Q{a) Y H(a) ae · 

G( 3, 4) GVid.ua,t&.$ to .P. 

~a ~ 4 Show Vta.t the followinu set. of Wffe 

ts un$4'\.1$fiab1e,. 

· r s .. (a) ~ T (y) 

T (X) a) Q (b) 

Si'l!l ~ 
,-v(G -(--y) 1\ q _(a))' 

s (b) A G (a) 

we can write d<JWD wff s (b) 1\ G (a) into two. wffs• l.e., 

S (b) and G (e}.. 

NC .... Re.flolvlng the givon wfts uslnq bbedth • f:lnt 

s'l'l"a~ .• we vet M·lfmfJtY set.;. The ref\ftation gral)b is 

s'htJwn in ~'lt•4•4-· 



ORIG-.1 NAL 

W ffs 

QCh) 

SECoND-LEVEL 
NC.- RE-SDL'VENT5 

THIRD-LEVEL 

Nc- REsoLvG}.ITS 

r ( )( ) => Q l b J 

I 
(

r ' ' ) 1\ G ( L.i )) rWJ ) t 1... ... J • 

Fig· 4"4 

-...~(G c '"") :/'Y Gi U\ !) G:(o) 

71-
, i 

/ .;·· .._, Q_c_y) 

I 
j 



C:' 0 J . 

E!!"!?ll.f! : 5 Show that tn€t fc.l!c1wing set af wffs 

is ~Jns.a'tisfiiJh11l' U$-1ng lM~t. of ~u~;)Ort tJI\(l unit prefHronce 

st..rategy "" 

R (a} " Q (b) 

R(a) => s(a) 
St!R 

11 ( a ) A s (a l tt; ii { f ( x)) 

r-VQ (f {K)) 

Sol~eting .-v "~ ( f ( x)) i:is t~ only Wff in tho ~et of' 

su~J»rt and NG - Re&olViniJ tho <j.lven wr-e·s using the set 

of sul)port ~md untt-p:rnf~l'(;m~ stra-t<?t}Y, we tJGt the enpt,y 

~.to. The r~tutat.ioo graph it; atnwn ln Pig .5. 

4.4.3 ~r.,;~t.!'¥-::..1.!11-.it~ ... .!P.aJ?..t!'.r.~!!.sn:. : 
~~ t 6 Sh~# th~t •th~ foli~Jing set of Wffs 

ir~ un~.ti.sfiebln using i\ru:;t~:~t.IY-filt<ri>l'nd str~t(KJY 

r p { ll) 

S = \rv(? {X} 

p ()() 

<=> Q (a} 

1\ ~ (y)) 

v Q (y) 

NC: .. Ros9lving th~ above sftt of wffs uaintJ the Meestxy

Fllt.~r.P.d st.r.at{";lgy • we qnt an empty S9't. Tho refutation 

graph is shrwm in Flg.6 .. 

All the sitl'lpi1 flcation stra't.$1JiP-s that. are 

~pf)U.cabl~ tG Cl,~usnl r~solut.lon are alYJ .applicable to 

N\; - rmsalut.ioo. Smno trot:D X'.,;iuctitm rulqs <rre gl ven in 

s~ct.io.n ( .3. ::J. 3) • 
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.t.s ~~-"lD,ti!IH.ID 
U. bUM .-fth mdhtxis., wk.U.J: ·b~ftrst. 

or d~ftnt, lt:ft •wuaUve methods ftJ• finding ~ 

tft· a goat no4o. ~. these ~- pJ:0¥1de a nluUon 

w the path.flntJ1nt pmble.m. ' ' la often · .laposslbltt t4 uae 

~ Jltfthnds becall80 'lbo eeeJJCh w111 ~ I«J many mdea 

befoP a path 1• ftJUnd. As '\flue •• alwayl'J JQ.1tctical 

11td.tt on <the ..,. ot Ume t!ftd. ••oe aval~hl• to 
~· on Ma%-Ch,. w 1tM$'t ~ for •n eff1c1ent. 

e1w.-t.1ves •• blind 1$83Nh .• 

It te posatb.&e 'Q state J:ttl• o-f ~ fo&- NPJ 

..-ws..s to help _. .. the •••· Attr •UGh tedmlqua 

~ 'to GP«ed tJP tho -.-nb d .... 9 an S'P&Gl•l infomd.lon 

attou\ the vr~b1em. nd.a info~i.cm t• Ot11ed ttwudstlc 

iAf~lon'('3 1 5]• ...,._- e.U .olving and the.;,Stt#Jrftb.:; 

pn~· taint tt f:alW •h~Mt.tlo seanh -~··· 
A fiAd.bl• way tto ua hMd,sUc tntoJDat.lon ta to 

uae ..,.. o-rl~d• .ot. flflel'!J et.ep., The .-sur..,., of theu 

oritute an kn3wn ~a .-l~icm 1..-t •• ,..._ pt.ai.'JJON of 

en ·.,aluetion function la to t~P.Nia a blitft& for nnltt.ftg 

, .... '*'•• tAwt; are cand14n.ti for ...... to ch\eJat.M 

whictt •• 1a II!'.J$'t Ukely \o be on \1\0 ~ path w \he goal*. 

e..t~• funotl.omi ,_.,. been la$ed Ofl s ~ of ldtits. 
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GHAP1Eft- Y 

• 

l~aw h~ri1ons o~ed ln theoNtn pmvint.J att•r 

Bobins,.m [ 19] dew loped f\~oolution }lrinci-ple. rt was also 

~to be highly effielont. and wzy easily iaplement.ci 

on compt\Jte.rs. Since th1tcn• tnany impxoverrmnt.tJ of 'the 

hOOhtt.f.on ~X'.incipl~ llaV@ OOml ~e. ·aut, all the 

ft$tJlution th&~>rem pravtng proe-iJdureo req\lixed the 

surt~nt.g r~pmsmtted io flrst older predi~..a't• caleulua 

to be ln the F.lf:t:!J!~.J?!f!• Murry (13]dewlaptd ii now 

wrsiM~ of th• 'first ordllFJ' ;-Jr«dieDt~ caleul,us in ~ieh 

(ttatement8 axn not r.Juired t~~ b., .in th<t elau.p form. 

only otmditicm is t.l'utt 'tht.t W(J:ll-foxmtKi foxmulat ( wffa) 'to 

be quantifier froe anti have distinct. varl~bles. This w.Jy 

all va~iabi.e$ an. ifftnlici'tly univ~r.Nlly quantifi-.1. l'n 

C"JUX' &tud)t. wo c.onsid~ difforont at~iaa nomal1y 

usvd for claupl the::~rmn proving ilnd could suec•sstully 

apply most ot the strategies we doscribftdt to f.km..cl•uu 1 

thtt.."lrent J)mving. Thmtgh m:t&t. nf tbD exa~le!i t.ken an 

simpl• am small, we belltnt• thnt th• application of 

strateg1•s for Glmple problems may b1it usefW. to ~ldwX' 

m,r• ~lex pmbl8na. 

H•.P w. sugge~\ ~ if!loort.tnt res•arch p:robla& 

W6rthy of furt~r W()J'k. GMd solut!an to ttt.u probl.ma 



wvW at$1Aly *"'~ <to -. f'lald of &rtiftd.el 

lftU11l~· 

'• ~1'!4!,.:61=--:&- !!:== ~~---~-
A WJ.\1 ~~ ;tMle is ~t of etea~J.ne a 

c • 
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....... ~ ~ ~'tl"etill\f find C-~~11110 -~· 

:ln lu apa~at!on of infq~t.;ton.. at e ,.JJO,. w1tun 

1ft Antaal l11~'tU. ate im~ of ftpJWs~ion 

~·• cti,sc~ swan ••••siw1y a.&tft ~tlcma 

t.oJ~ ·Uto 14s&lf~MJ¥ an:t omntat• PlfUle• \tt.tb •• itipm\f8d. 

~:o.-Mfdau.on •. the ~1• -~ ea.tc. uo &1#.0 

di-GC'OSM U. faotora tb8tt ._k.D eaCh ~ --1;11•• C..lin 

·GUih a p.._ b9 ~tfld. ? 

1. &em!Y.IIID!f!E --
An m~$rl~ pmbba ls <~wt$l:r&Q a .,..,. tbllt can 

e~Uuity f!m s~n-.iel :l.P~•• ln lts ~bl• 

S(I1Ylft9 •••tt"91•·· C.· a v.. .. 1.1~· t. .-. to 
obsftvB ita if-- and prft't~ aM ~ ftftd dtfltt~llln-8; . 

Mtri~.,: lrdiuton ot -~~., ox- othq _,.... of 
. . . 

. . ~.AMfully QU!dlnr, .-reb aM sel••l.ft9 na14gies ? 

· Qi.t\ a t~ ~~:·be ~ to 4Gfts~ ntW st.•t.ttalea 

..,,. pmve ~· •~•~n 'to h lJelter ~r p&J:t1ou1ar 

·~t\~1 

3. la!D~f!M!Wl!~Ci :Y1eMlLamDII. 
l'lt $itJltle w tt~e need ftJt better \beo~ 

ptoYing fo-llalS · -tt.~e aa · s.r.u...-~re J13$Si.billtles 
. . . 

f'~r ~v.~t. w1ulia the aso:l.UUon ·~amal~-. 
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one of the --. ~nont ... rement to~ 
imttmvin~J theorem pP)Wh ls ~ ltd liM~ ~

~~ -.~.p.u. :ft. tme~U 1iketv. 'tb&t no ODe ftad 

~· wtll be ben fQ.,. all pmbl..s, • tho kttr S.t 

f.tndtn9 flexible at'Kt·. $\d.t~b!A stf\l'tag1as. An. tmpoJ'blnt 

Qmsldera.ttan in devel•ptng a MW· at.J-a~ if lhd \he 

st.n.te.gy ._-,uld aVCtltf, Ddun4anq • Thts ~n be done br 

two wav• • (1) antd the ~~an of new bu\ '"'""PXf 

lntarencq and (2) Cft8.tff .. tntennce ... 4; elJmW"e 
. . 

tmnet:e$NJV ones"., tt ~ &$pt?'C.lolly ttt.ff.lalt. q, 

~ proof '"~t" * still ._ld tJ. ... \ton of 
~~ lnf~ •. tt, 1• •••le;r to . ._ .. ~ 
str~ies and al~Jd,M'o .,. .. _.JY ~ W~:. 

•l:th~ such a qs'km t411 ••11y be lens attlcieft~ 
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